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§15.5-15.6 Triple Integrals & Applications

Idea: Suppose D is a solid region in R3. If f(x, y, z) is a function on D, e.g. mass

density, electric charge density, temperature, etc., we can approximate the total

value of f on D with a Riemann sum.

nX

k=1

f(xk, yk, zk)�Vk,

by breaking D into small rectangular prisms �Vk.

· Jaz
i

Dal

Ay

DVR = Arayaz
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Taking the limit gives a

:

ZZZ

D
f(x, y, z) dV

Important special case:

ZZZ

D
1 dV =

Again, we have Fubini’s theorem to evaluate these triple integrals as iterated inte-

grals.

Other important spatial applications:

Jogdefluniz dzduda= figz daddy

X doesitt
to appear
in any
Sample
exams?

-
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Example 102. 1. How to do the computation:

Compute

Z 1

0

Z 2�x

0

Z 2�x�y

0
dz dy dx.

2. What does it mean: What shape is this the volume of?

3. How to reorder the di↵erentials: Write an equivalent iterated integral in

the order dy dz dx.

·



§15.5-15.6 Page 104

Example 103. You try it! Evaluate the triple integrals. What is the shape of the

region of integration D in each case?

(a)

Z e

1

Z e2

1

Z e3

1

1

xyz
dx dy dz

(b)

Z ⇡/3

0

Z 1

0

Z 3

�2
y sin z dx dy dz
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Example 103. You try it! Evaluate the triple integrals. What is the shape of the

region of integration D in each case?

(a)

Z e

1

Z e2

1

Z e3

1

1

xyz
dx dy dz

(b)

Z ⇡/3

0

Z 1

0

Z 3

�2
y sin z dx dy dz

= jegennadyd = Send a

= I My de = jezk - 0dz = blnz)i = 6-

= 6

= Jiysinzdydz= by sida

= fisinz, yell dz = sinzda
2

#B

=

=cost = - (cos(b) - cos(0)]
(4165 I

- , =- (t - 4
= 5/4
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We will think about converting triple integrals to iterated integrals in terms of the

of D on one of the coordinate planes.

Case 1: z-simple) region. If R is the projection ofD on the xy-plane andD is bounded

above and below by the surfaces z = h(x, y) and z = g(x, y), then

ZZZ

D
f(x, y, z) dV =

ZZ

R

 Z h(x,y)

g(x,y)
f(x, y, z) dz

!
dy dx

Case 2: y-simple) region. If R is the projection ofD on the xz-plane andD is bounded

right and left by the surfaces y = h(x, z) and y = g(x, z), then

ZZZ

D
f(x, y, z) dV =

ZZ

R

 Z h(x,z)

g(x,z)
f(x, y, z) dy

!
dz dx

Case 3: x-simple) region. If R is the projection ofD on the yz-plane andD is bounded

front and back by the surfaces x = h(y, z) and x = g(y, z), then

ZZZ

D
f(x, y, z) dV =

ZZ

R

 Z h(y,z)

g(y,z)
f(x, y, z) dx

!
dz dy
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Example 104. Write an integral for the mass of the solid D in the first octant with

2y � z � 3  x
2  y

2 with density �(x, y, z) = x
2
y + 0.1 by treating the solid as a)

z-simple and b) x-simple. Is the solid also y-simple?

&prim$=09,2T0 ,42 0

ser
z=0 . mass = S/SpSluiyiz) dV

↓
*W

Case I :

/Stop car dzdydn = M

bot cap
Fx-1

3 -x2-42

mass=
an

SSSS 22+0. 1 dzdy da

(53 ,
0 ,0) = 1900 , 07

↑ x213.

