QQ,/ ét{—/ Exercises m
&“\ Q\A\Q' éx’ I ’&‘3 Calculating First-Order Partial Derivatives

Tn Exercises 1-22, find df /dx and df /dy.
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Calculating First-Order Partial Derivatives
In Exercises 1-22, find af /ox and 9f /dy.
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21. f(x,y) = / g(®) dt (g continuous for all 7)
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Calculating Second-Order Partial Derivatives
Find all the second-order partial derivatives of the functions in Exer-

cises 41-50.
4l f(x,y) =x+y+axy 42. f(x,y) = sinxy
43. g(x,y) = x%y + cosy + ysinx
4. h(x,y) = xe' +y+ 1 45. r(x,y) = In(x + y)
46. s(x,y) = tan”' (y/x) 47. w = % tan (xy)
48. w = ye' ¥ 49. w = xsin (x%)
50. w= XZ_ &
x+y
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Calculating Second-Order Partial Derivatives
Find all the second-order partial derivatives of the functions in Exer-
cises 41-50.

41. f(x,y) =x ty + xy 42. f(x,y) = sinxy
43. g(x,y) = x%y + cosy + ysinx

44. h(x,y) =x¢’ +y + 1 45. r(x,y) = In(x + y)
46. s(x,y) = tan™! (y/x) 47. w = x* tan (xy)

48. w = ye© Y 49. w = xsin (x%)
X—v

50 w= o
x°+y

Mixed Partial Derivatives
In Exercises 51-54, verify that w,, =

51. w = In(2x + 3y)
53. w=xy2 + x5 + ¥y 54. w = xsiny + ysinx + xy

Wyx.
52. w=¢e"+xlny + ylnx

55. Which order of differentiation will calculate f,, faster: x first or y
first? Try to answer without writing anything down.
a. f(x,y) = xsiny + &

- fluy) = 1/x

- fey) =y A+ (/)

Ly =y —In(r+ 1)

. f(x,y) = x2 + 5xy + sinx + 7e*
f. f(x,y) = xInxy

56. The fifth-order partial derivative 8°f /dx?Jy> is zero for each of the
following functions. To show this as quickly as possible, which

variable would you differentiate with respect to first: x or y?
Try to answer without writing anything down.

a. flx,y) = yxter + 2

=2

o 2 6

b. f(x,y) = y* + y(sinx — x*)
e f(x,y) = x> + S5xy + sinx + 7¢*
d

. fx,y) = xe'/?



Mixed Partial Derivatives
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Exercises m

Chain Rule: One Independent Variable

In Exercises 1-6, (a) express dw /dt as a function of 7, both by using
the Chain Rule and by expressing w in terms of ¢ and differentiating
directly with respect to ¢. Then (b) evaluate dw /dr at the given value
of .

L. w=x>+3)% x=cost, y=sint; t=m

2. w=2x>+)y%, x=cost+sint, y=cost—sint; t=0
_x. Y - 2 — qin? - -

S.W—erz, x=cos’t, y=sin’t, z=1/t; t=3

4 w=mn(2+y>+22), x=cost, y=sint, z=4Vs;

=3

C H’p\‘ ’\l rule Hrnula
dw _ owdx | owdy
dt ox dt  dy dt’
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Chain Rule: One Independent Variable

H#uU W= }Mfﬂ’ £2)

= 9‘1’\6 = In Exercises 1-6, (a) express dw /dt as a function of ¢, both by using
J 45) = snl®) o] ik

the Chain Rule and by expressing w in terms of 7 and differentiating

omn 2’ r directly wi i
< I y with respect to ¢. Then (b) evaluate dw /dt at the given value
Jdn Jady Wda ke 2l = YT ot

&t }y_at }\1* é})t L w=x>+3%, x=cost, y=sint; t=m

. w=2x>+y%, x=cost+sint, y=cost—sint; t=0

2,
3.w:);(+);, x=cos’t, y=sin’t, z=1/t; t=3
4

L w=In(x2+y>+22), x=cost, y=sint, z=4Vr;
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Chain Rule: Two and Three Independent Variables
7 *LI']; L‘ In Exercises 7 and 8, (a) express dz/du and dz/dv as functions of u
X and v both by using the Chain Rule and by expressing z directly in
S"[l) ot l’ﬂ +&W terms of u and v before differentiating. Then (b) evaluate dz/du and
ﬂ. dz/dv at the given point (u, v).
Ib '6 7. z=4¢'Iny, x=In(ucosv), y = usinv;
=

(u,v) = (2, 7/4)

| I+IW5 L‘C‘ 8. z=tan'(x/y), x =wucosv, y=usinv;

(u,v) = (1.3,7/6)

