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§13.3 Arc length of curves

We have discussed motion in space using by equations like r(t) = hx(t), y(t), z(t)i.

Our next goal is to be able to measure distance traveled or arc length.

Motivating problem: Suppose the position of a fly at time t is

r(t) = h2 cos(t), 2 sin(t)i,

where 0  t  2⇡.

a)Sketch the graph of r(t). What shape is this?

b)How far does the fly travel between t = 0 and t = ⇡?

c)What is the speed kv(t)k of the fly at time t?

d)Compute the integral

Z ⇡

0
kv(t)k dt. What do you notice?

2z
&Tt= 0
xto
t
* C = Zer = 4t circumfrence

2 ↳C=z

Wier'IE) = 72 sint , ecost]

DVCEll=Msin+Pet = r = =Ysamewire
!

= S" 2 at = 22/0" = 2n - 0 = z
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Definition 17. We say that the arc length of a smooth curve

r(t) = hx(t), y(t), z(t)i from to that is traced out ex-

actly once is

L =

Example 18. Set up an integral for the arc length of the curve r(t) = ti+ t2j+ t3k
from the point (1, 1, 1) to the point (2, 4, 8).

↑ (t) = [x(t)
, y(t) , z(E)

t= a t=b

JaIreldt=t+(+It
t=2 (2

, 4 ,87

Step 0 : Find values of asib t=

when to flo = 10,0,03 dress work (11 . 1)
E= 1

t= 1 r() = <1
,
12
, 13) =D , 1 , 1) ~

t=2 (z) = (2
,
73
,2
% = (2 , 4 . 87 v rit) = <t, th, ti7

r'(t) = < 1
, 2 t, 352)

L=+By de= di
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Example 19. You try it! Find the length of the portion of the curve in R3 given
by the parametrization r(t) = h6 sin(2t), 6 cos(2t), 5ti, 0  t  ⇡.

Check your intuition

&
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Example 19. You try it! Find the length of the portion of the curve in R3 given
by the parametrization r(t) = h6 sin(2t), 6 cos(2t), 5ti, 0  t  ⇡.

Check your intuition

&

F(t) = &(12cos2t , - 12sinzt ,57

=> IF = 144 (0s22t+sinizt)+25 = 169

=> (til = 13

So,

= /(t))dt=3 dt = 13t = 26t
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Example 20. You try it! Find the length of the portion of the curve in R3 given
by the parametrization r(t) = ti+ 2

3t
3/2k, 0  t  8.

Check your intuition
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Example 20. You try it! Find the length of the portion of the curve in R3 given
by the parametrization r(t) = ti+ 2

3t
3/2k, 0  t  8.

Check your intuition

8:30 10 min 8: 40

↳= Sellvill It x(t)=t a=0

y(t) = 0
b= S

It =Y) = 14+ To z(t) = 2-312

so litll=(tip = Not
U-sub Box

and

L = 98 Not It
u= 1+t

du= It

to u=1

t=8 = a= 9

=Grudun
= 327 -3 = 3726 = 52/3
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Arc length parametrization

Sometimes, we care about the distance traveled from a fixed starting time t0 to an
arbitrary time t, which is given by the arc length function.

s(t) =

We can use this function to produce parameterizations of curves where the parameter
s measures distance along the curve: the points where s = 0 and s = 1 would be
exactly 1 unit of distance apart.

Sllv(t)Il di

1111
#

I
r(to)

Idea : why should we be measuring out
units

in the parameter Space Ac?

More natural to measure units in the

Codomain of It) , F : R-IR"
.
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Example 21. Find an arc length parameterization of the circle of radius 4 about
the origin in R2, r(t) = h4 cos(t), 4 sin(t)i, 0  t  2⇡.

↑ to=o

MTA
① compute are length function S(t)

= SCHIldt
② Solve S= S(t) for t

= f(s)

③ substitute back into
(t) to Obtain #S)
.

