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§15.5-15.6 Triple Integrals & Applications

Idea: Suppose D is a solid region in R3. If f(x,y, 2) is a function on D, e.g. mass
density, electric charge density, temperature, etc., we can approximate the total

value of f on D with a Riemann sum.
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by breaking D into small rectangular prisms AVj.
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Taking the limit gives a

:///Df(x,y,z) av

Important special case:

Jl -

Again, we have Fubini’s theorem to evaluate these triple integrals as iterated inte-

[ B dai = L | [ s e

%

Other important spatial applications:

TABLE 15.1 Mass and first moment formulas %

Q RP‘(/“‘
THREE-DIMENSIONAL SOLID *0

Mass: M = \///5 dV & = d(x, v, z) is the density at (x, v. ). \ Awy
D

First moments about the coordinate planes: Q&(C»W‘c 4
M, = ///.\'de, M_= //]yﬁd\’, M, = ///‘:6(1\/
D D D
Center of mass:
— M, M M,
X = M y= M T= M

TWO-DIMENSIONAL PLATE

Mass: M= //6 dA & = &(x. v) is the density at (x. y)
R
First moments: M, = [/ x 8 dA, M = /] yodA

N = M‘" P M\
Center of mass: X =37 yi= =
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Example 102. 1. How to do the computation:

1 2—x 2—x—y
Compute / / / dz dy dx.
0o Jo 0

2. What does it mean: What shape is this the volume of?

AN

3. How to reorder the differentials: Write an equivalent iterated integral in

the order dy dz dzx.
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Example 103. You try it/ Evaluate the triple integrals. What is the shape of the

region of integration D in each case?

e 62 63 1
(a) / / / — dz dy dz
1 J1 J1 TYz

©/3 1 3
(b) / / / ysinz dr dy dz
0o Jo J-2
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Example 103. You try it/ Evaluate the triple integrals. What is the shape of the

region of integration D in each case?

e 62 63 1
a) / / — dz dy dz
1 J1 J1 TYz
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We will think about converting triple integrals to iterated integrals in terms of the

of D on one of the coordinate planes.

Case 1: z-simple) region. If R is the projection of D on the xy-plane and D is bounded
above and below by the surfaces z = h(z,y) and z = g(x,y), then

///p J(@.y,z) dV = //R (/g:;y)f(x,y, 2) dz) dy dx

~h (';,\1'\

Case 2: y-simple) region. If R is the projection of D on the zz-plane and D is bounded
right and left by the surfaces y = h(z, z) and y = g(z, 2), then

///Df(a:,y,z) dV=//R </QZZZ)f(x,y,z) dy) dz dx

_a ()
I8 )

Case 3: z-simple) region. If R is the projection of D on the yz-plane and D is bounded
front and back by the surfaces x = h(y, z) and = = g(y, z), then

///D flx,y,2) dV = //R (/g:ij)f(x,y,z) dx) dz dy

D R
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& Al V
o2l YOr th the solid D in the first octant with

’ 2y < z < 3 — 2% — y?/with dens%(x, y,2) = 2%y + 0.1 by treating the solid as a)

% ;_,g_)oz__‘lz

z-simple and b) z-simple. Is the solid also y-simple?
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Example [104 (cont.) D: 2y < z<3-— r? — y2]/

Case 3.
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Rules for Triple Integrals for the Sketching Impaired (credit to Wm.
Douglas Withers)

Rule 1: Choose a variable appearing exactly twice for the next integral.

Rule 2: After setting up an integral, cross out any constraints involving
the variable just used.

Rule 3: Create a new constraint by setting the lower limit of the preceding
integral less than the upper limit.

Rule 4: A square variable counts twice.

Rule 5: The region of integration of the next step must lie within the
domain of any function used in previous limits.

Rule 6: If you do not know which is the upper limit and which is the lower,
take a guess - but be prepared to backtrack.

Rule 7: When forced to use a variable appearing more than twice, choose
the most restrictive pair of constraints.

Rule 8: When unable to determine the most restrictive pair of constraints,
set up the integral using each possible most restrictive pair and
add the results.