Find what x-y pairs (w/x+ (0,57)
z=o,y= 0

have a corresponding z-value in the 2013-12-0

range
zy : E3-i2-7

"

I
Re (0,37

top E= 3-xi=
> bot z=zy me

set equal a find relationship between

-say

Sque for

3 - a= y
= 27
= 3 = 22+ y3+27

= 4 = 23+ y2+2y+ /
cirche

=> 4 = 22 + (4+172 Ofised radius v=2

= 4-x = (y+1) centera1)
=> Fr=-
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Example 104 (cont.)

prev- Si Stylin ,
z) dzdyda

page

P
&

Case3 :

(b) x-simple

M = jj Sun Sluy) de di -pink region
Re defined by ye /0, a)

intersection of Z= zy
and z = 3-yn is eva

=> (set zez) zg= 3 -42

=> y +zy
-3 = 0

↑z =zy
Setentio=> (+3)(4-1=

0a
but

op

yelo , 17
z =24

ze[82y ,
3- y2]

(e

muss=daddy, Z = 3-42
on hopcap

top cap in terms
of x is

z= 3-
=
-ya

I = 3 - z -yi

=> nez-y2
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Rules for Triple Integrals for the Sketching Impaired (credit to Wm.
Douglas Withers)

Rule 1: Choose a variable appearing exactly twice for the next integral.

Rule 2: After setting up an integral, cross out any constraints involving
the variable just used.

Rule 3: Create a new constraint by setting the lower limit of the preceding
integral less than the upper limit.

Rule 4: A square variable counts twice.

Rule 5: The region of integration of the next step must lie within the
domain of any function used in previous limits.

Rule 6: If you do not know which is the upper limit and which is the lower,
take a guess - but be prepared to backtrack.

Rule 7: When forced to use a variable appearing more than twice, choose
the most restrictive pair of constraints.

Rule 8: When unable to determine the most restrictive pair of constraints,
set up the integral using each possible most restrictive pair and
add the results.

Example 105. You try it! Find the volume of the region in the first quadrant

bounded by the coordinate planes and the planes x+ z = 1, y + 2z = 2.
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Example 105. You try it! Find the volume of the region in the first quadrant

bounded by the coordinate planes and the planes x+ z = 1, y + 2z = 2.

Not z-simple !

(1 ,
0 ,0 · 02 ,0

· (1 ,2 ,
03&
This line EUE= 1 DEFO CU=Y=0

Y+zz=z
x= 1 z= 1

4= 2

· 10 ,
0

,
12

"I
,
d

This limis

Guz= 2
= GUEy

/ &

·
10 ,2 ,
0

11 ,
% ,%

O

T this plane is x+z= /

:

11/11
#) x= 1 - z

3

volfgizg1 dud i
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§15.7 Triple Integrals in Cylindrical & Spherical
Coordinates

Cylindrical Coordinate System

Cylindrical to Cartesian:

x = r cos(✓), y = r sin(✓), z = z

Cartesian to Cylindrical:

r
2 = x

2 + y
2
, tan(✓) =

y

x
, z = z

Conventions:

Example 108. a)Find cylindrical coor-
dinates for the point with Cartesian co-
ordinates (�1,

p
3, 3).

b)Find Cartesian coordinates for the
point with cylindrical coordinates
(2, 5⇡/4, 1).

As before for double-

integrals :

-%0 and

Oe(0,2) or Oct-TT]

Je , y,
= (x , y ,z)=

(5,0,z)2y) .

a w (r,0 . z)= (2 ,3 ,
3)

⑧
(x, y ,

0) = Crcosorsind,
o

y
= (r

,
0

,
0
gyP I

E =Fligh-#13
= +3 = 54

= 2+ /3
= 2 .

=cost

↑ cos = 2* cos() = [x- -E

Fl y= 2 *Si(5) = 2+ -E -E

(2 ,-E ,
1)

< sin
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Example 109. In xyz-space sketch the cylindrical box

B = {(r, ✓, z) | 1 � r � 2, ⇡/6 � ✓ � ⇡/3, 0 � z � 2}.

Triple Integrals in Cylindrical Coordinates

We have dV =

Example 110. Set up a iterated integral in cylindrical coordinates for the volume

of the region D lying below z = x+2, above the xy-plane, and between the cylinders

x
2 + y

2 = 1 and x
2 + y

2 = 4.

E . And the mass of region
occupyte Bw/S(zz)= xy
Ver

h

um F=
rose(sma rdo

S( , 7 ,
z)

intochangesineria [
use

Cylindrial
volume

rdzdo du measure.

