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§15.1 Double Integrals, Iterated Integrals, Change
of Order

Recall: Riemann sum and the definite integral from single-variable calculus.
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Double Integrals

Volumes and Double integrals Let R be the closed rectangle defined below:

R = [a, b]⇥ [c, d] = {(x, y) 2 R2|a  x  b, c  y  d}

Let f(x, y) be a function defined on R such that f(x, y) � 0. Let S be the solid

that lies above R and under the graph f .

Question: How can we estimate the volume of S?
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Definition 79. The of f(x, y) over a rectangle R is

ZZ

R
f(x, y) dA = lim

|P |⇥0

nX

k=1

f(xk, yk)�Ak

if this limit exists.

•

•

8 : 15 (5 min) 8 : 20

double interal
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&

P is the "mesh size"
, largest size among all

of integration of the bases of the tall boxes .

When actually exists.

Then we say "F is integrable over
R

"

Eg .

↓ is indegrable
over R if of is continuous over
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still integrable & -

I -0

->esa
* Wor : Saf ,4) dat is a

(e. g . negative if flas) coSigned volume,
For all (4) th.

(
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Question: How can we compute a double integral?

Answer:

Let f(x, y) = 2xy and lets integrate over the rectangle R = [1, 3]2 [0, 4].

We want to compute
R 3
1

R 4
0 f(x, y) dy dx, but lets consider the slice at x = 2.

What does
R 4
0 f(2, y) dy represent here?

8 :20
Clo min) Si30

&

integrate one variable at a time.

Citerate
E ↑

zr

Purple Slice has area &T=Z

z=f(+4)

Area = Sif(2 , ) dy
= 9 .

"
4y dy =zy1 ,

"

24

#L Y

& 2*42- 25 2-0
S

If we more slace along 2-divetom is add up

all the areas we get , then get volume of the

whole thery
do inside first

vol = j3f(x, y) dy dx = jdyd
-
area of purple silice

at 2= constr

= 116x-odda
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In general, if f(x, y) is integrable over R = [a, b]2[c, d], then
R d
c f(2, y) dy represents:

What about
R d
c f(x, y)dy?

Let A(x) =
R d
c f(x, y)dy. Then,

=

Z b

a
A(x)dx =

This is called an .

Example 80. Evaluate

Z 2

1

Z 4

3
6x2y dy dx.

Theorem 81 (Fubini’s Theorem). If f is continuous on the rectangle R = [a, b] 2
[c, d], then

More generally, this is true if we assume that f is bounded on R, f is discontinuous

only on a finite number of smooth curves, and the iterated integrals exist.

8 : 30

(7 min) 8 : 37

area of sloce e x= 2 · (area purple sice)
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the area of the slice at z= const

Jor(u)da Sreft,n) da Couble interall
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= 32 da
do inside first

= 316-389dx= J? 7*32 dx= 3,

212 du

= 7x/ ?= <(2) - > (1) = 7 +7 = 49

jbgfu) dy d=d i
#y firstx."Order doesn't matter"
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Example 82. You try it! Integrate:

a)

Z 2

0

Z 1

1
x y dy dx easy

b)

Z 1

0

Z 1

0

y

1 + xy
dx dy medium

c)

Z 4

1

Z e

1

ln x

xy
dx dy hard!

8 :37 ↳5 mit 8 : 50

gar 2
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Example 82. You try it! Integrate:

a)

Z 2

0

Z 1

1
x y dy dx easy

b)

Z 1

0

Z 1

0

y

1 + xy
dx dy medium

c)

Z 4

1

Z e

1

ln x

xy
dx dy hard!

8: 50
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= Inz
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Example 83. Compute

ZZ

R
xe

ee
y

dA, where R is the rectangle [1, 1]2 [0, 4].

Hint: Fubini’s Theorem.

8 : 50 10 min) 9: 00

Ans : use Fubini's tum !
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M
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Better4 needa
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= See(1) - (-1)) dy
= % Ove d =/
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§15.2 Double Integrals on General Regions

Question: What if the region R we wish to integrate over is not a rectangle?

Answer: Repeat same procedure - it will work if the boundary of R is smooth and

f is continuous.

9 : 00

Cro min) 9 : Lo

M
Need to Sample (l-values

·

IDEA : We need to find some waydo express
-

the boundary curves like y = g(x) or sigh).

vertically simple but horizontally supe

(g , (y),i)
but not

ver sinSee

·
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Example 84. Compute the volume of the solid whose base is the triangle with

vertices (0, 0), (0, 1), (1, 0) in the xy-plane and whose top is z = 2 x y.

Vertically simple:

Horizontally simple:

9:10 (15 min) 9 :25

Ya

vol = f) z-x-y dA=-7 dydn
10 ,1

(x,
1-x

= 1 : zy-xy-zy/dx
= Sj(z(1 -x) - x(1 -x) -z(1 -x)2) -od"it >x

= Sz - 2x - x+ -=( -2x+x2)dx

(1,0) = S'z -3x + x2 -z + x-x) dr

= J-2x + Indu = Ex -x = yu))! =( - 1 + j) - 0 = 2+ 5

==
Ya

vol = f)p2-x-ydA=F -2 - 1 dudy10 ,1

10,27mina =---y = 1 -x) x= 1 -y
1

10,08
⑧ >x sameIfor each fixed-val to 1-y.

value-
y-va from
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Example 85. Write the two iterated integrals for
RR

R 1 dA for the region R which

is bounded by y =
�
x, y = 0, and x = 9.

Example 86. Set up an iterated integral to evaluate the double integral
RR

R 6x2y dA, where R is the region bounded by x = 0, x = 1, y = 2, and y = x.

9:25
(15 min) 9 :40

Ya vertically B First pickso tun yE/0, 50]
simple

↳
v= 1 dy d

= jydartde
· F

horizontallysu did

Ya
2

y=ga=

2 v= ga Greg dyde

N T
horizontally simple.

>
x

&
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Example 87. You try it! Write the two iterated integrals for
RR

R 1 dA for the

region R which is bounded by x = 0, y = 8, and y = x
3.

9 :40 (5 min) 9: 45

i
"
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Example 87. You try it! Write the two iterated integrals for
RR

R 1 dA for the

region R which is bounded by x = 0, y = 8, and y = x
3.

9 :40 (5 min) 9: 45

i

Vertical)

volume = S2SS, 1 dya

Chorizontal)
volume = 58 g1 leady.
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Example 88. Sketch the region of integration for the integral

Z 1

0

Z 4

4x
f(x, y) dy dx.

Then write an equivalent iterated integral in the order dx dy.

&

9 : 45
(5 min) 9: 50

For (in) ER

The x-values are

V = in 10 , 1]
and Then the

y-values are in

(42
, 4].

ge funds
o a

vol = fr1da = Area(R)

I ·


