UNIT 4 - Trigonometric formulas and equations

5.1 trigonometric identities, pythagorus, even/odd trig functions
5.2 sum and difference formula for trig functions

5.3 double angle formula, half angle formula

5.4 sum-to-product and product-to-sum formulas

5.5 solving trigonometric equations




%

Building Skills

In Exercises 9-18, use the fundamental identities and

SECTION 5.1

Exercises

appropriate algebraic operations to simplify each expression.

9.

10. (secx — 1)(secx + 1) —

1L

12.

A
sec’x — 4
secx — 2

13. csc*x — cot*x

14. sinxcosx(tanx + cot x)

15.

16

17.

18.

}

secx cscx(sinx + cosx)
secx + cscx
1 u 1
“escx+ 1 esex— 1
tan’x — 2tanx — 3
tanx + 1
tan’x + secx — 1
secx — 1

(1 + tanx)(1 — tanx) + sec’x

g
tan- x

(secx + tanx)(secx — tanx)

In Exercises 19-24, prove that the given equation is not an
identity by finding a value of x for which the two sides have
different values. The answers may vary.

19. sinx = | — cosx

20. tanx = secx — 1

21. cosx = V1 — sin’x
22, secx = V1 + tan’x

23.
24.

sin’x = (1 = cosx)’

cot?x = (cscx + 1)2

In Exercises 25-68, verify each identity.
25, sinx tanx + cosx = secx

126. cosxcotx + sinx = cscx

1 — 4cos’
27.—r= 1 + 2cosx
1 —2co08x
9 — 16 sin’,
28, 2= S E 3 gginx

29.
30.
31

3 + 4sinx

(cosx — sinx)(cosx + sinx) = 1 — 2sin’x
(sinx = cosx)(sinx + cosx) = 1 — 2 cos’x

g ) NG
sin“xcot“x + sin“x = 1

32. cos’x tan’x + cos’x = 1

33. tan’x — sin’x = sin*xsec’x

34. cot’x — cos’x = cos*x esc’x

35. sin’x — cos’x = (sinx — cosx)(1 + sinxcosx)
36. sin’x + cos’x = (sinx + cosx)(1 — sinxcosx)
37. cos*x — sin*x = 1 — 2sin’x

38. cos*x — sin*x = 2cos’x — 1

39.

41.

42.

43.

45.
46.
47.
48.
49.
50.

1

1

2

1 — sinx
1

= 2sec°x

1 + sinx
1

.
= 2c¢scx

1 — cosx I + cosx
sinx sinx ,
— - — = 2tan“x
I — sinx I + sinx
COS X COS X ,
= = 2cot’x
1 — cosx 1 + cosx

1

1 2

secx — tanx  secx + tanx  COSX
1 1 2
cscx +cotx cscx — cotx sinx

(sinx + cosx
(sinx = cosx
(1 + tanx)?

2

(1 = cotx)

)2
)2

1 + 2sinxcosx

1 — 2sinxcosx

g
= sec“x + 2tanx

= ¢scix — 2cot x

2 2 2 2
sec”x + csc°x = sec“xcscx

2 2 2 2
cot"x + tan“x = Sec xCsSC”J

-

x— 2
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Building Skills

In Exercises 9-28, find the exact value of each expression.

9. sin(45° + 30°) 10. sin (45° = 30°)
11. sin (60° — 45°) 12. sin(60° + 45°)
13. sin(—105°) 14. cos285°
15. tan225° 16. tan(—165°)
17. sin<1 + 1) 18. cos(z - 1)
6 4 3 4
T T w
9. tan( — — = . cot| = — —

1 lzm(4 6) 20. (.0[(3 4)
21 .(1 + 7 2 (z 1)
. sec ST - esc| 3
-5n L
23. cos T 24. smﬁ

197 ™
25. lanv 26. SCCE

177 17
27. lanv 28. CSC?

31. sin|

g m
33. tan (x + —) = —cotx 34. tan| x — ;) = —cotx
35. csc(x + m) = —csex 36. sec

37. cos| .

