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§15.8 Change of Variables in Multiple Integrals

Thinking about single variable calculus: Compute

p �
3

1

1�
4p x2

dxdi A

To Motivate : maybe try x=2sind
-

dr = zcoso do

da = dady = rdrd So

An*s
converting double insegral
into polar cord. = Siste
r "integration factor" WOSO

=S zo o
dV = kadydz

= St do
= drdOdz

= prsidedid
When you convert

I

triple insegals into

cylindrical or spreriul
cords .

= Sir"(3)-sin" (12)

=

-=



§15.8 Page 120

Theorem 116 (Substitution Theorem). Suppose T(u, v) is a one-to-one, di↵eren-

tiable transformation that maps the region G in the uv-plane to the region R in the

xy-plane. Then

ZZ

R
f(x, y) dx dy =

ZZ

G
f(T(u, v))| det(DT(u, v))| du dv.

Example 117. Evaluate

Z 4

0

Z y/2+1

y/2

2x� y

2
dx dy via the transformation x = u+v,

y = 2v.

1. Find T:

integration factor.

-

Idet(DT(n, T &

G
-·

-
-U

Laddeconverted to DUDU

e .g.
If Ide+ DTl =2 then

G 2* Area G = Area R.

①

I
20 T : IR ->2

· )) = 17=i am
What about the integration linects DT = In
eye - 0-year so vo

ey= 4 =>> 4= y = 25 so= 2
= Io2]

So if ye (0,4) thn W27 Ide+ D+ / = z -

① NOTE : often you are

== x = U+V= U= given 5 " (x,4)

② e. g. T(x,y) = [E312] : (i)
= n= v

=+=+
1u+v

2 -
=> u= 0 When that happens

Set up system solve

8 =u eu= 1
for2.y. to findu

,
u = /]
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2. Find G and sketch:

3. Find Jacobian:

4. Convert and use theorem:

~ (,2) (0 ; 17 x10,2)
M

gy=0 ev32 y = 4 =v=z

I

en=1 so+ "(u)e(E+]
,
x 10,

4) "-

3-n=+1 => U= 1 becomes We LO , 17

& to convert for

Ludd
use roles

R= U+w
, y

= Iv

↓ I
theJacobiandeterment

T(1=/I) DT= 1 : 7 /de DT1 =↑

↓
-

= j-dad
= 93J' nedad = SBuild
= Edu=!
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Example 118. a) You try it! Find the Jacobian of the transformation

x = u+ (1/2)v, y = v.

b) You try it! Which transformation(s) seem suitable for the integral

p 2

0

p (y+4)/2

y/2
y
3(2x� y)e(2x�y)2

dx dy?

i) u = x, v = y

ii) u =
Z
x2 + y2, v = arctan(y/x)

iii)u = 2x� y, v = y
3

iv)u = y, v = 2x� y

v) u = 2x� y, v = y

vi)u = e
(2x�y)2, v = y

3

T: A22 -> Iz

TheJacobianStep1 : write T Matrif
-

Sep2 : compute DT total T()) =(*/derivative of T
.

So DT= 1 ! "Y] Ideal = 1
.

↑
The Jacobin

y3(2x-y) determint.

Oy[y
??

(iii) IfWhedudo ? Set up W-substitution

w = uz

y = v1 dw =zudu

10) need T((i)) = (5) ?? = Edw = du

T((7) = (G12] DT=
(1) the total derivative DI Matrix.↑ -2(2) compute det DT = IDT/

= liW
↳

IDT) = deff' Ev] = +2+
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Example 118. a) You try it! Find the Jacobian of the transformation

x = u+ (1/2)v, y = v.

b) You try it! Which transformation(s) seem suitable for the integral

p 2

0

p (y+4)/2

y/2
y
3(2x� y)e(2x�y)2

dx dy?

i) u = x, v = y

ii) u =
Z
x2 + y2, v = arctan(y/x)

iii)u = 2x� y, v = y
3

iv)u = y, v = 2x� y

v) u = 2x� y, v = y

vi)u = e
(2x�y)2, v = y

3

T: A22 -> Iz

aT()) =f) = (2)

· Sx=W G y= v

E
Oy[y

112 Solve for,
try (v)

advoc
-2x- yd 15 det

jui dud
10)(1) =/]= T"((1) = (2x-4)

has sandad madicy

IIDill= /det (27) = 1 &(5) M = 10 :
↑ R : ye (0121 ne(Th,easMi

=>relo ,2) and ue 10 ,47 = (12")
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Example 118. a) You try it! Find the Jacobian of the transformation

x = u+ (1/2)v, y = v.

b) You try it! Which transformation(s) seem suitable for the integral

p 2

0

p (y+4)/2

y/2
y
3(2x� y)e(2x�y)2

dx dy?

i) u = x, v = y

ii) u =
Z
x2 + y2, v = arctan(y/x)

iii)u = 2x� y, v = y
3

iv)u = y, v = 2x� y

v) u = 2x� y, v = y

vi)u = e
(2x�y)2, v = y

3

theJacobian MATRIX

&

[u] = Cut =Hum soD
and IDTI = 1

- TheJacobian determinant
--

y3(zx- y)y(n -y7z

X doesnothing
~

⑧ ~

xG?
Try(ii) J) , WCUDTdud seems herea

Tryin

J) UeIDTd seems hespent

.Mbigheaatry M (Sp wine * IDTIdado -I two ?