Example 105. You try it/ Find the volume of the region in the first quadrant
bounded by the coordinate planes and the planes x + z =1, y + 2z = 2.
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24. The region in the first octant bounded by the coordinate planes quadrant
and the planes x + z =1,y + 2z = 2
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§15.7 Triple Integrals in Cylindrical & Spherical
Coordinates

Conventions: Aé be\?ofe Loc double-
Cylindrical Coordinate System - .
G 20 and

O¢ (0,27 o O[]
Example 108. a)Find cylindrical coor-

(r,0,2) ® (7{' )| 'et dinates for the point with Cartesian co-

zZ

—. ordinates (—1,v/3,3).= ("ll.c,.t)
A ((Igl%wt (
g\ 7
Y WM (((9[ ‘33: (Z / / 35
‘/—
T (%14,0) = (reasgcond, o\)& ~F‘
Cylindrical to Cartesiafi: ", 6.0 eyt \ —>
x=rcos(f),] y=rsin(d), z=z = e O
= ~2 =T
Cartesian to Cylindrical: JT';:J
9 9 o Y b)Find Cartesian coordinates for the
ri=a+y, tan(d) = 2 T point with cylindrical coordinates
(2,5m/4,1).
\( \\IkLM’(; o J_l
sl ) 2 A= 2 c,or(ﬁjg) =TS 52
b
53 = Ww(SY\| — Yz _ 71
ZQ‘ W= Z ¥ Sw( qu = 2% —Z 2

\

(-iz,-%, ")

;i}:@ & \75——;) 6‘\«\@“‘{‘) = %
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oCccu Y w
Example 109. In zyz-space sket(iyﬁ %}ndm box / f Cx/"l ‘Z\ Z‘é
B = {(r,¥, z)l<r<2[@<9<w/3 0<z<2}.
2
- v
\ \ \ S [veosN 5500 € dzdose

YA
X v %5 N "
Wee
Triple Integrals in Cylindrical Coordinates C‘j\k\/‘ﬂf“‘k
V3 \lne
We have dV = _ € c[% (&9 3¢ N gSUL-

Example 110. Set up a iterated integral in cylindrical coordinates for the volume

of the region D lying below z =/7442, above the xy-plane, and between the cylinders
2, .2 2,2 _

x*+y =1and 2 +y* =4. VQ[\)?;)

Oe (o0, 27
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Example 111. You try it/ Suppose the density of the cone defined by r =1 — 2
with z > 0 is given by §(r,0,2) = z. Set up an iterated integral in cylindrical

@6[0,2(/\\
Ce (o, 1-2)
26[01(\

coordinates that gives the mass of the cone.
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Gt‘-ﬁ«‘" = (-2

Example 111. You try it/ Suppose the density of the cone defined by » =1 — z

with z > 0 is given by §(r,0,2) = z. Set up an iterated integral in cylindrical

coordinates that gives the mass of the cone.

O¢

\ -( 2%
:x g T?;( Ae Az A( C&}o;\m\
0 0 0
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Spherical Coordinate System

gb e\\(\ (7‘:%‘3)@, ' LQ Z0
\? s =(p,0, ) Conventions: @ c EOIZ Tr> . f(i"“_/ﬁ

“:!‘u of Cb $ £©/ Trl

Example 112. a)Find spherical coordi-
nates for the point with Cartesian co-
ordinates (—2,2,v/8).

T 0 Q2D oo o ® M

\

N 28/ 1% =G =4
Spherical to Cartesian: a0 O = B\
xr = psin(p) cos(d) , /VQC(L} 9
y = psin(p)sin(0)| * 2o
_ S
2= pcos(yp) -2 b)Find Cartesian coordinates for the

point  with  spherical coordinates

2,m/2,m/3

< /2 / \ (s
@ ¢ =(o, )

: A= zs(r\(ﬁ@ e (THQ‘Z Z*g *Q
4= 28Tl on (1) = 26 ExA

s
-\“l,‘ ‘ 2= 2 COQCW‘;\“: 7/;«\/?/ =
Qz,mz,rr%: (0, %))

Cartesian to Spherical:

e .



