
Math 1552: Integral Calculus

Final Exam Study Guide, Fall 2017

1. Evaluate the integrals:

(a)
∫ 2
1

3x−5
x3 dx.

(b)
∫ 3
1 |x − 2|dx.

(c)
∫

1
x2 sec

(

1
x

)

tan
(

1
x

)

dx

(d)
∫

sin 3x−cos 3x
sin 3x+cos 3xdx

(e)
∫

1
ln(xx)dx

(f)
∫

e2x
√

4−3e2x dx

(g)
∫

dx√
4−(x+3)2

(h)
∫ 5p

√
x+1

√
x+1

dx, p > 0

2. Find the area bounded between the curves.

(a) y = 2 cosx and y = sin(2x) on the interval [−π, π].

(b) y = −x3 − 2x2 + 7x − 2 and y = −x − 2.

(c) f(x) = x3 + 2x2 and g(x) = x2 + 2x.

(d) y = x3, y = −x, and y = −1.

3. Find the area of the triangle with vertices at the points (0,1), (3,4), and (4,2). USE

CALCULUS.

4. Evaluate the integrals:

(a)
∫ (√

x − 1
x2

)2
dx

(b)
∫ log3 x4

x dx

(c)
∫ sec(e−4x)

e4x dx

(d)
∫ e
1

√
ln x
x dx

(e)
∫

x2

(ax3+b)2 dx

(f)
∫ 0
−5

(

x
√

4 − x
)

dx



(g)
∫

(1 + lnx) cot(x lnx)dx

(h)
∫ ln(3)
0 e−2xdx

(i)
∫ 8
0

x√
1+x

dx

(j)
∫ π/4
0

(

sec x
tan x+1

)2
dx.

5. As you go trick-or-treating, you walk with a velocity of v(t) = et

1+et feet per minute.

How far have you traveled after ln 5 minutes?

6. Evaluate each integral below using any of the methods we have learned.

(a)
∫

sin3 x
cos x dx

(b)
∫

x√
x2+2x−3

dx

(c)
∫

cos x
4+sin2 xdx

(d)
∫

1
x(x2+x+1)dx

(e)
∫

3x cos(2x)dx

(f)
∫

x5 ln(x)dx

(g)
∫

x3ex2

dx

(h)
∫

(lnx)2dx

(i)
∫

x2 · 4xdx

(j)
∫

cos(2x)exdx

7. Evaluate each improper integral if it converges, or show that the integral diverges.

(a)
∫ 3
0

x
(x2−1)2/3 dx

(b)
∫ 3
1

1
(x2−1)3/2 dx

(c)
∫ ∞
0 x2e−2xdx

(d)
∫ ∞
1

1−ln(x)
x2 dx



8. Evaluate the following integrals using any of the integration techniques we have learned.

(a)
∫

sin5(2x) cos3(2x)dx

(b)
∫ e
1

√
ln x
x dx

(c)
∫

tan4(x)dx

(d)
∫

x2

(x2+4)3/2 dx

(e)
∫

√
1−x2

x4 dx

(f)
∫

x
(4−x2)3/2 dx

(g)
∫

dx
ex

√
e2x−9

(h)
∫

sin2(x) cos2(x)dx

(i)
∫

(x2 + 1)e2xdx

(j)
∫

x+3
(x−1)(x2−4x+4)dx

(k)
∫

x+4
x3+xdx

(l)
∫

tan(x) ln[cos(x)]dx

(m)
∫

x+2
x+1dx

(n)
∫ √

25 − x2dx

(o)
∫

tan3(x) sec4(x)dx

(p)
∫

x tan−1(x)dx

(q)
∫

dx
x
√

1+x2

(r)
∫

x+1
x2(x−1)dx

(s)
∫

x+1
x2−4x+8dx

9. For what values of p does the integral converge?

∫ ∞

4

dx

x(lnx)p



10. Find the area bounded by the curve y = 1
x2+9 , the x-axis, and x ≥ 0.

11. Evaluate the following integrals using any method we have learned.

(a)
∫

1
x2

√
1+x2

dx

(b)
∫

x5

√
4−x2

dx

(c)
∫

tan3(x) sec3 xdx

(d)
∫

cot(x) sec2 xdx

(e)
∫ sin7(x)

cos4(x)dx

(f)
∫

sec4(x)dx

(g)
∫

x3−1
x2+1dx

(h)
∫ cos(2x)

sin2(2x)−3 sin(2x)−4dx

12. Use series to write the repeating decimals (a) 0.31313131... and (b) 0.327 as rational

numbers.

