
Compute &fase , 7/y
#3 f(x ,y) = (x2 - 1) (y+2) S14 .3

constant

Han = 2x[Ty+z)

Efzy = (x2-1) 1
u

construct

# 4. Aly = Jay-Z- + 3x-by+2
,
Aflac= Jy-142 + 3 Eflay= 5x-zy-6

#6 finl(2x-3y = 3 (2x-3yp+2 = 6(2x=3y) E = 3(2x-3y)+ (3) = - 9(2x -3y

Es fin= (+ 11 ,
-= Elu+()) " +3+

#10 fi) = etys ,
-+y2)2 -x(ix)

bentyign =
68y = 5)x(+q2)") = -x(+y)

*

- ((y)=
#R fun= tant(y),=)=

↓===
#14 fir,y) = e-"Sinity), + costy)+(1) + -e

*

sin(uty) = e-x (cos(x+y) - Sin(x+y) E = e cos(x+y)

#6 fluy) =<* Inly) ,
E=yeky = xeey + enyxy = eny (xly + (j)

#8 fin,y)= cos(3x-y2), = [cos(3x- y2)* /- sin(3x-y2)+3) =
- 600s(3x-y2) sin (3x-y2)

↳ = 2cos(3x- y2) + (- Sin (3x-yz) *(2y))= 4ycos(3x-yz) sin(3x-yz)

#20 f(x, 4) =

logy()==(x+ (y)
-] = 1x + -(ny) y=

basenga logb(x) =1



# 21 fix
,) = S gltdt
-f = Yu)J g(tdt + Jag(tdt) = 0+u)- (ag(x)dt)

un

doesnotdependent
= - g(x) by FTC ,

af12y=/ 2y)(ag(tdt +

Ja gl by o!

#22 fly) = Zokey)" ,
lekt. Recall

geometric series= it likt

fi)=y E = Fi* ( -y)==y
#42 flu,y) = Sin cy

7/22
fixe = -y sincey

X
M fu =

ycosy in fey = cossey - xysinny -Fuy-fyn

nify = recossey im
= fyx

Mat fyy = -x2 Sincey

#44 h(m ,y) = xe + y + 1

hx = e hux = 0

hy =xe+ 1
buy = ex = hy

hyy = xe
?

# 46 Sli,y) = tan" (3)

Su=u *El) = Tak **=%2)=yz

Sy=
1B*/) = Hir** = Try** = x yz

Suce = Mitol-Cl
-

=
Sky =

Inty)(-1) - Fully=-S(x2 + yz)2

Syy=

(+y (0) - (n)(2y)=n(2+yzj2



#48 w =

y
ex

Wa = yep->+ (2x) = Exy e
**-y

Wy = ex-y
+ y (x2y

+(-1) = ex
-

y()- y)

Wax = 2yer-y + zxy e
**-3 (2x)

= Zye
-

>(1 + 2x2)

loxy = 2x fic - y + 2xy f
*->

( -1)

= 2xx2-y(1-y) =

Wyn

Wyy =
- (n -y (l-y) + gu

-

y( -7)

- - gxz-y(l-y + 1) = - exi-y(2-y)

#52 W= +xlny + glad

wx = ex + Any + E

Wy= + Anx

way = 0 + j +

it equal-
Wyx=+

#54 w = using + y Since +hy

Wa = siny + ycos + y

Wy
= Krosy + Since + 2

Way
=

Cosy + coss + 1

Jequal
Wyn

= Cosy + coss + 1



#55(a) f(x,y)= siny+ e3

frey is bic fre =

siny has only one term

faster to

compute .

while fy=

xcosy +el is similar

complexity to f(x
,4) itself

.

(b) f(x ,y) =E ble fy= 0 in one step

fyse is faster Since " does not

to compute. depend on y

blc
.

(d) f(x,y) =

y + = fu = 0 + + = 5 - simple

fay is Faster? fy= i +- more complicated?

(d) frey faster bic for has only one
term.

(e) fyse faster bic by has only one term

(f) fyse faster bla by has only one term,
while fa requires the PROD rule.

C is a constant which

↓ depends on the value oft

#56(a) fly) =

y
:

x
*e +2

,
First do C Since f(R , y) = Cy +2 is quadentic

(b) same answer and reasoning as part (a).
in y / fixed re-value.

(c) f(r,y) = C , y + G is tear in y when z= R is a constant · So do
&

t j ↳s first2
, 22 constants that depend on the value of R

.

(d) f(x
, h) = Ca

, so do t first
T

constant which depends

onR



Show fle ,a) satisfiesHe
#74 Laplace equation

=
where

f(x,y) = 2z3 - 3(x2+yz)z
Check? G

fun= En10-buz)= - 6z
fun+ fyy + fzz = -67-6z+ 12z

fyy = -10 - byz) = - 6z =or

fzz: l6z3 - 3(x+yz) = 12z + 0
.

Check that

#76

=
where
floy = Intyz

fx=*getyz

fux =

(xity2) - x *2x

122tyzyn =
and by symmetry by

So fan+fy =-y = 0 r

#78 fluy) = tan"(4)
fu= * (1) = y So frex + fyy =or

fax= Ex = 2

fy: * [*)=z

fyy=(2)2



# W = 2+y x= cost+Sint Sy = Sint

et=

↳WW
CHAIN rule Formula

So = 2x(-sint + cost) + zy(cost) #
Ct=, t= = [(-1)(0 - 1) + 2(0)(-1)

x(t) = 0 - 1 =
- 1 = 2 +0 = 2

y(t)= 0 #si
Check .