© The two common lowercase phi symbols:

2

¢ (curly phi) — sometimes called “script phi” or “open phi
Looks like a curly or loopy “C” with a vertical line
Unicode: U+03D5

Often used in physics and engineering (e.g., magnetic flux)

¢ (straight phi) — often just “phi”
Looks like a circle with a vertical line through it
Unicode: U+03C6

Often used in math, philosophy, and logic

How) o St Mo~
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Example 113. In zyz-space sketch the spherical box
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Triple Integrals in Spherical Coordinates

N Y RUZIY

—
Example 114. Write an iterated integral for the “ice cream cone” D
bounded above by the sphere z2+y2+2> = 1 and below by the cone z = v/3+/22 + 2.
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Example 115. You try it/ Write an iterated integral for the volume of the region

that lies inside the sphere 22 4+ y? + 22 = 2 and outside the cylinder 22 + y? = 1.
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Example 115. You try it/ Write an iterated integral for the volume of the region

that lies inside the sphere 22 4+ y? + 22 = 2 and outside the cylinder 22 + y? = 1.
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5. (6 points) Let D be the smaller cap cut from a solid ball of radius 1 units by the plane
z = 1/2. The point P(0 V3 1)is on D at the intersection of the ball and the plane.

17202
(a) Find the esdindrieat coordinates (p, ¢, ) of the point P(0, \/75, 3). [AN]
Sewasseal
(b) Express the volume of D as an iterated triple integral in spherical coordinates.
Do not evaluate! [AN]

) %)Cyl:

y

Volume=
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5. (6 points) Let D be the smaller cap cut from a solid ball of radius 1 units by the plane
z =1/2. The point P(0 V3 1)is on D at the intersection of the ball and the plane.

) 9 19
(a) Find the esdindrieat coordinates (p, ¢, ) of the point P(0, %, 3). [AN]
Sewasseal
(b) Express the volume of D as an iterated triple integral in spherical coordinates.
Do not evaluate! [AN]

5 )ey= (i,‘W/E,WZB

Prsind qodvae

o psecf

Volume=

(Q: Wh-"p = Tz
p= O] -
O=1h (o g

Z=llp = (QCOS\? = /O ans‘Q _SQCLP
o D: 0eloorl, 9e [0l Pe(E=ebd]
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§15.8 Change of Variables in Multiple Integrals

V3
Thinking about single variable calculus: Compute /1 mdl: A

10 «\V)_\"é‘////_,w M ohloe T Y =zaind

Eé_f dA = Ax,éﬁ:(écd@ e S*____‘— % 2.54®

% - (2sme)

Nbo  powr osh- _ g" 28 g
4 S \] _
v U M\egm*w\ o s q\i%%f,e

A\ = Axéggéz R

= L deo
= ¢ dedOd 2 J*
4 = O

= pzsnlf 44 {pdo r LU

A = Qa (% 3
M\Mﬁm CMM\/%A’@ | _ - I3 \s\
sqope Seveged s 1 codc SO (B _en ()
CA\W\'V‘X of SP\“’W : e W

EN
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Theorem 116 (Substitution Theorem). Suppose T(u,v) is a one-to-one, differen-

tiable transformation that maps the region G in the uv-plane to the region R in the

xy-plane. Then O\ e eI Loosor-

AN
Qasy

P et gy = & o

NN

< (D
y/2+1 2
Example 117. Evaluate £ / Y7 i dy via the transformatio m
y = 20. -T'; “l - [[2’2

1. Find T: T((\r\) - [1 - (: 2¢ o X
Whes  cpond Tl Nl je N Ly
@g&g@ :.70:3;2« S0 U=0

@(é::l_r@ Lt73‘52.0"90 0=7 - LL) \Z’B
S o gﬁioﬁﬂ Twn e [0/27 ‘Aub'rlz

_
3- @ NOTE ofton Yon ae
/ ‘){,‘; ‘*7 S A AV D U= D¢ g T ()
= y= [ 10
% e - . 09 T 7(,<1
0 B
2 Lgsuay o eV

ok op mysem 4 S T =[]