13. Find the sum of each convergent series below, or explain why the series diverges.

(a)
∑∞

k=7
1

(k−3)(k+1)

(b)
∑∞

k=0(−1)k

(c)
∑∞

k=2
2k+1
3k+1

(d)
∑∞

n=2
22n−1

4·10n−1

(e)
∑∞

n=2

(

3
n2 − 3

(n+1)2

)

(f)
∑∞

n=1
3n+4

n3+3n2+2n

14. Determine if each series below converges or diverges. JUSTIFY YOUR ANSWER

FULLY using any of the convergence tests from class.

(a)
∑∞

k=1
ek

4+e2k

(b)
∑∞

k=1
5k2+8

7k2+6k+1

(c)
∑∞

k=1
32k

8k−3

(d)
∑∞

k=1
k+2√
k5+4



(e)
∑∞

k=2
1

k(ln k)3

(f)
∑∞

k=1 k tan
(

1
k

)

(g) 1
1·3 + 1

3·5 + 1
5·7 + ...

(h)
∑∞

n=2
1

n
√

n2−1

(i)
∑∞

k=1
ln k
k4

(j)
∑∞

k=1
(2k)k

k!

(k)
∑∞

k=1

(

k
k+1

)2k2

(l)
∑∞

n=1
1·3·5·...·(2n−1)

4n2nn!

(m)
∑∞

n=1
(2n+1)!

n2n

(n)
∑∞

n=1
1
2n

(

1 + 1
2n

)n2

(o)
∑∞

n=1
2n+n2

3n+n

(p)
∑∞

n=2
(1+(−1)n)n2

(n−1)3

(q)
∑∞

k=1 k3e−k2

15. Suppose r > 0. Find the values of r, if any, for which
∑∞

k=1
rk

kr converges.

16. Determine whether the following alternating series converge absolutely, converge con-

ditionally, or diverge. Justify your answers using the tests we discussed in class.

(a)
∑∞

k=2(−1)k+1 3k√
k3+4

(b)
∑∞

k=2(−1)k k
k4−1

(c)
∑∞

k=0(−1)k k
5k+2k

(d)
∑∞

k=3(−1)k 1
k ln k

√
ln ln k

(e)
∑∞

n=2(−1)n n
n2−1

(f)
∑∞

n=3(−1)n n−2
n+2

(g)
∑∞

n=4(−1)n 1
n−3



(h)
∑∞

n=0(−5)−n

(i)
∑∞

n=1(−1)n ln(n)√
n

(j)
∑∞

n=2(−1)n 1
n2−n

17. Find the radius and interval of convergence of the following power series:

(a)
∑∞

k=2

(

k
k−1

)

(x+2)k

2k

(b)
∑∞

k=1
k

3k(k2+1) (x − 5)k

(c)
∑∞

k=1
5k
√

k
(3 − 2x)k

(d)
∑∞

k=1
(−1)kak

k2 (x − a)k, where a ̸= 0

18. Find all p such that the infinite series
∑∞

n=3
1

np ln(n) converges.

19. Consider the power series f(x) =
∑∞

n=0

(

x2+2
6

)n
.

(a) Find the interval of convergence for this series.

(b) For all values of x that lie in the interval of convergence, what is the sum of this series

as a function of x?

20. Determine how many terms must be used to determine the sum of the entire series

with an error of less than 0.01

(a)
∑∞

n=1(−1)n 1
n2+1

(b)
∑∞

n=1

(

−1
3

)n

(c)
∑∞

n=1
cos(nπ)

n

21. For which value of p does the following series converge to 7?

∞
∑

k=0

3

2pk

22. Find the third degree Taylor polynomial of the function f(x) = tan−1(x) in powers of

x − 1.

23. Use a Taylor polynomial to estimate the value of
√

e with an error of at most 0.01.

HINT: Choose a = 0 and use the fact that e < 3.



24. Use the MacLaurin series for f(x) = 1
1−x to find a power series representation of the

function

g(x) =
x

(1 − x)3
.

HINT: You will need to differentiate.

25. Let f(x) =
∫ x
0 t sin(t3)dt. Use a MacLaurin series to find f (11)(0).

26. Find the sum of the series:

1 −
π2

9 · 2!
+

π4

81 · 4!
+ ... + (−1)n π2n

32n(2n)!
+ ...

27. For what values of x can we replace cos x with 1− x2

2! + x4

4! within an error range of no

more that 0.001?

28. Find f (7)(0) for the function f(x) = x sin(x2).

29. Find a power series representation for the following functions. When is your series

valid?