A In Exercises 9 and 10, (a) express dw/du and dw/dv as functions of u
I\H and v both by using the Chain Rule and by expressing w directly in
(‘/ﬂf “ wtb\ ki y.y\( MS"& «6in%t £ ( Hﬁ:\’ ) - AV\L \ + |(ﬂ't3 terms of u and v before differentiating. Then (b) evaluate dw /ou and

dw/dv at the given point (u, v).
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H"W‘s LH 10. w=1In (x> +y* + z%), x = ue’sinu, y = ue’cosu,
z=ue’; (u,v) = (=2,0)
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8. z=tan! (x/y), x=ucosv, y=usinv;
- ([ RS \ = s (,v) = (1.3, 7/6)
-‘H:% % T ta’“ (,, /‘5 , LS MCOSU' 5 3 7 LLS\“\\T a“\d (,(A,\f\= (,“Blvl'b\ In Exercises 9 and 10, (a) express dw/du and dw/dv as functions of u
and v both by using the Chain Rule and by expressing w directly in
terms of u and v before differentiating. Then (b) evaluate dw /du and
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8 z=tan' (x/y), x=wucosv, y=usinuv;

Q (u,v) = (1.3, 7/6)

Q - / In Exercises 9 and 10, (a) express dw /du_and dw/dv as functions of u
;u - Zu + L"{A V- and v _both by using the Chain Rule and by expressing w directly in
terms of u and v before differentiating. Then (b) evaluate dw /du and
oW/duat the given point (u, v).
9. w=xy+yz+xz, x=utv, y=u—v, z=uv

Eé’kkl = -2U—+2u1 \/ (u,:/):(l/Z,lz)

10. w=1n (x> + y> + %), x = ue’sinu, y = ue’cosu,

% UJ z=ue"; (u,v) = (=2,0)
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8. z=tan! (x/y), x =ucosv, y=usinv;

(u,v) = (1.3, 7/6)
= 2, 2.4t In Exercises 9 and 10, (a) express dw /du and dw/dv_as functions of
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In Exercises 11 and 12, (a) express du/ox, du/dy, and du/dz as func-
tions of x, y, and z both by using the Chain Rule and by expressing u
directly in terms of x, y, and z before differentiating. Then (b) evaluate
du/ax, ou/dy, and ou/dz at the given point (x, y, z).
pP—q

11. u=g=7p P= x+y+z g=x—y+az
(V3,2,1)
12. u = e""sin’lp, p =sinx, q= zzlny, r=1/z

(. y.2) = (w/4,1/2,-1/2)

r=x+t+y-—z &yz=
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In Exercises 11 and 12, (a) express du/ox, du/dy, and du/dz as func-
tions of x, y, and z both by using the Chain Rule and by expressing u
directly in terms of x, y, and z before differentiating. Then (b) evaluate
du/x, du/dy, and du/dz at the given point (x, y, z).
11. u=1;_z, p=x+ty+z, g=x—y+z
r=x+y-—z @yz= (\/5,2,1)
12. u = e”sin'p, p=sinx, ¢g=272Iny, r=1/z
(. y.2) = (w/4,1/2,-1/2)
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blc ‘
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Snu=ne I-1c? = ot
o8 Ldwn= de
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- j TR =0 ¢ = Sala +C
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Using a Branch Diagram
In Exercises 13-24, draw a branch diagram and write a Chain Rule
formula for each derivative.

d
13. d—f for z = f(r,y), x =g, y = h(®)

:tt\l_\' 3_3 'CO‘ e {,(’“,\r’w\ , W= at&\ , \J = \“\_k:)j w= (‘.\,t) 24. %—v: for w = g(x,y), x = h(r,s,0, y=k(r,s,1)

2:: 'H\A N,bh
Y3
= 3
w1\

W W

z

still the same. Read down each route,
multiplying derivatives along the way;
then add.

dw _dwdx  dwdy | dwdz
dt

d.

14. d_f for z = fu,v,w), u= g, v="ht, w=k@
aw aw

15. o and F for w = h(x,y,2), x= f(u,v), y= glu,v),
z = k(u, v)

16. %‘: and %V for w = f(r,s, 1), r=gxy), s=hxy),
1= k(x,y)

17. ?T:: and ?)% for w = g(x,y), x = h(u,v), y = k(u,v)

18. ?T‘; and %V for w = g(u,v), u=hxy), v=kxy)

19. Z—j and g—i for z = f(x,y), x = g(t,s), y = h(t,s)
ay -~ _

20. ar for y = f(u), u= g(r,s)

21. %—V; and %V for w = g(u), u = h(s, 1)
)