↳ std
① Find SCE) :

v(t) = with= (-4sint , 4cost) so llvil= 16sinit+ 162012t

So llvill = 4 . Stollvclldt ?? [N-deducti
= 16 (sin't+ cost)
u

= 16 1

si=tlvldt = Jydt = Ye = 45-0 = 4thto

s
03= 4t So t= fili

③ E(s) = r(t) = r(G) = (4cs(4) , 4si(<]
re(s) = <Pcos($) , 4sin(*)

,
Se(0 , 8)

& tio ,S = 410) =0
t=zi

,
S= 4 (iii)=Sit
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Example 22. You try it! Find (a) an arc length parameterization s(t) of the
curve C, the portion of the helix of radius 4 in R3 parameterized by r(t) =
h4 cos(t), 4 sin(t), 3ti, 0  t  ⇡/2, and (b) use s(t) to find L the length of C



(2 ,

2)
t= /

Iritt
=<t ,t,t)

-=

(11)
Elt) = (t3 ,+ ,+3) t=1

t=2
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Example 22. You try it! Find an arc length parameterization of the portion of the
helix of radius 4 in R3 parametrized by r(t) = h4 cos(t), 4 sin(t), 3ti, 0  t  ⇡/2.

(a) ↳
N

(b) use sit) to Find L the length of C -

① Find Sitt :
-

Fir=<-usint , ycost ,37 1= 16 +9 = 25
so (8)= 5

So,

S(t) = STIF/1 di = 55 5 di = 5tlo
and S= 5t I

② Solve for :

S= Sit = 5t so t= f(s)=5

Sub into F : Ez(s)= r(f(s)

③(5) = 5- 4 sin($3) , 42s(45) ,37 S50S=52
OLS15/2

* is theSiste
length of

(b) . curve ! !

= jIrlde = Ste= Et To
Eith the

-

-

50
-

to
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§13.3 & 13.4 - Curvature, Tangents, Normals

The next idea we are going to explore is the curvature of a curve in space along with
two vectors that orient the curve.

First, we need the unit tangent vector, denoted T:

• In terms of an arc-length parameter s:

• In terms of any parameter t:

This lets us define the curvature, (s) =

②

0 ·T
Which is the most curved ? ①

Idea : scale2nd derivative appropriately
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Example 23. In Example 21 we found an arc length parameterization of the circle
of radius 4 centered at (0, 0) in R2:

r(s) =
Z
4 cos

Ds
4

⇣
, 4 sin

Ds
4

⇣⌘
, 0  s  8⇡.

Use this to find T(s) and (s).

Question: In which direction is T changing?

This is the direction of the principal unit normal, N(s) =

2

>x
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We said last time that it is often hard to find arc length parameterizations, so what
do we do if we have a generic parameterization r(t)?

• T(t) =

• (t) = or

• N(t) =

Example 24. Find T,N, for the helix r(t) = h2 cos(t), 2 sin(t), tk 1i, t � R.

/Fell FCE/IF'Cell

11T'Iti/l/IFtill
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Example 25. You try it! Find T,N, for the curve parametrized by

r(t) = (cos t+ t sin t)i+ (sin tk t cos t)j+ 3k, t � R.

If time :(?)
/F r(s) = [2sH , s] , sel is an arc-length

parametrization of the parabola
x= 2y+ 1

.
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Example 25. You try it! Find T,N, for the curve parametrized by

r(t) = (cos t+ t sin t)i+ (sin tk t cos t)j+ 3k, t � R.
Step 1 Find rIt) and Ilr'till.
-

v==-st+ +cost +st)i + (t= (tsin++))j + 04
-> tcosti + Esinty + O*

Irf= Ecosit+ Esinit = to so Iv= It)

T(t)=ill
T= = cost + sint] +Oh

= -sintr + costnot 1

so N==sinti +cost] +Oth NIt)=tall

k= K(t)=

If time :(?)
Tif r(s) = [2st , s] , selM is an arc-length

parametrization of the parabola
x= 2y+ 1

.