(a) f(x) = 3x
2+4x

(b) g(x) =
∫ x
0

sin(t/2)
2t dt

(c) h(x) = tan−1(x)

30. (a) Estimate cos 15◦ using a fourth-degree Taylor polynomial.

(b) Estimate
∫ 1
0 e−2x2

dx within an error of 0.01.

31. Find the volume of the solid generated when rotating the region:

(a) bounded by the curves y = 4 − x2 and y = 2 − x about the x-axis.

(b) bounded by the curves y = x2 − 4 and y = 2x − x2 about the line y = −4.

(c) bounded by the curves x = y2 + 1 and x = 3 about the line x = 3

(d) bounded by the curves y = sin x cos x, x = 0, and x = π
2 about the x-axis.

32. Find the volume of the solid generated by revolving the triangular region with vertices

at (1, 0), (2, 1), and (1, 1) about the y-axis.



Answers

1. (a) −3
8 , (b) 1

(c) − sec
(

1
x

)

+ C

(d) −1
3 ln | sin 3x + cos 3x| + C

(e) ln | lnx| + C

(f) −1
3

√
4 − 3e2x

(g) sin−1
(

x+3
2

)

+ C

(h) 10
ln pp

√
x+1 + C

2. (a) 8, (b) 148
3 , (c) 37

12 , (d) 5
4 all in square units

3. 4.5 square units

4. (a) 1
2x2 + 4√

x
− 1

3x3 + C

(b) 2 ln 3(log3 x)2 + C

(c) −1
4 ln | sec(e−4x) + tan(e−4x)| + C

(d) 2
3

(e) − 1
3a(ax3+b) + C

(f) −506
15

(g) ln | sin(x lnx)| + C

(h) 4
9 , (i) 40

3 , (j) 1
2

5. ln 3 feet

6. (a) − ln | cosx| + 1
2 cos2 x + C

(b)
√

x2 + 2x − 3 − ln |x+1+
√

x2+2x−3
2 | + C

(c) 1
2 tan−1

(

sin x
2

)

+ C

(d) ln |x|− 1
2 ln(x2 + x + 1) −

√
3

3 tan−1
(

2x+1√
3

)

+ C

(e) 3
2x sin(2x) + 3

4 cos(2x) + C

(f) x6 ln x
6 − x6

36 + C

(g) x2ex2

2 − ex2

2 + C

(h) x(lnx)2 − 2x lnx + 2x + C

(i) 1
ln 4x2 · 4x − 2

(ln 4)2 x · 4x + 2
(ln 4)3 4x + C



(j) 1
5 cos(2x)ex + 2

5 sin(2x)ex + C

7. (a) Converges to 9
2 , (b) diverges, (c) converges to 1

4 , (d) converges to 0

8. (a) 1
12 sin6(2x) − 1

16 sin8(2x) + C

(b) 2
3

(c) 1
3 tan3(x) − tan(x) + x + C

(d) ln |
√

x2+4
2 + x

2 |−
x√

x2+4
+ C

(e) −1
3 · (1−x2)3/2

x3 + C

(f) 1√
4−x2

+ C

(g)
√

e2x−9
9ex + C

(h) x
8 − 1

32 sin(4x) + C

(i) 1
2 (x2 + 1)e2x − 1

2xe2x + 1
4e2x + C

(j) 4 ln
∣

∣

∣

x−1
x−2

∣

∣

∣
− 5

x−2 + C

(k) 4 ln |x|− 2 ln(x2 + 1) + tan−1(x) + C

(l) −1
2(ln[cos(x)])2 + C

(m) x + ln |x + 1| + C

(n) 25
2 sin−1

(

x
5

)

+ x
√

25−x2

2 + C

(o) 1
4 tan4(x) + 1

6 tan6(x) + C

(p) x2

2 tan−1(x) − x
2 + 1

2 tan−1(x) + C

(q) − ln
∣

∣

∣

√
1+x2

x + 1
x

∣

∣

∣
+ C

(r) −2 ln |x| + 1
x + 2 ln |x − 1| + C

(s) 1
2 ln |x2 − 4x + 8| + 3

2 tan−1
(

x−2
2

)

+ C

9. converges when p > 1

10. π
6 units2



11. (a)
√

1+x2

x + C

(b) −32

(

(√
4−x2

2

)

− 2
3

(√
4−x2

2

)3
+ 1

5

(√
4−x2

2

)5
)