22. ((T;;V for w= f(x,y,z,v), x=g(p,q), y=hp,q),
z2=jp. g, v =kp,q

23 2 and ¥ for w = fGoy). x = g(). y = his)

w % w x,y), x=g(), y K
Chain Rule
Here we have three routes from w to B
t instead of two, but finding dw /dt is W= [ y)

Chain Rule

Dependent
variable

r

Intermediate
dw _ dw dx _ Idw dy

variables = === i
ar ax or dy or
FIGURE 14.23 Branch diagram
Independent for the equation
t variable

dw _owax | awdy

o oxor dy or’

ax di T 9y dr T a7 di

d
1l Aj:‘t and S‘g $oc W= g()f,é.t\, = Q(‘l,@, o=\l = Rl

0= $(c,s4) 1= flcet)

dw d
T=F1+F 8

FIGURE 14.25
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Using a Branch Diagram

In Exercises 13-24, draw a branch diagram and write a Chain Rule
formula for each derivative.

dz
dt

14. dz for z = f(u, v, w),

13. = for z = f(x,y), x = g(t), y = h(t)

u=g, v=hnn w=k@)

aw aw _
15. Ew and o for w = h(x, y, z),

z = k(u, v)
aw aw
16. x and @
t = k(x,y)
w n
ou @
aw aw
18. o and oy
az

az _ _
19. 3 and % for z = f(x,y), x = g(t,s),

x = fu,v), y=guv),

for w = f(r,s, 0, r=gxy, s=hxy),

17. d g—: for w = g(x,y), x = hu,v), y = k(u,v)

for w = g(u,v), u = h(x,y), v =kx,y)

y = ht,s)

(") )
20. a—i for y = f(u), u= g(r,s)

ow w _ 3
21 s and ot for w = g(u), u = h(s, 1)

i)
22. % for w = fx,y.zv). x=g(p.q). y=h(p.q.
z2=jp,q, v=kp,q
ow

aw = = ) =
23. o and s for w = f(x,y), x=g), y = h(s)

24, %—ZV for w = g(x,y), x = h(r,s,t), y=k(r,s,t)

Chain Rule

w=f(x,y)

r

dw _ dw ox

w _ aw dy
ar dx Jr

dy Jr

FIGURE 14.23 Branch diagram
for the equation

aw _owox , owdy
or ox or  dy or’
;* Chain Rule
TWX W o w3 A
T

dw _dw ox
ar  dx ar
aw _dw ox
as dx 0s

FIGURE 14.24 Branch diagram for
differentiating f as a composite function
of r and s with one intermediate variable.

dw
dx

dy

BT AL
Folth dx

FIGURE 14.25 Brancl




«:lb(ls %’3 “'2:32"'7(:1 - 0 , @C\"’) FM i_ﬁ;t Implicit Differentiation

Assuming that the equations in Exercises 25-28 define y as a differen-
tiable function of x, use Theorem 8 to find the value of dy/dx at the

A given point.
‘:ﬂ. 25. 03 — 22+ xy =0, (I,1)

= - =
dx R} 26 xy+y —3x—3=0, (1,1
27. X+ xy+y2—7=0, (1,2
28. xe¥ +sinxy +y —In2 =0, (0,ln2)

2
— @ (4 ‘/ n ﬂ \ L‘ I I ! THEOREM 8—A Formula for Implicit Differentiation Suppose that F(x, y) is

s T T Ty o P ates e ) e
’ dy F,
& E )
ﬂ:)_\o ')(3+\S"—37(..3=0 GL-\,\')
dd _ y-3 I
&%—" e(“\)‘\ é’i\ = L\‘ = L{
A+2Y & (=4, 0 \
8 we tomg+y- A2 =0 0 (o,40)
)
AA.,, €7+ Yws1 GKORM-\ é:(\ L ’2-*1m2cog{o) _ _’1+!n7.‘_1 A
oA e+ N TR d (0,02 042 + hndecostorn Ia2+) Lna
Find the values of dz/dx and dz/dy at the points in Exercises 29-32.
N 29. 2 —xy+yz+y —2=0, (1,1,1)
AP 1 1 1
F29 2-oayequrp-z7o glut) Rl 3« 5y et Wy rz-1=0 236
G 2 | & ad g__& 31. sin(x +y) +sin(y +z) +sin(x +z) =0, (7,7, m)
(“m 2= 2htg) b ue bl -5 S S 32 x¢' +ye'+2Inx—2—-32=0, (1,In2,1n3)
- S Y AN g-»:\ T
n 32t + y 2 (v 247 4
si:._ -x-'_f‘%"l G(\.(,h &\ - _3
3 32 *‘A 5 (l‘l“l) -‘-i
|
¥30 3+ytzclTo e Gae
* e * 3 3p
§= B =) TS c(-zlgﬁé) N -—‘—': -
3 x % (3.0 4 8
a1 _—% 3
== |= 2
ET) +—~ = — = 30 z—'}\ 86 _ -4
‘is (3 ‘1 (’/3‘6> °’
#31  wel« 33" +2haf-2-242=0 Q@ (1, k02 da3)
__ e » 212 _ N
N- SQ‘ G (‘,b’;‘-“g) ;‘ \(‘[‘”1,‘&3) = L“,L . % - %L
E = _M e O, L2, w2 +3 - -5

