§15.8 Page 119

§15.8 Change of Variables in Multiple Integrals
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Thinking about single variable calculus: Compute /1 mdl: A
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Theorem 116 (Substitution Theorem). Suppose T(u,v) is a one-to-one, differen-

tiable transformation that maps the region G in the uv-plane to the region R in the

xy-plane. Then O\ e eI Loosor-
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Example 117. Evaluate £ / Y7 i dy via the transformatio m
y = 20. -T'; “l - [[2’2
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4. Convert and use theorem:
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Example 118. a) You try it/ Find the Jacobian of the transformation
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Example 118. a) You try it/ Find the Jacobian of the transformation
L=0O
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Example 118. a) You try it/ Find the Jacobian of the transformation
“The Frcobiar eI
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Theorem 119 (Derivative of Inverse Coordinate Transformation). If T'(u,v) is a
one-to-one differentiable transformation that maps a region G in the uv-plane to a

region R in the xy-plane and T (ug,vo) = (xg, Yo), then we have

& dox \DT\ | det(DT (g, vo))] !

~ [det(DT (g, yo))|
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(x
Example 120. Let’s evaluate mmre R is the region in the xy-plane
x

bounded by y = z,y = 3x,y = 1 — x, and y = 2 — x. | Consider the coordinate

transformatiod u =z +y,v = y/x.
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(x
Example 120. Let’s evaluate mmre R is the region in the xy-plane
x

bounded by y = z,y = 3x,y = 1 — x, and y = 2 — x. | Consider the coordinate

transformatiod u =z +y,v = y/x.
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| det(DT (ug, vo))| = | det(DT (o, 40))|

2. Evaluate f(T(u,v))|det(DT(u,v))| in terms of v and v without directly

solving for T using the theorem above
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3. Use the Substitution Theorem to compute the integral.
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4. (8 points) In this problem you will compute the integral

M = // (z +y)e” ¥ dx dy
R

for the region R in the first quadrant bounded by the linesx —y =0,z —y =3, x +y = 1,
x 4+ y = 3 using the transformation u =x —y, v =2 +y.

(a) On the axes provided, sketch the new region of integration GG in the uv-plane. [A]
(b) Solve the transformation equations for x and y in terms of u and v and compute the
Jacobian determinant, i.e., find T(u,v) and | det DT(u,v)]. [AJN]
(c¢) Evaluate the double integral using a change of variables and your results from parts
(a) and (b) to find the value of M. Hint: integrate with the order du dv. [AJN]
v
) U T(U, U):

| det T(u,v)|=
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4. (8 points) In this problem you will compute the integral

M://(:{;+y)e$292 dzx dy
R
-0 W=7 N

"
for the region R in the first quadrant bounded by the linesx —y =0,z —y =3, v +y = 1,
6/:'7 x 4+ y = 3 using the transformation u =x —y, v =2 +y.

(a) On the axes provided, sketch the new region of integration G in the uv-plane. [A]

(b) Solve the transformation equations for = and y in terms of v and v and compute the
Jacobian determinant, i.e., find T(u,v) and | det DT (u,v)|. [AJN]

(c¢) Evaluate the double integral using a change of variables and your results from parts
(a) and (b) to find the value of M. Hint: integrate with the order du dv. [AJN]
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