↓ trycril () UK1)nbildado how b isolate 24-18?
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Theorem 119 (Derivative of Inverse Coordinate Transformation). If T(u, v) is a

one-to-one di↵erentiable transformation that maps a region G in the uv-plane to a

region R in the xy-plane and T (u0, v0) = (x0, y0), then we have

| det(DT(u0, v0))| =
1

| det(DT�1(x0, y0))|

Perexamet+ ((47) = (2x-y) =(

to get IDTI

General fact about invertible matrices

①
det A = dela V .

② solve for T((7) = (2) .

Warning! Don't write IDT-1

For the answer !
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Example 120. Let’s evaluate

pp

R

y(x+ y)

x3
where R is the region in the xy-plane

bounded by y = x, y = 3x, y = 1 � x, and y = 2 � x. Consider the coordinate

transformation u = x+ y, v = y/x.

1. Find the rectangle G in the uv plane that is mapped to R

2. Evaluate f(T(u, v))| det(DT(u, v))| in terms of u and v without directly

solving for T using the theorem above

①
⑧ Draw R.

Find n+y= u =3
Y(x = v

y
=32

- y=x

replace U=sty In the equs for 7 & =
boundaries ⑳

2-

bot y= 1 - 2 = =+Y= 1 sou

·top yez- => With=2
t= L

left y
= 3= = 0= 3g I ! x

v = 1 do 3.
right==== / = 1-ze Y=2

Vis 1 =xzy Z=xty
① En U= 1 to =Z

U= 1 U=z

U=2+y = Y
= n-x

Start w/f(T(u
,vi) [r= xV=y = u-u

then IDTI = iii => U =Ar+z

=> U= x(r+ 1)
= X=+&=Ye
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Example 120. Let’s evaluate

pp

R

y(x+ y)

x3
where R is the region in the xy-plane

bounded by y = x, y = 3x, y = 1 � x, and y = 2 � x. Consider the coordinate

transformation u = x+ y, v = y/x.

1. Find the rectangle G in the uv plane that is mapped to R

2. Evaluate f(T(u, v))| det(DT(u, v))| in terms of u and v without directly

solving for T using the theorem above

①

End
R.

↑ "((m)) = Qu DT
IDT")=S

IDT =

start col f(T(u,v))
then IDTI=

- DIDr11 IPT

Yuty)=WUIDEUUy
= v**
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3. Use the Substitution Theorem to compute the integral.

Iadd
= (2 =>13 du
= Si-zdu = 134 du

= 44/ ? = 8 - 4 =4
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4. (8 points) In this problem you will compute the integral

M =

∫∫

R

(x+ y)ex
2→y2 dx dy

for the region R in the first quadrant bounded by the lines x→ y = 0, x→ y = 3, x+ y = 1,
x+ y = 3 using the transformation u = x→ y, v = x+ y.

(a) On the axes provided, sketch the new region of integration G in the uv-plane. [A]

(b) Solve the transformation equations for x and y in terms of u and v and compute the
Jacobian determinant, i.e., find T(u, v) and | detDT(u, v)|. [AJN]

(c) Evaluate the double integral using a change of variables and your results from parts
(a) and (b) to find the value of M . Hint: integrate with the order du dv. [AJN]

u

v

T(u, v)=

| detT(u, v)|=
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4. (8 points) In this problem you will compute the integral

M =

∫∫

R

(x+ y)ex
2→y2 dx dy

for the region R in the first quadrant bounded by the lines x→ y = 0, x→ y = 3, x+ y = 1,
x+ y = 3 using the transformation u = x→ y, v = x+ y.

(a) On the axes provided, sketch the new region of integration G in the uv-plane. [A]

(b) Solve the transformation equations for x and y in terms of u and v and compute the
Jacobian determinant, i.e., find T(u, v) and | detDT(u, v)|. [AJN]

(c) Evaluate the double integral using a change of variables and your results from parts
(a) and (b) to find the value of M . Hint: integrate with the order du dv. [AJN]

u

v

T(u, v)=

| detT(u, v)|=

u = 0 u= 3 VI

E

Cal 3)
+ (a) =[ = ()
I A= (1, i) 12U+v

j [ JO 3 A= : ,1) U +Yu

=

[ii] 12
det A" = 12

(2)
M = SS (n+y) e
-*dudy=393 wear andr

= irterdr= (e-1 dr

=i (5e3- v(i)=(e - 3) - (5e - 1))

=(e - e) - 1