» e
N yet Y \(,\.b"rl"?\ - Je2v2 22



Finding Partial Derivatives at Specified Points

. L q 5 2 33. Find ow/ar when r=1,5s=—1 if w=x+y+2>%
.&33 N &-‘ W (““9\ = (‘" ‘3 ‘* W= (')("hd*t\ xX=r—s,y=cos(r+s), z=sin(r + s).
oed = c-54 Y=CaL (ce), 2 = sialres) 34 Find aw/av  when u=-l,v=2 if w=xy+Ingz

x=v/u,y =u+v, z=cosu.

35. Find aw/dv  when u=0,v=0 if w=x>+ (y/%,
s 3:9 M x=u—-2v+1l,y=2u+v-—2
/\9 = %-’2‘: -~ B & ;} 7‘("_‘) =2 36. Find 0z/ou when w=0,v=1 if z=sinxy + xsiny,
3C Y IR PRAR VAR v 4 (- = dostor=1 S E oy =
37. Find dz/du and dz/dv when u = In2,v = 1if z = 5tan ' x and
2 [_(,-\\ = eMW)T O x=¢e" + Inv.
38. Find dz/0u and dz/dv when u =1, v = -2 if z= Ing and
g= Vv +3tan ' u
Qw

3 2 (,')(-rj-k%\)’i 1L+~ (g% (- snGred) + 2oteyer ) LosCresd

= 226 0¥l « 2D+ 2D = bt = 12

. w (\',S\ = (-0 * ws(r+9) +sinleed)”
At 2
= (.r-s\ M () < SMT(r+ed + 2 (Q‘- Y eosled) + (—<Y ginlr+s) + us(r-ms:wﬂs))

%&5:? p:g_@_z_ﬂ(. tere plon @ provorky W--@

2y R4 \,—«m w= AN+ sz n = “rz/u\, A=y, T=comn C (uv) = -y

Do _ Wan I ded x(~12) = —4
AR %& R %L-\ =1

9 2(-2) = cl-n (>
WM A+ A0

Y - B
%'\“'Jr :1&:" + (-y) = ¢

(m2)
#30 P“\A ?& WQ 2 = %\‘f\ x:s—‘— xﬁinﬂ y X= “l+ U-" o \3: u“- e C“JVS = (,O) \) Chain Rule
w = f(x)
R_Bw By il
R sk

%:(ﬁc&s(u@*- snd)¥2u + (chb@\» xeo s@ﬂf

Klon =0 @) Ve vhr o b "
s dx os

FIGURE 14.24 Branch diagram for
#3& F‘\‘\} %ﬁ wnd é—: Wee Z= lnq’ h q’:' \] VR 'COY\" (“) @’CU‘IU-\-; (' ), -2) differentiating f as a composite function

of r and s with one intermediate variable.

é—-%-— A_% -;4 91 = ‘Ji-’l

3n &1‘3\.& W d'l v ROy = §T fan' () = ‘n'/q
0z _ L lrss g Y3 :/I'* 0 INuRN
4T Tew el é"*\(.\.-z) Ty VA T . VAR
3§y AL 3 \ : A " (U | (T \
N = ql ta“ {U‘¥ ZE:\':& Q (.‘.'7) 3"\(\.-}3;— m*tm— L\)’f 5 = .ﬁ" _L_‘*-_i = ;-
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Exercises m

Calculating Gradients
In Exercises 1-6, find the gradient of the function at the given point.
Then sketch the gradient together with the level curve that passes
through the point.

L fxy)=y—x

(e 2. fu,y) =l (¥ +y), (LD
2

X ¥y

gy =wh - Ay =5 -5 (V2)
5. fx,y) = V2x + 3y, (—1,2)
6. f(x,y) = tan! % 4,-2)

DEFINITION The gradient vector (gradient) of f(x, y) at a point Py(xy, yo) is
the vector

of . of .

V=g +ayJ

obtained by evaluating the partial derivatives of f at F,.