⑫
re(1 ,2)
Otto ,2)

voldodr!
ze(0,
x+2) ??

x
270



§15.7 Page 114

Example 111. You try it! Suppose the density of the cone defined by r = 1 p z

with z  0 is given by �(r, ✓, z) = z. Set up an iterated integral in cylindrical

coordinates that gives the mass of the cone.

⑧ (0 ,
2)

· re[0 ,
1- z)

I zelo ,
17

R

mass = fgizzrdad
???

mass =fr dudedo

???
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Example 111. You try it! Suppose the density of the cone defined by r = 1 p z

with z  0 is given by �(r, ✓, z) = z. Set up an iterated integral in cylindrical

coordinates that gives the mass of the cone.

?? x2+y = (1 -z)w

+y= 1 - z

Of [0 ,
2)

ze(0 , 1]ve 10
,
-

I

so M = JS) Stro, didod
M =Sidd

other options also work

M = Sig Er deddo

or

every-g'girger dodzdr also finea
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Spherical Coordinate System

Spherical to Cartesian:

x = ⇢ sin(') cos(✓)

y = ⇢ sin(') sin(✓)

z = ⇢ cos(')

Cartesian to Spherical:

⇢
2 = x

2 + y
2 + z

2

tan(✓) =
y

x

tan(') =

p
x2 + y2

z

Conventions:

Example 112. a)Find spherical coordi-
nates for the point with Cartesian co-
ordinates (p2, 2,

�
8).

b)Find Cartesian coordinates for the
point with spherical coordinates
(2, ⇡/2, ⇡/3).

1 - 1

Ophi (x,y ,z)e pz0

·
S Oe [0 .2) ortit

be (0, iT]

r=i
· (x,4 ,02 (2 ,

2
,55)

p=
=T+S

0 = 3/4e
= 6= 4

~

E +p
+al &Coste

Using
i z= 2 cos(y)=z = /

(2,,T 10 ,
53,y



🌀
 The two common lowercase phi symbols:

ϕ (curly phi) — sometimes called “script phi” or “open phi”

Looks like a curly or loopy “C” with a vertical line

Unicode: U+03D5

Often used in physics and engineering (e.g., magnetic flux)

φ (straight phi) — often just “phi”

Looks like a circle with a vertical line through it

Unicode: U+03C6

Often used in math, philosophy, and logic

How to draw them :

Start
here

i streaa·
Start here

#Strokes=2
#Strobes = 1

#Strobes= 1 .

Scripty phi phi Tho
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Example 113. In xyz-space sketch the spherical box

B = {(✓,⇡, �) | 1 � ✓ � 2, 0 � ⇡ � ⇢/4, ⇢/6 � � � ⇢/3}.

eg.B = (1 ,
27 x (0, ) x (,) (insoura

#14 YETh
-

=
* According to Dr. H.

planes through the

Z-axis are

fair game .

"=>
"Spheres

,
curves

,
and

IT/z
934

&--2
L

Y=14

Y



mass

volumeof-

Sett up trude for lower

half sphere
Z w) radius P=3 .

a densit
Functio⑮ ⑰z.

S
= Athis part z=pcose

Yedd
PE(0 ,37 Be sinc

muss= [S costingdo
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Triple Integrals in Spherical Coordinates

We have dV =

Example 114. Write an iterated integral for the volume of the “ice cream cone” D

bounded above by the sphere x2+y
2+z

2 = 1 and below by the cone z =
�
3
p
x2 + y2.

psin de dado
O

Z
-

+yeA

= 3=x2+yz·
=

7

p=
civeletr

= =r Pe 10, 17
↑

po
h
>

=/
O (O,

In
L 1 Y↳ Melo

,
TI

Y+x== 4=6

the intersection curve is all triples (1 ,% ,E) Sit

22 +y + z= 1 and z=ty

just substitute

2 + y + (5tyF= 1 => M+y + 3(x +72) = /

=> 4x +4 = /

So z=** => styl Circle or radius)El(2
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Triple Integrals in Spherical Coordinates