41. cot (37 — x) = —cotx 42. csc

( 2 e
37 3
39. lan(.r - T) = —cotx 40. tan (x + T) = —cotx



In Exercises 43-52, find the exact value of each expression -
without using a calculator.
43. sin56° cos 34° + cos 56° sin 34°

44. c0s57° cos33° — sin57°sin33°
45. cos331°cos61° + sin331°sin61°
46. cos 110°sin70° + sin 110° cos 70°

tan 129° — tan 84° tan28° + tan17°
i 1 + tan 129° tan 84° "1 - tan28°tan17°
49. sin7—ﬂcos3—” = cos7—”sin3—n
12 12 12 12
50. coss—‘n’coss1 - ssir15—ﬂsill1
12 12 12 12
lansl = lanz—" lans—n + lan7—1r
51 12 12 52, 12 12
Sw 27 Sw T
I + tan—tan— I = tan—tan—
12 12 12 12

In Exercises 53-58, find the exact value of each expression,

5
given that tanu = i, with « in quadrant II1, and sinv = —,

4 i3’
with v in quadrant II.
53. sin(u — v) 54. sin(u + v)
55. cos(u + v) 56. cos (u — v)
57. an(u + v) 58. tan(u — v)
In Exercises 59-64, find the exact value of each expression,

2

given that cos @« = - with « in quadrant II, and

sinfg = — ;.with P in quadrant IV.

59, sin(a — B) 60. cos (@ — B)
61. csc(a + B) 62. sec(a + B)
63. cot(a — B) 64. cot(a + B)
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Building Skills

In Exercises 9-14, use the given information about the angle 6
to find the exact value of

a. sin26 b. cos26 c. tan26
3
9. sinfl = 5 6 in quadrant II
~J P
10. cosf = —E'ﬁ in quadrant II1

11. tanf = 4,sinf < 0
12. secf = —\/3,sinf > 0

13.anb = -22<6<m
3w
14. cotf = —7,T< 0 < 2w

In Exercises 15-24, use a double-angle formula to find the
exact value of each expression.

A 2 tan75°
15. 1 — 25sin”75° o
| 1 — tan*75°
$17. 2c0s2105° — 1 18. 1 — 2sin? 165°
2 tan 165° Sy
». 1 — tan®165° 2. 2c05°165" — 1 In Exercises 25 and 26, verify eac‘h “‘quadruple-angle” formula.
i a 25. sin46 = cosf(4 sinf — 8sin’0)
21. 1 = 2sin" o 22. 2“‘“-(—_) =2 126. cos40 = 8 cos*f — 8 cos’H + 1
2 mn(_5_”') In Exercises 27-40, verify each identity.
TP 2.1 — 2>in3(—-:—:) 27. cos*x — sin*x = cos2x

- m:(_Sl_:r) 28. 1 + cos2x + 2sin’x = 2

B 29, (sinx — cosx)’ = 1 — sin2x

30. (sinx + cosx)? = 1 + sin2x

31. sind4x = 4 sinx cosx cos2x

32. sindx = 8sinxcos’x — 4sinx cosx

sin3x  cos3x

B——-—=2
sinx cosx
cos3x  sin3x
¥, —+ —— = 2cotx
sinx cosx
1 — cos2x 1 + cos2x
35, —— = tanx ., ————— = cotx
sin2x sin2x
2 2tanx 1 — tan’x
37. sin2x = —— 38. cos2x = ———
1 + tan“x 1 + tan“x

I +sin2x  cosx + sinx
39. = - 40. cotx — tanx = 2cot 2x
cos 2x COSX = sinx




In Exercises 41-50, use the power-reducing formulas to
rewrite each expression that does not contain trigonometric
functions of power greater than 1.