% 2;{_%\:“‘\,}72;)%:\ Sor Kyt B4
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2. Find G and sketch: Ve @N)& [9; f)x[D,'L)
@ — V‘:r SD E:(\/O Il‘(] z
d=e = ’ ucEAUeLG,Z')
C y=h SHIU=2
=L = 4y
@ AL=1 = U= So 7(,&[ —H) ()( )G, [_ —*OX(:O LO

¢ x= e = C{/VQ Letnpnes U,GCO (7
4 / e conegs %
4= — S I
& g n« cL?tA;., _ 7 Jode WS
< - 9 Z )C‘//u,\—d‘, 9{:2.\)’

12

2 €}
3. Find Jacobian: ﬁfwwmd

TE):[) e [0 e or(=2

4. Convert and use theorem:

//R flz,y) dx dy = //C f(T(u,v))|det(DT(u,v))| du dv.
2 | >
y/2+1 23: y — S L \J’) g
/ /y dx dy S 5 A

O
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Example 118. a) You try it/ Find the Jacobian of the transformation

ot
gm}z S i, o r=u+(1/2v, y=v. ([\;vgid“\\,c
Sﬂ;z . Covmpuie T ol W\ — (L‘?‘!z'\\'
docdyet™e oF T T ((v] - U
> D= [ \ 2 Merwri=4
o |
b) You try it/ Which transformation(s) seem suitable for the integral 7(
2 (yd)2 2 'hltr TWBV\/;
/ / y3 (20 — y)e®* Y da dy? deesprmnT
0 Jy/2
) u=z,v=y Vu=y,v=2x—y

i) u= /2% + y? v = arctan(y/z) Viu=2r—y,v=y

@“ =2r—y,v=y" vi)u = e g =y
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Example 118. a) You try it/ Find the Jacobian of the transformation
“The Frcobiar eI

r=u+(1/2)v, y=n.
X W+ 30 % DT:/[:' "2]
l: :T(u,‘rs o
V-

3 ad  pT|= L

AN Thee Tiacabiar A&WW\\\MM—
b) You try it/ Which transformation(s) seem suitable for the integral

(y+4)/
/ / (22 —y e’ gy dy?

) u=z,v=y A%S\‘w‘rhiﬁj @ Vu=y,v=2x—y
i) u = /2> +y%, v = arctan(y/z) 7 Viu=2r—y,v=y

111)u — 2 —y, v = y3 Vi)u = 6(295_3/)2’ v — y3

Ty o Jg C el w|oTl dudr  Sanc loietal
4 L— Ve
Can do W-we

Ty (W
k Sg& Uk3\f! e’ \DT| du d  £ems hejgenl.

Fe \) 2
3 Bga A e

'\'(\1 i) S& V- l7)7>|/t AU\ dv how 4o (Solate 2x-42?
4
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Theorem 119 (Derivative of Inverse Coordinate Transformation). If T'(u,v) is a
one-to-one differentiable transformation that maps a region G in the uv-plane to a

region R in the xy-plane and T (ug,vo) = (xg, Yo), then we have

1

| det(DT(uo, 00))| = 5 DT 20 300)

GM Lotk Aot  uerRol  MaosteL

S
Aﬁ’Pf: d@‘H\—‘ ‘
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x+y)

Example 120. Let’s evaluate / / y(— where R is the region in the zy-plane
R

3
x
bounded by y = x,y = 3x,y = 1 — x, and y = 2 — x. Consider the coordinate

transformation u = = + y,v = y/x.

1. Find the rectangle GG in the uv plane that is mapped to R

2. Evaluate f(T(u,v))|det(DT(u,v))| in terms of v and v without directly

solving for T using the theorem above

1

det(DT (uo, vo))| =
| det( (o, v0))| [det(DT—1(xq,y0))|
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3. Use the Substitution Theorem to compute the integral.