Wit= (cost +sint)" + sinit = cost + 2 costs int + 2sin't

wit= 2 cost 1Sint) + 2 cost- 2Sinit + 4 sint cost

= [cost - Isinit +2sintcost

w') = z (- 1)
2

- 2(0) + z(0)( = 1) = 2

#3 W=** Most
et=x(b) = 25

y(t) = Sin< (t)
z = It

CHAIN zlt) = 113

W=Wyw

↳=sint+sintcost +-

W Ct=3=
Geek : wit = cost sinc = (cotsin

1 . so tI



x= cost et= 3
x(3) = cos(3)#4 W = Inlity" +z2)

, y : sint y(3) = sin (3)
CHAIN Z= HE z(z) = 45
W=Wyw

SoWez(sint)+ (cost)+
and

tuls =
-zosin(s) +201(3)

CHAIN rule Formula

cos2(3) + Sin (3) + 1453)2

↑ contra*(

=>6=
1

-

Check w(t)= In) cost + Sinit -(4rt)) = Mn/1 + Ht)

= (3)==

# z = 4elny ,
U= Inlucose) , y using ,

(ur)= (2,4)
· (a) x= In)20rz) = In(iz) , y= E CHAIN

↓ 2
=4 nye+ Since also

z= YenIncosv) In using
↓

= 4 ucosuerusinut
yes

eluct) =t
so = Ycos(Inlusino)+

= 4nyusin+ us = 4cosvn(using) + 1)
↓
= - Yenyetan + Leucose and = 44)-sinInCusin) +uncosal

e(24) El=u

= 4In(52)gerliz) * You
E

= 4)-SinIn(using)+

=n()+ +2+ 1+

= In(z) + 2

& (2,h) Er=(i = -4(5) etalia * 1+
=

- 4*E2* E + 45 =
-ZEInI + 4E



# Z= tan" (4/y) ,
x = ucosu

, y=using and (v)= (1.3
,The

x= 1.3 =. 65 *5

↓↳ y (1.3,u) y = 1.3 * z = 065

* W coa

↳OSi ②

=i
e (1.3,b) r

= 11.3,a = 0

=T *** -usinv)+c

/
,r= (1.3,)=5*

-0655*

1.65)" +(055)2

=yushu
I ·65-
#5)1 .3 (-2)

z = tan" (s) = tan"(cot I

(657(1+3)= =-
=0 Sint + cost= /

1 + cott = cs't

= Her * Jer)

(ota) =(a) Since (sin)-coscose

Sinzz
= carl-escul = -1
. =Co=

#9 W =

zytyzthe ,
neuth

, you-v , zur @v( , 1)

=

& (112 , 1)
(a) ( = (y +z)(1) + (x +z)(1) + (y +x)(v) u(n

,
1) = 312

= x + y + 2z + xV + yu Y(( ,
1) =42

= utu+ur +ur +urzu+ Nur z( ,
1) = YI

E = (y+z)(1) + (x+z)(- 1 + (y +x)(x)

= -x + y + x4 + yu=-r +Av + =ya+ u2 -4

(b) =-2r+ 24? 7
& (12,

1)
Check Gre(1))

b = E + * +z(z) + (E)(1) + (z)(1) = 3

les= 2(2) + 4(((1)
= 1 + z =3

=+i + ()(z) + 1(2)= 1 .5 ↳ len) =z()(+ 1 (2) = -z+ + =3/2/



#9 W =

zytyzthe ,
neuth

, you-v , zur @v( , 1)

=

& (112 , 1)
(a) ( = (y +z)(1) + (x +z)(1) + (y +x)(v) u(n

,
1) = 312

= x + y + 2z + xV + yu Y(( ,
1) =42

= utu+Tur +ur +ur = Eu + Nur z( ,
1) = YI

&E = (y+z)(1) + (x+z)(- 1 + (y +x)(x)

7
D

= -x + y + x4 + yu=-r +Av + u=ya+ u2 - uv-
=-2r+ 24?

Check Gre(1))

les= 2(2) + 4(((1)

WI)= (Nevt(n-v) + (n-vi(ur) + Cert(nr) = 1 + z =3

= U2-r +vir-+ Mr+ ↳ len) =z()(+ 1 (2) = -z+ + =3/2/

= U2-r + Zuv

= za+yur -
--

= -zu +Zu

(b)
& (1/2,

1) plug into D

b = E + * +z(z) + (E)(1) + (z)(1) = 3

=+i + ()(z) + 1(2)= 1 .5



#10 w = Inkitytz) ,
nue"sinn

, The cost , z =ue
,
yu,
v=-2

,0

=

(a) -(inutuo)+ /kou-usinu)+/e)-
x+y+z =

=(usin + usinucosu)+ ne(cosn- usinucosu)+Her]) = newsinu + recos

+ Her

-
= Hier (Swin+ cosin+1)

=usirutucosutcocost& = Zuezu

=**2=u
n : ne"sinn ,hecosh

, zne
also

x+y2 =z2v

tosu)+
=mer/resirin + nearosin + ver) = 2

~
U+ye = zuzezv

w(n,) = In (x+y+zi)
-

--
= In)uesinu + Heou + new)

= In (ver (Sinn+ coin+ 1)

= In (2ue2) = In (z) + zen(u)+ zv

↳
-

(b)
e(-2 ,0)= and2



#11 U= p
=

Cty+z
, q= x-

y+zgv= x+y
-z

eyiz)= (5 ,2, i)

+

(a) -p+ q = r- p

=(1)- 10-q)(1)(1)+(q- r)z

=(try ( *- +y-y ++-1) = 0

= (1)+ (-+ 4)

= Gr(4-r-r + p +p)= Soz)==y

= (1)+(+

= (a-y+y - p
-

p +q)=S===T
U= p

=

+y+z
, q= x-

y+zgv= x+y
-z

eyiz)= (5 ,2, i)

u(, y ,z)= (b)
e(x,y ,z)=(3 ,

2
,
i)