*1 F“\A Vg— e(.‘l ‘j d 1\1,.3): L(\(ﬁ_"{--”'\

vi-= 11 )t o+ ()m 29)3
NEATISS 7<‘j Y

zb"‘l)-

,D F*— “'(M.‘D: 2 -

Vi= %2 + 973

¥y O T2 e (=

=0
IM\ el of
4—(14.-1\ C & 3 x=C
- & Yo
“A
lewe\ | cunue of
&3 A 4—\141\' | PYCL) e(bl)
czln2
Qo (,1'4737-)#1\ L3
1‘1_‘_‘17.:2_
Grc\t ok
v#(\,\t['. wdns 2
o

S

o

0/(10

C=1

c=5 2 T

C;r; 2 T :52. =@ \(\3?&{\90\:\‘7

q@\(&") = E/l\l -3 =

#o Fod U8 @ (0,) o foug)m tan' (B

A &
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In Exercises 7-10, find Vf at the given point.
i 7. fo,y,2) = x>+ =222+ zlnx, (1,1, 1)
F Faw U oD Wt Ty ) = 149t - 222 + 2 Lot
# 4 Q ) % Hl%) 7(- *‘j z + 0 8. f(x, y, 7) = 213 _ 3()62 + yZ)Z + tan! Xz, (1’ 1 1)
9. fr,y,2) =2+ Y+ 22+ In(xyz), (—1,2,-2)

V#— Q’)L + i (.2‘3\A + l_ ‘-\24-!07() h 10. f(x,y,2) = ¢ cosz + (y + Dsin'x, (0,0, 7/6)
Tl R .. v,
Lo oo gy / Vf +5‘] +a—k

£ Sl T & (VLD U 9;&1,‘,“1\ = 128 -2(2+D) 2 + tan (x2)

A

l
V- (_(ox-%"(u\u\ ) L“'( bui) + ((01 B(x‘q)»«@, )\;_
V2= (o 30YE + (034 + (b-3@« S
=S54-05+3h = {-55,-6, 57

o ) We (0,07 wwe Louqa)z €™ cosz + (g4) s

V= Cewau“ _h,!ih_*_‘;_‘) 1+ (€3 cosa + qin® (“\)S + (0*3gn Z)/\,\_

2z
‘[0,0 " L‘E*’\\ “‘(, +0)) (xR ﬁn

2
AS
= (22 + 341 Cos (¥leh= &
S (Iy= Y,

d¢ .
#‘\ F\“A LA‘;}&#?D m\\m %\'ﬂ,cj\=213—3ﬂz, Po(sls), U-:Lha"sg

Finding Directional Derivatives

In Exercises 11-18, find the derivative of the function at F, in the
direction of u.
LH- | ‘ R i 1L f(r.y) = 2xy — 3% PR(5.5). u=4i+ 3
T ok = v:? W |, e, D\A% = V:?. v ® () = 22 +yy RC1,1), u=3i— 4
e 13 gy = 55g AL, =12+ 5]
14. h(x,y) = tan”' (y/x) + V3sin ' (xy/2), Py, 1),
u=3i— 2
- A A\
V4= 2‘5""@1 Q"DA 15. fuy. ) =xy +yz + zn, B(l,—1,2), u=3i+6j— 2k
16. f(x,y,2) = x> + 2> =322, P(1,1,1), u=i+j+k
\ & _ ¢ . — 9 s
Vg _#\ = oY+ k-2033 =<\O, -20) ) “.:0_"37 17. g(x,v,2) = 3¢*cosyz, Py0,0,0), u=2i+j— 2k
(se 18. h(x,y,2) = cosxy + €% + Inzx, Pyl,0,1/2),

u=1i+2j+2k

o Dgd| oy = 192024 = 4o-404 20

(5,5

THEOREM 9—The Directional Derivative Is a Dot Product If f(x, y) is differ-
entiable in an open region containing Fy(xy. yo). then

ary
(I) = VD )

the dot product of the gradient Vf at P and u. In brief, D,f = Vf-u.

¥ Bk Dad| e dwpschg, R, G-

V'?':let'ti-lts’j = E—-ZE
= ﬁ - §
=) 5
V*H(-\,\) = -4t +2) ; S bﬁ \L-\ 5= H’t,»,zg\.(%’:,-q/&‘): —12-8 < -20 ﬁ
) = Z
¥4 Fod Wk\?° Wrare k'b("ﬂ: 'tlk‘ﬂ-‘ (‘&/*\*ﬁS‘“.‘(ll‘Al‘z) ) ?o(.‘:\) y W=3%1 -3
R | SR U Y ey, B %\ A
U - L\"*“*‘ < Trm ‘3 Cr+) " (g K -5
Q‘{'\l\ N (_1 Gy —_—.* A+ (.7.*\*"*:5'\ L -\i,;_‘,ji,s cd Di*\(\,n: L3, .1>_ __\_7_2



:\-‘n\ﬂ Fi‘ﬂt\ D\‘A‘{' \‘3 \“\'\UL *_‘)(’1’1\ - Y} _‘_2'31_3%1 ' PoUl \, ‘)' > oy Finding Directional Derivatives
]

In Exercises 11-18, find the derivative of the function at B, in the
direction of u.