+ C

(c) −1
3 sec3(x) + 1

5 sec5(x) + C

(d) ln (tan(x)) + C

(e) 1
3 cos3(x) −

3
cos(x) − 3 cos(x) + 1

3 cos3(x) + C

(f) (2 tan(x))/3 + 1/3 sec(x)2 tan(x) + C

(g) 1
2x2 − 1

2 ln(x2 + 1) − tan−1(x) + C

(h) − 1
10 ln | sin(2x) + 1| + 1

10 ln | sin(2x) − 4| + C

12. (a) 31
99 , (b) 108

330

13. (a) ≈ 0.1899, (b) diverges, (c) 1
2 , (d) 1

3 , (e) 3
4 , (f) 5

2

14. (a) converges by integral test, (b) diverges by divergence test, (c) diverges by direct

comparison, (d) converges by direct or limit comparison, (e) converges by integral test,

(f) diverges by divergence test, (g) converges by direct comparison, (h) converges by limit

comparison, (i) converges by direct comparison, (j) diverges by ratio test, (k) converges by

root test, (l) converges by ratio test, (m) converges by ratio test, (n) converges by root test,

(o) converges by limit comparison test, (p) diverges by direct comparison, (q) converges

by the integral test

15. converges when 0 < r < 1

16. (a) converges conditionally (limit comparison and alternating series test), (b) con-

verges absolutely (limit comparison), (c) converges absolutely (ratio test), (d) converges

conditionally (integral test and alternating series test), (e) conditionally convergent (direct

comparison and alternating series test), (f) diverges (nth term test), (g) conditionally con-

vergent (direct comparison and alternating series test), (h) absolutely convergent (geomet-

ric), (i) conditionally convergent (integral test and alternating series test), (j) absolutely

convergent (limit comparison test)

17. (a) R = 2, I.C. = (−4, 0), (b) R = 3, I.C. = [2, 8) (c) R = 1
10 , I.C. =

(

7
5 , 8

5

]

, (d)

R = 1
|a| , I.C. = [a − 1

|a| , a + 1
|a| ]



18. converges for p > 1, diverges for p ≤ 1

19. I.C. = (−2, 2), sum is 6
4−x2

20. (a) 9, (b) 4, (c) 100

21. p = log2(7) − 2 ≈ 0.8074

22. P3(x) = π
4 + 1

2 (x − 1) − 1
4(x − 1)2 + 1

12(x − 1)3

23.
√

e ≈ f(0.5) = 1 + 0.5 + (0.5)2

2 + (0.5)3

6 = 1.6458.

24. 1
2

∑∞
k=2 k(k − 1)xk−1, |x| < 1

25. −10!
6

26. 1
2

27. x ∈ (−0.9467, 0.9467)

28. -840

29. (a) 3
∑∞

k=0(−1)k2k−1xk+1, valid for |x| < 1
2

(b)
∑∞

k=0(−1)k x2k+1

22k+2(2k+1)!(2k+1) , valid for x ∈ ℜ

(c)
∑∞

k=0(−1)k x2k+1

2k+1 + C, valid for |x| < 1

30. (a) 0.966; (b) approximately 0.6165 (stop at k = 5)

31. (a) 108π
5 , (b) 45π, (c) 64π

√
2

15 , (d) π2

16 (all in cubic units)

32. 4π
3 cubic units



FINAL EXAM FORMULA SHEET

The following formulas will be provided for you on the final exam. You will need to

memorize any formulas needed to work the problems that are not on this list.

sin(2x) = 2 sinx cos x

sin2 x =
1

2
[1 − cos(2x)]

cos2 x =
1

2
[1 + cos(2x)]

∫

tan(x)dx = ln | sec(x)| + C

∫

cot(x)dx = ln | sin(x)| + C

∫

sec(x)dx = ln | sec(x) + tan(x)| + C

∫

csc(x)dx = − ln | csc(x) + cot(x)| + C

∫

bxdx =
1

ln b
bx + C

Pn(x) =
n

∑

k=0

f (k)(a)

k!
(x − a)k

|Rn(x)| ≤
max |f (n+1)(c)|

(n + 1)!
|x − a|n+1

ex =
∞
∑

k=0

xk

k!
, x ∈ (−∞,∞)

cos(x) =
∞
∑

k=0

(−1)k x2k

(2k)!
, x ∈ (−∞,∞)

sin(x) =
∞
∑

k=0

(−1)k x2k+1

(2k + 1)!
, x ∈ (−∞,∞)

1

1 − x
=

∞
∑

k=0

xk, x ∈ (−1, 1)

ln(1 + x) =
∞
∑

k=0

(−1)k xk+1

k + 1
, x ∈ (−1, 1]