E
=0

as le(s, z, =0

-y
el ,2,

1= T = 1

u &Ele(s
,2, 1)= = -2



#RU= &sinip
,

posing
, q= ziOny ,

v = 1/2

e (x ,+,z) = JT14 , "2,2)

+
O

+re (sin") = F
Zeny
ie Kosu) ezenn = (efru)zEsin's

= xz
↳ Ledcost 1-k2 = cosu

= yz (note: cost to ex=)
v

O
= (1da = u+ c = Sin+x + 1

resing Sinu = x

=> Usin

= tezlny sin" (since)*
um

S

=

Exyz

resin (2zny)q()
= Lezy Sinina)+Eye
= 2yZzlnyyEly

= (5)=y

U , y, z)= gzly sin" (since) = xyz = Any gyt = Anyeyt
↑

& = yzu
z-= x+zy

&= y
**Any



# is d for z = fu
,y) ,

x = g(t) , y= h(t)

Z = f(x,y)
-z ↓z-

2n Ey
x= g(t) ⑧ ①

y=ht)

22

It ↳
⑧

t

-

#14 d for z = flu,w , light , v= w = h

Z= flu ,
v

,
w)

①

- ↓z
↓ Fu

Ko · ⑧W

E
↳ &

ot

U

#16 and for w= frst r = guy),,
t=

W = f(r
,
s,t) W = f(r

,
s,t)

① ①

If
Jr If ↳ I If ↳⑮S ⑮S

ro · S ot ro · S ot

-
a
I ↳

⑨ ⑨

N Y

↓



#18 Ed for w= glu) ,
U=hu), and =El

w = g(u,
v) w = g(u,

v)

tw
⑨

t t
⑨

tw-

Ev

no or no or

-↳ ↳ a① ①
R J

↳-+ zw

#20 for y= flu)
,

U= g(r,s

y=
fl

↳ ↳ol

En

r

O S

#22 o W =F, y ,
z
,
2) , H= g(p1q), y= hpg)

,
z = j(p,2) ,

V= k(pg)

W = flu
, y , z ,r)

&

t
z zwn

or Why isN0y00z

t -
⑧

p



#25 2-2y+hy = 0 , eCl . 1) Find to

=

by · (, 1) dy)
,
=

# 26 xy +y3x = 3 = 0 ((-1 , 1)

=C- = 4

#28 xe + sincey+ y-Inz = 0 &(0,12)

=-o )===1

↓z

#29 23-kytyz +-z= 0 e(11 , 11 Find in and E ept.

lassume z = z(x,4) i use formula and

= - = 4

E-be

#30+ + E - 1 = 0 e (2 ,3 ,6)

=-= cuis = -= s

==- 4

#32 xe + ye+zenz-2-31nz = 0 & (1 ,
Unz

,
ens)

E-e (1 ,
12

,13)e2
,

123)= = -

↓vebelt)=-



#33 Find When (r.s) = (1, -1) if w = (x+y +z)

and z= r-S , Y= cos(r+s)
, z = sin (i+s)

↳Gu x(l ,
-1) =z

Y (1,
- 1) = cos(d = 1

z (1-1) = sincol= 0

G = 2(x+y +z)+ 1 + 2(x+y+z)* (- Sin(r+s) + 2(x+y+z)xcos(r+s)

= z(2+ 1 + 0* 1 + 2(3)(0) + 2(3)() = 6 + 6 = 12 (a+b+c) 2 = (a+b + c)(a+b+ 1)
-

= a+ ab + ac + ba + b + bi + ca + ib + c3

= a +b +c + zab + 2ac + 2bc

Check W(r
,
s) = ((- 3)2 + cos(r+ s) + Sin(r+s))2 = a +bi + c + z(ab+ ac + b)

---

= (r-s)" + cos(r+s) + Sin<(r+s) + z)(r- 5)
"

cos(r+s) + (r-s)" Sinc+s) + cos(r+s) sinc+s)

=? ABORT ! terrible plan probably 12
.⑳

#34 End where W= xy+ Inz
,

x =/
, y= U+V

,
z = cosu Clu = (12)

↳= x)- 1
,2) = - 4

y(- 1
,z) = 1

z (1,2) = cos(-1) (?)

=y + x*1+ wann !

((,2)
= 1 + y + 1 -y) =

- 8

#36 Find whe z = Sincey+ resing ,
n = 12+ 02

, y= ur ecur) = 10, 1)

↓ x(0, 1) = 1

y(0, 1) = 0

O

tycos(y) +Sing)ony) +Mosy)+

Elco, = 0 @ hate when that happens

#38 FindE and t where Z = Ing , q=3 tan" (u) e(u,v)= (1,
-2)

Ex and q(1 . :2)= tan" (1)=4r Cancel
:=* =*=

tanlue(-2)=* tan" (1)** = *****=



Nobody: Is it calculus?

Sal: you know what I really

loveSal :
000 00

Nobody: ...?
Sal :

00 . Yes.

# Find Ute (2 ,
1) if fluy)= y -

If=E
Ya

If =#17) for all my. So (*1
, 17

2= 0

C=

- 1

level curves of

**12,
1= [T] c=-

f(x, y)=c y- x=
⑧ (2, 1)

- -

>
F) y= x+ C

=3 level curve of
C=2 c=

Ya
flug)= Incuity & (1,1)

#2 Find Ofe(1, 1) if fin,y)= In+y2) c= In 2

In (x2+ q2)=In 2

x+ y2= 2Of = (th*2) + City*2y)5 -
radius Ez

Vf((
, i

= [*2 + t*25 = 71 , 1) ⑳ circle of

#4 Eid De ema

th
m

Vf = xT + (-y)]
I

Ifzi) =

En-j = (2
,
-1) &

#6 FindOf at (4
, -2) if fix, y)= tant(*)

&f =(i*) + ( )5
·fu=+ ·-

Vf(4-2)=Fig
,-1)

C= -4

= * +y= - [5 = (i)



#7 Find Of D (1 ,
1

, 1) where f(x,y ,z) = x2 + y2 - zz + zen

-f= (2x +=) + (2y)y + 1-4z +2nx)t

*f(c, ...