1L f(x,y) = 2xy — 3y%, R(5,5), u=4i+3j

V'? = <2"/ 49, - 627 12. f(xy) = 22 + %, PBy=1,1), u=3i— 4

13. gty = % B(1,—1), u=12i +5j
= 4{24y,- S = S2.4;6)« (V)¢
& FRER A BEESRE {CE (RO R IR S,
= 2+4-6=0 u=3i-2j
@ 15. f(x,y,2) =xy + yz + zx, PB(1,—1,2), u=3i+ 6j — 2k
16. f(x,y,2) = x> + 29> — 322 P(1,1,1), u=i+j+k

o 17. g(x,y,z) = 3e*cosyz, Py0,0,0), u=2i+j— 2k
B\ Ted Dadle e Hage)=coxy + €+ lozn | Bl100) BB 400 = oo o7z, RO,
W\A \1: < \,2,27

THEOREM 9—The Directional Derivative Is a Dot Product If f(x, y) is differ-
entiable in an open region containing Fy(xo, o), then

g4 =(:3$m13 + *‘iy“, + (—xsmxy ze?’)'s + (‘é e, %)t (Z*f) = (Ve @

the dot product of the gradient Vf at By and u. In brief, D, f = Vf-u.

=10+ i3k - D;A\ =44, 22.<1,2,27= 14144 = [
[\,o,u.q |3

R4 Tod fa dcacsons oF maveenumn weresse/decesse Sor
‘!’\mn\\= oL+ g +Y e AR

74 =D + s 293

v% . In Exercises 19-24, find the directions in which the functions increase
\ 3 N and decrease most rapidly at £,. Then find the derivatives of the func-
e-‘l,-# MoK Wcrense  directon dd pidly at P,. Then find the d f the f
b tions in these directions.

19. f(x,y) = x>+ xy + 3%, Py(—1,1)
_V‘g\e, =1 "S Mox dotsesst diresstron 20. f(x,y) = 2%y + e¥siny, Pyl,0)
2L fr,y,2) = (x/y) = yz, R, 1,1
22. g(x,y,2) = xe* + 2%, Py(1,1n2,1/2)
23. f(x,y,2) =Inxy + Inyz + Inxz, Fy(1,1,1)
24, h(x,y,2) =In(x>+y> — 1)+ y + 6z, Py1,1,0)

$90 " — s L= Ay xe awny , %Wl),0)

V.g = b‘x‘.ﬁ £ Sy QX$)AL + L'M?‘r 10."'55?‘03 + Q,‘lguss‘g\ IS
Thooce:  The Banckon 4 inceenseS wiose

vl\? = 01 + (4 0+ o)} =105 + 25 tow tocresse dsreckon ragidy w tw Sivesnn ok T4, decrecrsr
wos togidly W T doesron ok U4,
and - V#\& = 0’.‘,—23‘ Wox dewresst direstron dogs not Crorge VA W Oy St T

WO S orjmoaor\m\ 4o V-*.
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ng\eo: e i /l: 4 (\\Q‘Qﬂ’s 4 2['7)/\;.

_ N
=~ + 28 £ Mok worease direchon

M~ le = (22029 ok dusesst direston



s Sveexin, Hx=c v#\‘, 0ad The Fongent \ne @ 7

ol ae 0N et\w\’ﬁun Sor twe hvau\-\' \ne @ %.

Coc

W+ =
NN

L\ @ (El \’7_\

Tangent Lines to Level Curves
In Exercises 25-28, sketch the curve f(x,y) = ¢ together with Vf
and the tangent line at the given point. Then write an equation for the

tangent line.

25. ¥ + y* =4, (\/E,\/E)
V‘H :(m’mv 26. 2 —y=1 (V2,1)
R 27. xy = —4, (2,-2)
28. X —xy+y> =7, (—1,2)

7= 421,237
Vl\‘,az <2Tz,7.l'z7

Youger \ne €qn-

Tangent Line to a Level Curve

Fxg, yo)x = xg) + fy(x0, Yo) — yo) = 0

LH(A-R) +204-K)=0
H W - Y+ 2ny-Y=o0
D 7-5.3'3 282 +2

t >
% AR EIEF Sl St R ¥ 1
’)(1-\'&{':“
2l u—u Fo -y =1 e ()
YA
' el Vi={ax,-17
\74\?":(2&, -\p
Fowngnt \oa 4n.
2R (A-2)+ (D(y-D =0
S 7.('7_71.—1-\—\3+\=o
By > \3=‘7_FL7L—3
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\/" z-“ 3L n
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#24 V" S Al-ayAyt=3 @ (V)