We have dV =

Example 114. Write an iterated integral for the volume of the “ice cream cone” D

bounded above by the sphere x2+y
2+z

2 = 1 and below by the cone z =
�
3
p
x2 + y2.

dait⑳sinde ddfor set
O

-

Z

·
h

i > Y
I

So the triple inseged is
pe(0, 17
O (O,

In

Melo
,
T ??

wEfSp1dv= Jing
,

gibsinydYdTo
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Example 115. You try it! Write an iterated integral for the volume of the region

that lies inside the sphere x
2 + y

2 + z
2 = 2 and outside the cylinder x2 + y

2 = 1.

za po4 P=+i =E

↓↓ ↓ O = /2

T14 so

C=T2T=/4uO (0,2n)

5 Ye,]
P+ (cad

,
E]

howso changeyes into p,
C
,
0's ↑ p(4,

0)=
U= p Sing coso play in into cylinder equ.

& y = p sind sind 22 +y = 1

z = pcosY
=> IpsinGcos) + (sindsind

= pi sinc costo + pasin sing =

-=> Prsiny (200 + Su
= 0) = /

=> prsin(= = D2= sc = Cl
E p = cs) (p(0)
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Example 115. You try it! Write an iterated integral for the volume of the region

that lies inside the sphere x
2 + y

2 + z
2 = 2 and outside the cylinder x2 + y

2 = 1.

za
Sphere: +y +z = 2 Ep

= En

intersection

x2 +y+ z2= 2 &22+y== /

=> z1 = z=I

> y one point in intersection

=-
=> 1 + z

=
= z

is 10,
1 , 1
y

=(t)·

Same idea as last example

2ty" = pisince So

cylinder is pasinic = 1

=>
p = asy#

=> psinc =1

we want outer part outside

cyinder a inside sphere so

Ye[]
Vol :Sigginpsinyd, Pt(cs4, z)

and OE(0 ,2T]
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5. (6 points) Let D be the smaller cap cut from a solid ball of radius 1 units by the plane

z = 1/2. The point P (0,
→
3
2 , 12) is on D at the intersection of the ball and the plane.

(a) Find the cylindrical coordinates (ω,ε, ϑ) of the point P (0,
→
3
2 , 12). [AN]

(b) Express the volume of D as an iterated triple integral in spherical coordinates.
Do not evaluate! [AN]

(0,
→
3
2 , 12)Cyl=

Volume=

herical

·
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5. (6 points) Let D be the smaller cap cut from a solid ball of radius 1 units by the plane

z = 1/2. The point P (0,
→
3
2 , 12) is on D at the intersection of the ball and the plane.

(a) Find the cylindrical coordinates (ω,ε, ϑ) of the point P (0,
→
3
2 , 12). [AN]

(b) Express the volume of D as an iterated triple integral in spherical coordinates.
Do not evaluate! [AN]

(0,
→
3
2 , 12)Cyl=

Volume=

herical

↳
10, 1) · (1,3,1)
·

g I sin da
9=12 -T =π3

P = OF()" = 1

O = 12 (on y-axis)

z= =pcosy =p=y
=sect

So D : 010 ,
2)

,
4010,

+31
, pelsec,1]
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§15.8 Change of Variables in Multiple Integrals

Thinking about single variable calculus: Compute

p �
3

1

1�
4p x2

dxdi A

To Motivate : maybe try x=2sind
-

dr = zcoso do

da = dady = rdrd So

An*s
converting double insegral
into polar cord. = Siste
r "integration factor" WOSO

=S zo o
dV = kadydz

= St do
= drdOdz

= prsidedid
When you convert

I

triple insegals into

cylindrical or spreriul
cords .

= Sir"(3)-sin" (12)

=

-=
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Theorem 116 (Substitution Theorem). Suppose T(u, v) is a one-to-one, di↵eren-

tiable transformation that maps the region G in the uv-plane to the region R in the

xy-plane. Then

ZZ

R
f(x, y) dx dy =

ZZ

G
f(T(u, v))| det(DT(u, v))| du dv.