= 35 + 25 - 4m = (3 ,
2

,
-47

#8 Find Of & (1 , 1
, 1) Where flu

,y ,z) = 2z3 - 3 (x2+y2)z + tan" (xz)

Of = /buz+++z)4 + (byz)j + (6z- 3(x2+ yz) +xz+
*3)π

Of(,x
= (- 6 + &(1)(5 + (-b)j + (6 - 3(z) + 2(1)T

Wantsin)=
=

- 5.55 - 65 +5 = <-5 .5
,

- 6
..
57 = sinu

dx= cosudu

#10 FindOf & (0
,
0,b) Where flu

, yiz) = e+YCOSE + (y + 1) sin " (h) Jesint(d=Fd
UE Sin's

Of = (e+3 coz) + (ex+y cost + Sint (u))j + (ex
+Y sinz)Ye = Seconda

fam=( + 1) + ( + 0)y + (- 1 xz)π ~ = J1du = u+

53
= Sinx)+

= (2
2

+1)+ 5-Ye Cos (6)=
Sin (+ /6)= "

#11 Find (&, %· where fixy)=2xy- 3y2 ,
Po(5.5)

, E
= 45 + 35

# = Upon , is Dut = -for

Of = zyi + 2x -by)Y

-f((5
,z)

= 102 + 1 -2015 =<10
,-20)= <4,

3)

so Duf(15
,
5)

= <10, -201 · (4 , 3) = 40-60 = -20

#12 Find Duflp
,

where flu, y) = 2x3+ y2 ,
Pott,1)

,
i= 35-45

Of = 4x5 +2yY

=
Of(-1

,x
=

- 44 + 25 ,
so Duff-1= +zj) (35 - 45) = - 12 - 8 = - 20

= 2

#14 Find Duhlpo where hi
,y) = tan" (3) +Essin(y)

,
Poll,E34-24

-f=** +JE )Y

&fl = l *t + 1** =E + 15 So Duflan = (t) (3,2)= -1=



#16 Find Duflp
.

Where flu,yz)
= se +zy-3z2 ,

Poli 1
, K, Y=<11, 17

Of = (2x
, 4y, - 677

Yf(c
,

1
, 1)

= <2, 4 ,-b) So Dufk
, 1

= (2 , 45670 (1 ,
1

, 17

= 2 + 4 - 6 = 0

⑦

#18 Find Duflp where f(x
,y ,z) = cossey + &3 + lnzs

,
Pol1

,
0

,
12)

and= S1 ,
2

,2)

D Sin(d= O

Of =Essincy + i) + tusy+ze)y + (2+E

Of = 15 +Y +2 so Duffp = (1, z ,
2) · <1 ,2 ,27 = 1 + 1 + 4 = 6

In(cx) =En**

= t
#19 Find the directions of maximum increase/decrease for also note

f(x, y) = x2 + xy + y @Pol-y)) In(cx) = Inc+ Inx

so Gln(u) = 0+=
Of = (x +y)4 + (x+2y)5

Uf/p = -T+] max increase direction

-Oflpo-1-y max decrease direction

#20"-"where flu
,y) = My + esiny ,

Po(1 , 0)
Sinc= O

Of =Expnyeny) + (2+ neysiny + enycosyli

Theorem : The function of increases most

uflp = 05 + 19+ 0 + eco = Ou + 2y max increase direction rapidly in the direction ofIf,
decreases

most rapidly in the direction of-of
,

and

and-Ufp= OT-2 max decrease direction does not change value in any direction to

which is orthogonal to Of.
#22-where gla,y ,z) =xe+ z2

, Po)1,
In2

,
"2)

Vg
= e + xey + 2zt

-g(p. = genzi + (1) gen j + 2(2)t

= 2i + 25 +E max increase direction

and -Og/po = -zi-25-E max decrease direction



#25 Sketch flx,y) = c
, Yelp

,

and the tangent line &P .

and give an equation for the tangent line & Po.

For x+y = 4 &(5 ,
52)

flp= Juruz)
· YA

252
Of = (2x ,zy]

2 = Vflp= (2vz , 222]

:= (tz,) tangent live egh.

252(x=(2) +25 ly- zz) = 0

... => 2Ex - 4 + 25zy - 4 = 0 4/ =E is

P I x
-> 2Ey = -2Ex + 8

52
2 252 =

y = - x + f = -x + 25

y=x +252

x2+y = 4

#261-1 for x2- y = 1 D(E ,
1)

Ya

y = x2- 1 Vf = (2x
,

- 17

↓ flp= <22, -17

tangent line equ.

212(x- vz) + (-1)(y - 1) = 0

=> 2Ex - 4 - y + 1 = 0

IV
,
1)

1282,
-17

-> y
= 28x - 3O

Vp 2"rz e >
x

↓

- I -

y =252x -3

# 28 11-1 for 22 -

my +y = 7 el-1,2)

↑ <- 4
, 47 Ya

y=x+3 ↑f = (2x - My,

-2 +2y]
&

&

VAlp= <4
,
4)

targent live egu
-4(x+ 1) + 4(y-2) = 0

> 2
= - 4x - 4 + 4y- 8 = 0- = 4y = 4x + 12

=> y = x + 3

(3,-2)



#1 Find the equation of the targent place ⑳and normal live do

xz +y+ z = 3 ePo(1,
1

,
1)

Egn. Of tangent plane

(a) fx(Po) (x=x0) + fy(po) (y-y0) + fz(po)(z-zo = 0

Of = <2x
, zy ,

2z)
Egn . of tangent plane is.