74= Gn-y, -2
W= £4,4)

et Ve e
—H(‘!-\ ) + “(3’1)=O
= —ly -y tyy-3=0

&y S
a2
G
L (LR
-2
(-24 ats

(30

G2 (Y

e

(v-2)

7
S 4y = U+
= Y=x+3



1 B e uukon oF T oyt Pl
ond  normal e e q b
Cryezr=3 e R, LD [
En & tragne flane
() 8 (%) Gy + @G~y +F2(B@-25 = 0

q‘?’ = <27(-, 'le, 227

Em. o il
V4 (Po)= 2,22 ™ nynt Qlant s

20t-1) + 2ly-0) +2(2-0) =0

Exercises m

Tangent Planes and Normal Lines to Surfaces
In Exercises 1-8, find equations for the

(a) tangent plane and

(b) normal line at the point P, on the given surface.
L 2+y +22=3 PR(LLD

Xy -2 =18, P35 -4

2z — x> =0, Py2,0,2)

L2+ 2y — 2P+ 22 =17, B(1,—1,3)

e

&b) EQT). OQ Y\O(V\'\a\ \.\Y\e’ .‘$ ﬂO(‘N\ 0\ \m ‘\S Tangent Plane to f(x,y,z) = ¢ at By(xg, ¥y, Z9)
FdR)(x = xo) + [Py — yo) + f(Fo)z = 2) = 0 (¢V]
X l'_k\: ﬁ + tv#[?ox ll_&’): < ‘ F \/ \7 -+ t <2,2,27 Normal Line to f(x,y,z) = ¢ at Py(xg, Yo, Zo)
x=x LB y=d L z=a+ fB O
H2 T fomget glane oF Sucfact & vovemal Ve
Wag-2=8 e P(3,5)
@) vE=<2x, 29,-227
VHRY =<1, 10,787 50 eqn ok fongn plane s
(o (7(-3\) +W(3-‘5)" 311“0 =0
b)  vocedd \wa 4 (ALBY=KZ.5, 4> + £Cp,00,-87
.‘&4 Flad ‘}mgu\-\' ﬂw\g_ & nove-al \wme
Lrany—wi+ 3t =7 Rl1-12)
Vé= (2x- 2y, 2x-24,22)
) Tae) = <H,H, 62 S ogn ¢ Ylo=)+ HymM+b(z-2)=0

) anh Comal e v lE)= =030+ £<Y,9, 07

Faod oqe od dangny plane Can w= Qs
#'O — Ot @ -
2= 67" @ R0y “|IF=A dwe Flge)=k|
Oekon®@ - dedwes Yue Susfect =
Ln-‘\ ‘e[z,ﬂ= e 1 S

In Exercises 9-12, find an equation for the plane that is tangent to the
given surface at the given point.

9. z=In(x2+y?), (1,0,0) 10. z =), (0,0,1)

11. z= Vy —x, (1,2,1) 12. z =4 + %, (1,1,5)

<

2= $B)e 5l (x-x) + £4(@) (4-y0)

wnee | Z=d00,9)  dedes Sustnee

D-Q :E—’21 C~7L‘l-~11 _ch-x’-‘fz] Ocd Dg\?, = I:o O} @

> g e (o

fk|2 Fiwo\"\-m\%lf* Pons of sarfate 2= L\IZ-\\JQ @ R(\I\’E)
Opor® D= [§x 24| |ma o). =8 2]

and o "'“"?“’\"’ pure i z=5+8(7(—\)*2(3‘\)



Tangent Lines to Intersecting Surfaces

N R R In Exercises 13-18, find parametric equations for the line tangent to
#‘ L} F\“L The eﬂf\- 0“ M \‘“'- W +D m CRAWC 04 \O\-&S&U\\W\ the curve of intersection of the surfaces at the given point.
O“ ‘e S;W(\ CucSoces or the w}@d PON\.\_ 13. Surfaces:x + y?> + 2z =4, x =1
Point: (1,1, 1)
Surfuce 4: Sarfe 2t

t > 14. Surfaces: xyz = 1, x>+ 2y>+322=6
%52:\ % 12_._252_‘_32 = (o ) @ P(\,(,() Point: (1,1, 1)
15. Surfaces: x> + 2y + 2z =4, y =1
Point:  (1,1,1/2)

\_‘DEA : et Qlanss 16. Surfaces: x + y? = =
- o b : y+z=2 y=1
< ~ MQ:\G ol ‘Bm T ety fo Point:  (1/2,1,1/2)
< -7 ’ . i m“ e = ﬂ ’ 17. Surfaces: x* + 3x%y? + 33 + dxy — 22 = 0,
Ao, W r=fxi, ad L) = PrET Py 42 =11