41. 4 sin’x cos’x

42. sin’x cos’x

43. 4sinxcosx(1 — 2sin’x)

44. 4 sinxcosx(2cos’x = 1)
45. 2sin3xcos3x(2cos’3x — 1)
46. sin8x(1 — 2 sin’ 4x)

47. sin% cos%(l - 2sin’ %)

&~

48. sinx(Z coszg - l)

49. 8sin* X
2

-

50. 8 cos?

o |

In Exercises 51-62, use half-angle formulas to find the exact
value of each expression.

R B ;
| 51. smE 52. sin 3
™ T

53. cosg 54, mng q

3 3
ss. sin(—%) 56. cos(—%)
57 :an<7—"> 58 (—7—")

. 8 o 3CC 8

59. tan112.5° 60. cos 112.5°
61. sin (—75°) 62. tan (—105°)



SECTION 5.4

Building Skills

In Exercises 9-24, use the product-to-sum formulas to rewrite
each expression as the sum or difference of two functions.

Simplify where possible.

9.
V1.

13.
15.

17.

19.

21.
23.

Sinx cosx

sinx sinx

sin 25° cos 5°
cos 140° cos 20°
T L
sin E sin E
10 T, e J5
cos % sin 3

sin 56 cos 6

cos4x cos 3x

Exercises

10. cosxcosx

12. cosxsinx

14.
16.

18.

20.

22,
24.

sin40° sin20°

c0s 70° sin20°

. Inr ™
sin— cos —
8 8

57 T

COS——COS =~
3 3

cos 36 sin 26

sin Sx sin 2x

In Exercises 25-32, find the exact value of each expression.

25,
27. sin67.5° cos 22.5°

29.

3L

sin37.5°sin7.5°

. Sw T
sin——C08 =
24 %2

137 ST
COS 24 COsS 24

26.
28.

€0s52.5° cos 7.5°
cos 105° sin75° m

2
30. sin — sin =

32.

12 12
. PR3
Ccos 24 5m24 39.

In Exercises 33-52, use sum-to-product formulas to rewrite

each expression as a product. Simplify where possible.
33.

34,
3s.
36.

37.

cos40° — cos20°
sin22° + sin8°
sin32° = sin16°
cos47° + cos 13°
T 2w

sin— + sin—
5

5

T w
o COS——+ CO8~

12 3

40.

41.
42.
43.

45.
46.
47.
48.
49.
50.
51
52

1
~ p— + -
cos~ + cos 3

. 2 ;

sm; . Slnz
cos 3x + cosSx
sinSx — sin3x
sin7x + sin(—x)
cos7x — cos 3x
sinx + cosx
cOsXx — sinx
sin2x — cos2x
cos 3x + sin3x
sin3x + cosSx
sinS5x — cosx
a(sinx + cosx)

a(sinbx + cosbx)



In Exercises 53-62, verify each identity.

53.

54.

55.

56.

57.

58.

59.
60.
61.
62.

sinx + sin3x

————=tan2x
cosx + cos3x

sin2x + sindx R
———— = tan 3x
cos2x + cosdx

cos3x — cos7x
—— =tan2x
sin7x + sin3x

cos 12x — cos4dx
—— = tan 8x

sindx — sin12x
cos2x + cos2y
cos2x = cos2y
sin2v + sin2y _ tan(x +y)

sin2x — sin2y B tan(x — y)

sinx + sin2x + sin3x = sin2x(1 + 2 cosx)
cosx + cos2x + cos3x = cos2x(1 + 2cosx)
sin2x + sindx + sin6x = 4 cosx cos 2x sin3x

= cot(y — x)cot(y + x)

cosx + cos3x + cosSx + cos7x = 4 cosx cos2x cosdx



a1 LA Exercises

Building Skills

In Exercises 9-18, find all solutions of each equation. Express
the solutions in radians.

9. cosx =0 10. sinx = 0
11. tanx = —1 12. cotx = =1
2 3
13. cosx = i 14. sinx = i
2 2
. V3
15. cotx = V3 16. tanx = o
1 : V3
17. cosx = —5 18. sinx = s

In Exercises 19-28, find all solutions of each equation.
Express the solutions in degrees.