Vf(Po)= <2
, 2,

2)
2(x- 1) + 2(y=1) +2(z -1) = 0

6) Equ. of normal line is normal line is

((t)= Po + tVf(Po) Alt) = <1 ,
1
, 1) + +(2,

2
,2)

#2 Find tangent plane of surface ; normal line

2+y-z = 18 ePo(3, 5 , -4)

(9) Of = [2x , zy ,
-2z]

Vf(p) = >6
,

10 ,
-8) so equ of tangent plane is

b(x -3) + 1)y- 5)- 8(z +4) = 0

(b) normal line is llt) = (3 .
5 , -47 + + 76, 10 ,

- 87

#4 Find fangent plane a normal line

x+zxy-y + z = 7
,

Po(1 ,
-1 ,3)

Of= (2x- 2 y ,
2x- zy ,

2z)
(a) Of(PO) = < 4

,
4

,
6) So egn is 4(x- 1) + 4(y+1) + b(z -3)= 0

(b) and normal line is Ilt) = <1 ,
- 1

, 3) + + (4 , 4 , 67

#10
Find equ of tangent plane

①
Can use either

②
z= -kity) &Pl0,

0
, 1) OF = N where Flay ,z)= 2= f(Po) + fu(Po) (x-20) + fy(po)(y -y))

Option&
defines your surface where Z = flx ,y) defines surface

Let fla,y)= 02-43 So

Df =F2n-zygin] and Delp = C00] @
So tangent plane is

Z = -

#12 Find tangent plane of surface z = Hx" +y @Po(1 ,
1

, 5)

options Df= [8x 2y] and DAIp = /82]

and so targent plane is z = 5 + 8(x - 1) + z(y -1)



#14 Find the equ. of the line tangent to the curve of intersection

of the given surfaces at the specified point.

Surface 1 : Surface2 :

Ryz= 1 < x +zy+3= 6
, @P(1,

1
,
1)

Detangent live is IN BOTH Tangent planes, so

it is omogonal to Gradients !

is
, use F= xi2 and Alt = Peter

F(x,y, z) = xyz - 1 = 0 G (x
, y ,z) = x2+ 2y+ 3z2- 6 = 0

VF = (yz ,
xz

, My] 8 G = (2x,y ,67]
Mi= 0F(p)= (1

,
1
, 17 n2 = 0G(p) = <2 , 4 , 6)

So v =nx= = ((6- 4) - y(b- 2) + E(4 - 2)
So

I I Alt) = < 1 ,
1
, 1) + +(2, -4 ,2)

=> 24 - Yy +2 Check : VXn 1
= 2 - 1 +2 = 0 r

VXne = 4-16 +1 =ov

#16 tangent line of intersecting curve ep

Surface 1 : surface 2 :

&So V= rxi= = T(- - 360 - % +mx + y+ z =2 y= 1 : P(42,
1
, %2) I

F(u,yiz) = x + y + z = 2 = 0 G(x, y ,z) = y- 1 =0

VF = <1 , zy ,
17 -G = /0 , 1 , 07 V = (- 1

,
0

, 17

Y= V F(p) = <1 ,2 , 17 #2 = <0
,

1,07

So llt) = <12 ,
1
, 1) + + (1 , 0 , 17

# 18 tangent line of intersecting curve ep

Surface 1 : Surface 7 :

22+ yz = 4 x + y z - z = 0
C PIE, , 4) So Fenix InAlF(x,y, z) = x2+ y- 4 = 0 G (x, y,z) = x+y= z = 0

-F = (2x
, 2 y , 07 8G = (2x , zy ,

- 17 28 ZE -1
-

h= MF(P) = <ZE,
2E

,
07 nz = VG(p) = (2

,
ZE , -7

= [( - 252) - j(-22)+ E(8 - 8)

So ((t) = (1,2
,
47 + t (2z , -28, 07 => (2 ,

252 , 0)

#26 Find linearization of flx
,y) = (x+y+2) - (a) Plo, 0) and (b) Q(1 ,2)

(a) Df = [fx fy) = [2x+2y+ 4 2x+2y +4]

Dflp = (44] Dfla = (10 10]
,
f(x) = 4

, f(Q) = 25

tangent plane ara linearization.

So
(9) Li(x,y) = 4 + 4x + 4y ((x,y) = f(Po) + fu(po) (x-x0) + fy(p)(y-y)
(b) Lz(x

, y) = 25 + 10x + 10y where Z = flx ,y) defines surface



#28 Find linearizationa (a) PC1 , 1)
f(x

, y) = x3y4 (b) Q(0,0)

Df = [3cyY 4x3y3] So (a) L
,(x,y) = 1 +3- 1) + 4(y - 1)

(b) Lz(x,y) = 0

Dflp= (347 : fla = 100]
and tangent plane ara linearization.

f(p) = 1 = f(Q) = 0
((x,y) = f(Po) + fu(po) (x-x0) + fy(p)(y-y)

where Z = flx ,y) defines surface

#30 find linearization
a

(a) P(0,0)
f(x

, y) = 22x
-

y (b) Q( ,2)

Df = (2e2x - y -gix-y] So (a) L
,(x,y) = 1 + 2x - y

(b) Lz(x,y) = 1 + 2(x- 1) - ly-2) Parala
Dflp= (2-17 : Dfla = (2-17

and

f(p) = 1: f(Q) = 1

(a) P 1 ,
1

, 1)#40 Find linearization a E(b) 0 , 1
,

0)Q
f(x

, y) = x+ yz+ z (9) R(1, 0
, 0)

Df = (2x zy2z]

Dflp= (222) : Dfla-Coz of < DfIp= [20o]
and

f(p) = 3 : f(Q) = 1 : fr) = 1

three variable linearization.
So (a) ( (, y, z) = 3 + 2(x-1) + 2(y- 1) + 2(z- 1)