Example 117. Evaluate

Z 4

0

Z y/2+1

y/2

2x� y

2
dx dy via the transformation x = u+v,

y = 2v.

1. Find T:

integration factor.

-

Idet(DT(n, T &

G
-·

-
-U

Laddeconverted to DUDU

e .g.
If Ide+ DTl =2 then

G 2* Area G = Area R.

①

I
20 T : IR ->2

· )) = 17=i am
What about the integration linects DT = In
eye - 0-year so vo

ey= 4 =>> 4= y = 25 so= 2
= Io2]

So if ye (0,4) thn W27 Ide+ D+ / = z -

① NOTE : often you are

== x = U+V= U= given 5 " (x,4)

② e. g. T(x,y) = [E312] : (i)
= n= v

=+=+
1u+v

2 -
=> u= 0 When that happens

Set up system solve

8 =u eu= 1
for2.y. to findu

,
u = /]



§15.8 Page 121

2. Find G and sketch:

3. Find Jacobian:

4. Convert and use theorem:

~ (,2) (0 ; 17 x10,2)
M

gy=0 ev32 y = 4 =v=z

I

en=1 so+ "(u)e(E+]
,
x 10,

4) "-

3-n=+1 => U= 1 becomes We LO , 17

& to convert for

Ludd
use roles

R= U+w
, y

= Iv

↓ I
theJacobiandeterment

T(1=/I) DT= 1 : 7 /de DT1 =↑

↓
-

= j-dad
= 93J' nedad = SBuild
= Edu=!
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Example 118. a) You try it! Find the Jacobian of the transformation

x = u+ (1/2)v, y = v.

b) You try it! Which transformation(s) seem suitable for the integral

p 2

0

p (y+4)/2

y/2
y
3(2x� y)e(2x�y)2

dx dy?

i) u = x, v = y

ii) u =
Z
x2 + y2, v = arctan(y/x)

iii)u = 2x� y, v = y
3

iv)u = y, v = 2x� y

v) u = 2x� y, v = y

vi)u = e
(2x�y)2, v = y

3

T: A22 -> Iz

TheJacobianStep1 : write T Matrif
-

Sep2 : compute DT total T()) =(*/derivative of T
.

So DT= 1 ! "Y] Ideal = 1
.

↑
The Jacobin
determint.

O
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Example 118. a) You try it! Find the Jacobian of the transformation

x = u+ (1/2)v, y = v.

b) You try it! Which transformation(s) seem suitable for the integral

p 2

0

p (y+4)/2

y/2
y
3(2x� y)e(2x�y)2

dx dy?

i) u = x, v = y

ii) u =
Z
x2 + y2, v = arctan(y/x)

iii)u = 2x� y, v = y
3

iv)u = y, v = 2x� y

v) u = 2x� y, v = y

vi)u = e
(2x�y)2, v = y

3

theJacobian MATRIX

&

[u] = Cut =Hum soD
and IDTI = 1

- TheJacobian determinant
--

doesnothing
3

Tryii) f) ,Di dude seems helpful .

can do W-sub

Tryin

J) UeIDTd seems hespent

.Mighta
try M (Sp wine * IDTIdado -I for these

two ?

trylvil J) WK1)U dude how do isolate 22-48?
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Theorem 119 (Derivative of Inverse Coordinate Transformation). If T(u, v) is a

one-to-one di↵erentiable transformation that maps a region G in the uv-plane to a

region R in the xy-plane and T (u0, v0) = (x0, y0), then we have

| det(DT(u0, v0))| =
1

| det(DT�1(x0, y0))|

General fact about invertible matrices

det A = dela V .
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Example 120. Let’s evaluate

pp

R

y(x+ y)

x3
where R is the region in the xy-plane

bounded by y = x, y = 3x, y = 1 � x, and y = 2 � x. Consider the coordinate

transformation u = x+ y, v = y/x.

1. Find the rectangle G in the uv plane that is mapped to R

2. Evaluate f(T(u, v))| det(DT(u, v))| in terms of u and v without directly

solving for T using the theorem above

-

1
, 3
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3. Use the Substitution Theorem to compute the integral.