19. tanx = VT3 20. cotx = 1
21. sinx = t 22, cosx = :
2 2
23. cscx =1 24. secx = —1
25. V3cescx—2=0 26. V3secx +2=0
27. 2secx—4=0 28. 2¢cscx +4 =0

In Exercises 35-40, find all solutions of each equation in the
interval [0, 277). Round the solutions to four decimal places.

35. cscx = =2 36. 3sinx—=1=10
37.3tanx + 4 =0 38. 2secx—7=0
'39. 2¢cscx+5=0 40. cos x = 0.1106

In Exercises 41-48, find all solutions of each equation in the
interval [0, 277).

41. .\in<_v + E) = 42. 200.\(.\' - 1) +1=0
4 4

43. scc(.\' - %) +2=0 4. csc(_\' + l;—) -2=0

45. \/§lnn(x = %) -1=0

1| -

g
46. col(.r + Z) +1=0

47. Zsin(.\' - %) +1=0

48. 2 cu,\(.r +



In Exercises 49-68, find all solutions of each equation in the
interval [0, 277).

3
49. cost=—\§—_
3
50. sin2x=£
2
51 &sinlx——l
T 2
52 co<s2x——l
. COS >
3
53. sec2x=% 54. cchx=%
55. wn2x=?
3
56. coth=£
3
57 ein(m-z)—l
T 3 2
T \/3—
. cos + =)= -
58. cos(lt 4) )
59. sin3x—l
’ 2
60. cos3x——l
) 2
61 3 .
. cos3x = 2
62. sin3x=—£
2
Z
ﬁcosf-l 64 s‘£—2
. cO8T =73 : L"Z
x_ \3 x_ 2\V3
65. Smi-_T 66. SCCE— -T
67. tan§=l 68.c0(§=\/§

In Exercises 69-78, find all solutions of each equation in the
interval [0, 277).

69. sin2x = sinx %
70. cos2x = cosx

71. sin2x = cosx

72. cos2x = sinx

73. cos (Zt + %) = cosx

™
74. sin (Zr = I) = sinx

™

75. sin2x = cos|x — —
sin 2x cos(x 4)



76. cos (2\' - %) = sinx

77. sin (lr = 1) = cos (,r + -71)
4 4

78 (7 + E) . ( s f.)
- cos( 2+ o ) =sin(x -7

In Exercises 79-86, find all solutions of each equation in the
interval [0, 277).

79. (sinx + 1)(tanx = 1) =0
lg 80. (2cosx + 1)(V3tanx — 1) = 0

81. (cscx — 2)(cotx + 1) =0

82. (V3secx — 2)(V3cotx + 1) =0

83. (tanx + 1)(2sinx—=1) =0

84. (2sinx — V3)(2cosx = 1) =0

85. (V2secx — 2)(2sinx + 1) =0

86. (cotx — 1)(V2escx +2) =0

In Exercises 87-102, find all solutions of each equation in the
interval [0, 277).

87. 4sin’x = 1 88. 4cos’x = 1
'? 89. tan’x = 1 90. sec’x = 2
91. 3csc’x =4 92. 3co’x = 1
93. 3sin’x = cos’x 94. 3cos’x = sin’x
95. cos’x — sin*x = 1
96. 2sin’x + cosx — 1 =0
97. 2cos’x — 3sinx — 3 =0
98, 2sin’x —cosx— 1 =0
99. 2sin’f — sinf — 1 = 0
100. 2cos’f — Scosf +2 =0

101. V3sec’x = 2tanx — 2V3 =0
102. csc’x = (V3 + 1)cotx + (V3 =1) =0

In Exercises 103-108, solve each trigonometric equation in
the interval [0, 277) by squaring both sides.
103. V3sinx = 1 + cosx

104, 1 + sinx = \/gcos.r
105. tanx + 1 = secx

106. V3tanf + 1 = V3 sech
107. V3cotf + 1 = V3csch

108. sinx + cosx = V1 — sin2x