(LEIA
((x,y ,z) = f(Po) + fu(Po) (x-20) + fy(po)(y -y0) + fz(p)(z- z))

where W = f(x , y ,
z) defines surface

ta

#40 Find linearization ecPle #44 Find linearizationCa) Do a
f(x

, y) =my
& (1) f(x

, y) = tan"(xyz)
2--t= Sind (9) R(1,

1
, 1)

Df = /Y- 100o Df = [,yz2] ↳
Dflp= (11) : Dfla = Cooos Dfp= 1000) :fla-Coo1 tan)=

E tan" (1) =T4
and

f(p) = 1 = f(Q) = 0 DfIn= [1 1 17
and

So (a) ((x, y, z) = 1 + (x-) + (y - 1) + (z - 1) f(p) = 0 : f(Q) = 0 f(R)=/4
(b) ↳ (k,y, z) = 0

So (a) ( (, y, z) = 0

(b) ↳ (k,y, z) = z

(C) Ly (x, y ,z) = (x-1) + (y - 1) +(z - 1)



Find all crit points of fix, g) ⑳
# flx

,y) = Zay - 5x2 - 2y2+ 4x+ 4y - 4

&

Step l : Find D and set equal to zero now

Df = (fn +y] = [2y- 10n + 4 2n - yy +4) = 100]

Step2 : Sore resulting system ofpossibly non-linear) egus.
Solve.

02y - 10x + 4 = 0 ① says y= 5x-2

&2x - 4y + 4 = 0
sub into ②2x- 4(5x-2) + 4 = 0

=> 2x- 201 + 8 + 4 = 0

=-18x = - 12
,

R= 12/18 = 2/3

I sub back into D to get y
= 5(4)-2 So cat point is (26 %)= (3 . 113)
= 13 -2

= 4/3

#4 f(x ,g)= Jay-Fn2+ 3x-by + 2

(5y-14+3 5x-6] = 10 of so O becomes

5y- 14()+3 = 0 So y= 85
Sep3 :

② already says
& => 5y--3

*5
and crit point is (%5

, 5)
S54 x = 6/5 &

# 12 fix , y) =1-+ y2 (E) = (+3) = 55-2=2

Step1 : Df = [ yzp(2) = 100

St2 : Solve 02yz = 0

however
, Df is DE

& But this system has at 10, 0). So

②yzz
= O

No SOLUTIONS. Crit point is 10,0)

#14 flu,y) = 23+3xy+ y3

Step1 : Df= [3x+3y 3y2+ 3x) = 10 0]

Step2. Solve 03x+3y = 0

&32+ 3 =0yo
① beca

E E -x= y
sub into ② get

(-x2)" +x=0

If 2=0
,
then from Dy= 0

=> x4 +x = x(x3+1) = 0else z= 1
,

trun from Dy= -1

So U=0 or =1

So crit points are (0, 0), (1-1) Hence



Find all crit points of fixy)
#16 f(x,y) =x+ y3 + 3x-3y- 8

Se: Find Df I set to the zero row.

Df = [3x2+ 6x 3y2by] = 10 0]

Sep2 : Solve the resulting system.

0 3x + 6x = 0 From $x+x = x(x+ 1) =0x= 0,
-E- 3y2- by = 0

From Gyz- y = y(y-1) =0 y = 0
,

1
.

#
NOTE ALL FOUR PAIRS are valid idea: 02=

↳ eitherOr 3 say something about

Y either 0
x or y ,

not any So cut points are>

between

elationship ! !
(an sayniyone)

10, 0) , 10, 1), (-1, 0)
,
(-1, 1)

#18 fin,y) = [x3 +Zy3-92+ 3y"-12y
INDEPENDENT vars

Step 1 : Df = (6x2- 182 by+ by - 12) = (0 0]

2 : 06-18x = 0
0

says x- 3x =0 => x(x-3) = 0 = x= 0 or x =3.Step ESolve

OGy+ 6y-12 = 0 ②
says yo+ yz = (y+z)(y-1) = 0 = y=zor y = 1 .

ALL Four PAIRS are possible see above So Crit points are 10,2)
,
10, 1) ,

13, -2), (3, 1)

#20 f(x,y) = x4 + y
+ + 4xy

Step1 : Df = (4x3+ Hy 4y3+4x) = 100]

Step2 : Sub I inso to getSolve20A -( -3)3 = x = -x = x = x"+ x =0 = x(x) =0

=> x=0 or 25-1

Now sub 2=0 or x= -1 back into O to get (**) Idea: In this => x=0 or x= -1
-

--

when 2=0 , y= 0

So to solutions are (0,0)(, 1)
case

, D are providing
when x = -1

, y = 1 A relationship between xiy , so the variables
-

xay are in some&endence relation
--

#22 flu,g)=+my + 5 Step : De = [inty Eth] =

10/
Sire to above

,
11 Sun into

① to getTo solutions

·y Sub int t a 10,0 ,
(1, 1)

x= = x => xi-u = 0 = x(x- 1) =0=04= 1



Find all crit points of fix , y)

#24 fluy) = ecosy Se : Df = (2e*"cosy-esiny] = 100]

: Szecosy
Since et0 for agena

we need Posy= o and & Siny =O.

BUT Pg are never both true since

Sinzy + costy = 1 (pythagorus)·
So f has NO CRIT PTS

#26 F(x
, y)= e-ye S : D = [-yes e-e] = 10 of

① says y =0 ·Sep ye Sinn=1 So only crit point is

-

So Inlen) = In (1) = x = 0. at 10,0
-

#28 flu, y) = e
* (x"- y2) Sl : Df = [e*(x-0 + e*(x2-ye e(24)]

= [eY(x2-zx- yz) -zyek] = 10 0)

E①e(x2
- 2x -y2) =0

2 -Sep2 : Solve ② -zyex =0 Not : Since ePt0 for all helt
,

So by, y = 0 So Two

30 becomes Ox-2x-y=0
Sub into 09 x2-2x=0

crit points atE8 -zy =0 => x(x -2)=0

So z= 0 or d = 2
(0,0) (2,0)

Find absolute MAX/MIN on R & where they occur
y=x -

# 32 D(x,y) = x2 -
xy +y+ 1 on R

DEA: Find I-D crit points in R using Df = 10 of
Q

specializing away one of the vars /② Find I-D crit points on boundary segments by

③ Evaluate at the O-D vertices of R % any pts from

① or

① DD = (2x-y zy-x) = 100) so Solve GRO LYEU
=

4. On
Get 100.

② &
y=x f

, (nl:D(x, x) = x-u +x+ 1 = 2+ 1

film:In = 0 = 1=0
,y: 0 get 10,0)

· x=0 fuly) =D(0, y) = y + 1
,
fily)= zy =0 = y = 0

, 2=0 get 10,d

- y= 4 fz(x) = D(x,vi = x - 4x + 16 + 1 = x2- 4n + 17

fill = 2x - 4 = 0 = x=2
, y:4 get 10,4) ·

③
(2,4) Du,y)

10,0) I 2
-

MIN value of 1 & 10,010,4) 17
-

14,4) 17 -
MAX value of 17 @ (0,4) < (4 ,4)



Find absolute MAX/MIN : where they occur.

#34 flx, y) = 22 + xy +y"- 6x or R Y

see previous page For IDEA.

① DF = (2x+y- 6 zy+z) = 10 of

Solve

E2y+ x = 0

-
-44+y-6 = 0 =

2x+y- 6 = 0 X = -24mget (4 ,
-2)

-

② ex= 0 fily) = f(0,y) =

y
2

= fi(y)=zy =0

So y=o , get 10,
01

ex= 5 fily) = f(,y) = 25 + 5 y+y -30 =y +5y - 5 So fily)= zy +5 =0

get (5,
-5/2) => y

=
-

5/2 and x =5

③ Evaluate

c y= -3 fil, -3) = x2-3x + 9-6x = x2 9x+ 950 fis() = 2x -9 = 0 Ex=% and y = -3 .

(vi) flusal

get (2 ,
-3) 141-2) MIN

10, 0) O

15, -5) - 11
.25

Dy=3 ful,3) = x+3x + 9- 6x = x -3x + 9 So
,
film = 2x -3 = 0 Ex= 32

, y= 3

get (32, 3) MAX value of 19 at (5.3) and
(12,-3) - 11

,25

So MIN value of -12 at(4 , -2) (32, 3) 6075

#36 fluu) = 48xy -32x3-24y or R 10,3) 9

& DA=(48y-9622484-48y7 = 100 Solve9 (5,3) ⑭ MaxE · 10,-3) 9

get (0,0)s (12 ,
12) So U=2x = xlx-1)= 0 (5,-3) - 11

②ex=0 fi(y)= flo
, y) = -24y2 , fily)= 48y =0 = y=0,=0

get (0,0)

ex= 1 fuly) = f(1
, y) = 48 y-32-24y ,

so fily)= 48 - 48y= 0 = y= 1
,
x= /

③ (x, y) f(x ,y)

get (1, 1
10, 0) O

Dy=0 fz(z) =f(x, 0) =
-32x

,
So fi(x) = -96 =0 = 1=0, y=0 (2,/2) MAX

get (0,0)
(11) - 8

& y= 1 fy(u) = flu
, 1) = 484-32x3 - 24

,
so fil= 48-962 =0 += = x = =/ , y= 1 (11) - 1 . 37

get ( , 1),2 , 1) Not in R #,
1) not in R

So MAX value of fis2 & (12 , 12)
and MIN value off is -32@ (,0

(1 ,0MIN

(0, 1) - 24



Find the extreme values of flua) subject to gluin.
#2 f(x ,y) = xy , subject to glum) =+y- 10 = 0.

IEA : Solve the Legrange Equations &Of t
Set up (G-egus.

Of = <y , x) , Og = (zx
, 24] soi

Solve Q
y= 62x Sub ① into ②

20 or d= /2 or J= -12

E x= 62(62x)OK0 =0 = 45x- x=0 = x(45- 1) = 0

CaseI. If x= 0
, then B says ye= 10 or y=tto So get (0, Ero)

CaseIt.
It /= 2 Then yes so 2 = 5 and x= 155 so get lisist

,
fro rest

Case·
If do then y

= -x So x= 5 and U=I55 so get (is
,
-55)

,
755,it

Evaluate (x,4) f(x,y)
Evaluate

(0,Ino) 0
- ut

E55,Erst 5 MAX value is 5 at(55, 55) and Cre,
-ist (2, 1) 4MAX

(55,55) -5 X MIN value is -5 at (5-55) and (-55
,
ist

#4 flu,y) =x, subject to glay) = x+y
=3 .

Set up If = (2xy , 2) Vg=< 1
,
1

Iky = x => x2- 2xy =0 = x(x -zy)=0
In Carl: 1 = 0

, y =3,
450 get 10131SolveOu

noAts

&CASEI . CASE.

In Case· 04= x
-> Y=1= 4 .

So 2 = 0 or x = zy. ② 3y= 3

get (2 , 1) .

So MAX of f is 4 at 12, 17

MIN of f is 0 at 10,3)

Stop
.

Of= $20
, 2y)

#6
. d(xy)= G+y2)" but use fix,y) = 2 +y2, subject to glai)=y

= 2 . & Vg = (2xy,
x2)

E
tryD First

So Case or Ca In Case I . U= 0 So y = 0
, but fails DoSolveOna 2x-12xy = 0 In Case It . 02x =2x

=> 2x(l - (y) =0
② says 2 = 12S② 2() = Ja ③ says 2 = x/

rate
(4) fi,) dian) ③2)) = 2

So jx = 17
(2, 1) 2+ =35 => (3= 1 = 5I I

--

fr, 1) 3 T So get and X= IE

So MIN distance ofis at (12,1) (-52, 1)
(E,

1) i (-5,1) and original ② M

-
2y = (z)2

(no MAX distance since 212y=z is Unbounded) => y= 1.
-



Find MAX/MIN of f(u,u) subject to glay)=R
,

and where they occur,

#8. divy)=+y but use flu,y) = 2+2 subj to gly,y) =x+
xy+y= 1

Set up : Of = (2x, zy) Vg=(2x + y , zy+x)

SolveOn a Casel : 1= 0. Then ⑤ becomes y= I so y=/
(2 , 49 fla ,4)S and get two points (0,1) (0, -1) . 10 , 1) 1

③
x+ xy+ y z= /

ynotice that If (a,b) solution to Di0 Then so is (b, a) . and visa versa. 10 , -1) 1

-
Case 2 : Y=0

. By symmetry of the problem , get two points / zay swapped (1 , 0)
, (1 , 0) (1 , 0) 1

(+, 0) 1

Case3 : 2 t0 and yo · Then D % O become Ji = 2xlzy+u)= 24(2x+y)

Sobecomes (en=7 x- 12+
2

= 1 So 1 = x= 1
=>+ 2x2=+ (El, 1) Z

=> x
=

=yz
b)e= 2+ 22 +x2 = 1 or 3= 1 => D=1is

=> R=Ey . = Yes,Ye) 2/3
So get four more points (IYs ,

1%) and (1 ,

1) .

So d(x ,4) = Fin) has MAX value Ee (1, -1) and (-1 , 1)
and MIN value Elis &f (Yig

,
"is) and 7Yig

,
"/s)

#8 Find point on spherety+ z= 4 Farthest from P(1 ,
-1

, 1).

8: constraint is glu, y, z) = x+y+z
=

= 4 and d(x, y,z) =-(x-1)2 + (y +1)+(-1)2

but use d/,4) = flu
,4) for L-G method egus.

Set up
: Of = (2x -2

, 2 y + 2
, 2z -2)

Vg = (2x
, Zy , 2z]

L-G Eans.
2x-z = J

Sub 1,%, 7 into constraint to get
2y +z =

-E G => S- 3 = 4== =12z +2 =
= /

x2+y+z2 = 4
⑪

a2+y2+z= 4 So 1-J = 1 B12 and (x,4 ,z)= (4 ,
743

, 1453)
By observation

,
(11-1 , 1) is in the same direction as

1753 ,Yes, /) ,
so the further of the two is (2/3,E,/Es)



Find MAX/MIN of function o/ given constraint.

#20 diviz)= film,giz) ,
fiugiz)=tyitz and glu, y,z) = xy- z + 1 = 0

Setup Vf = (2x ,zy ,2z) , Vg = <y ,
x

,
- 17

E
Solve D for x = By & sub into ②Solve Oh zy = J(zy) =) y(4 - 1) = 0 = y=0 or =72

.

If y=0 Then DU=O and $ z= 1 . Get 10,
0

,1)
⑪
xy-z+1 = 0 If J = 2 fron DiGu=y and z= -1 and Buy = - 2 is impossible D

If d = -2 tren PROX= -y and BE : 1 and $ xy20 So get 10,
0
, 1).

So only one solution e (0,
0 . 1).

So MIN of du) is 1 at 10, 0
, 1)

#22 diayiz) =mety2+ z2 but use flu, g , z) = 22+y+z2w/constraint &(,y,z)= xyz= 1
.

set up. Of = (2x , zy , 27) and Vg= Jyz,
xz , by]

Solve

God #EA: Try to show that any solution to LG-EQNs must be of the form (2,41z) = (n
,
Ex

,
Ix)

No only holds if 250 and go andto . So by Q ,
dto as well .

*
xyz = 1 Use Di to set= SimilarlyD obtain

So (= lyl= /z) and So candidates are (1,
1
,

1)
,

(1,1
, -1)

,
711-1)

,
(-1

, 11) Or elseis.

All of these have MAX dlugit) of E at the Four points (1, 1
,

17
, (1 ,

-1
,
-1)

,
(-1,

1
,
-1)

,
(+1,,1)

#25 · Find three real numbers with smallest Sure of squares whose sum is 9.

&Inyiz) = =+y+ z2 and glut =x+y +z =9 .

Set up
: Of = (2x, zy , 2z) and Ug : /1 ,

1
, 17

Solve 2x = d So 315) = 9 == 6
,

K=yiz = 3 .

E zy = d (x , y ,z) fix
, y , z)

2z = d

x+ y+z = 9 Evaluate (16,
0 ,0) O

=
(0, 16, 0) 0

#26 flu, y ,z) =

xyz and gla , y , z) = x+ y + z2 = 16 (325, 345,/) [25y52
Set up Of = <yz,

xz
, xy) and Ug

= <1
,

1
, 2z)

↓ [73 .25

&I. If z=0 ,
then 10 and my=0 so 2=0 or y =0 ↑

get (16,
0
,0) and (0,

16,0) .

#

Solve

GG
LI 70 tun Dyad2= 500 becomes = 2nd = 1 = 2) and becomes

2) + z= 16 = 2-167 + 2) = 0. z3-167 + 43=0 = 523-167 =0 = z(522-16)=0

So MAX value of flu,y,
z) is

(z+ 0)

get (3 , 345
.

*Yes) => 572-16 =0 z =455

2= 73.
25 U= y=