Point: (1,1, 3)

18. Surfaces: x> +y>* =4, > +3y2—z=0
L (= — 2 2 b
Fhﬂvi‘- xYz-1=0 (4‘1;3!23- A+24+ 32°-b-0 Point: (\/5, \/2,4)

VE =4z, nz, ny) V(;:<z7¢, ly,6%)
M= VF(P}: WY Moz Valp) = <24, 67

S
Ae)= v+ Kz, -u,2>

S \}'=G|xﬁz=

N - <

\? %\: t(h-q)—:)‘(b-z)+'RH—l\
b

h

A
= M-4y+2t Cresk - Vo= 2-4r220 ¥/
V¥ = 4-[pti220v

Flo Jognt e o} m\uswﬂbt.unﬂ-cP

Surface |: Suibrce 2: 2 3 ¥ L
aegrzca gl ¢ P(s WD s F=tuxi,= | 2 1 |=TEN-50-ay+ROD
Fltg)= a+g+2-2=0 Glnye)= 4-1=0 o L1l o
VF =<1, 29,17 76 =<0, (,0) v =¢-L0>

A= VFLPY =<1z, iz = <0,107

So Lwy= <‘/‘l, \, ‘h.> +t ~loy

:ﬂ:l% Tongpnt Ve ol m\crse&*aucw.e,P

n

Sugface | surfoce 2 : A 3 k
Ly’ =4 crg-z=0  CPREY  &so [=0xh, =

Fl’:‘j:l\’ x’+3’-ll=o 6(”,",!)‘ x:_“,,__* =0 ZYZ 22 (0]

VE={2x,24.0) V6=(2x,23,-\7 2 22 -\

f=VE(P)=QR,25,00  Na= VG(P)= (2,25, -1)

=% (_2&) _ 3 (.—253—% ,\;\(8 ‘3\

S ) = 2.2, 4) + t(25, -2, 0) = {25,212 ,0)

Finding Linearizations
In Exercises 25-30, find the linearization L(x, y) of the function at

m% Find \‘m‘:z&hb“ o~ -¥(7{,%\: (7{-“‘3#'2)2 @ (ﬂ\ P(plo) oed Cb\ @0'2) each point.

25, fuy) =2+ +1a a (0,0, b (1,1
26 f(x,y) = (x+y+272at @ (0,0, b (1,2
@) D‘?’[h ‘1] = {7-1*7-:1"4 Ly H] 27. fy) =3x— 4y +5a  a (0,0, b (I, 1)
28. f(x,y) = xy* at a. (1, 1), b. (0,0)
L ' i 4 1 29. f(x,y) = e‘cosy at a. (0,0), b. (0, 7/2)
D£\P = [q i % bgl@ 3 [‘0 \0] s 40’3 4, HQ)'ZS 30. f(r,y) = ¥ at a. (0,0), b (1,2)

‘\Iowxgm\— Q\O\M. ara  \ingasization.

S Oaiaylen A+ LGe9) = ¥(\’o\+ \Qx(?o)(l‘x% +¥5(?-3(3—3»5

A v e Z=d00yg)  dedaut Suste




#2‘3 Find lineacizalion
$o0,q) = y 5"'

D2-= {51("3“ les\j’]

@ = P, D
& Q(o,0)

So (a) L'('x ‘_‘D=

|+3

Finding Linearizations
In Exercises 25-30, find the linearization L(x, y) of the function at
each point.

(4

\ L?. (x"j) &7

25, f(r,y)=x>+y*+1at a (0,0, b.(1,1)

26. f(x,y) =@ +y+2)?%at a. (0,0), b. (1,2)

| 27. f(x,y) =3x — 4y +5at a. (0,0, b. (1,1

+ 4(3') 28. f(x,y) = xy* at a. (1,1), b (0,0
29. f(x,y) = e‘cosy at a. (0,0), b. (0,7/2)

30. f(x,y) = ¥ at a. (0,0, . (1,2)

m\f[?) §1 4 oi|g=o o)
and
1(P)=1 ¢ #e0=0

#30 Find \inaacizalion @ = P(o,0y

\ineasi zation.

Tonguetr e\onL  ana

Loed)= $LRYe Al -me) + £y (4mg)
e Z=d00gd  dedaut Suste

| + 2 -

Yo, ) = €773 ®» Qi)

D§=[2e*3 e8] S @ L0u)=
6) CNE:

D=(2 41 & 0dg=[z 1)

aad

1P)=1 4 A=

) P(\" 1))
e ()) Q(o,\,a\
©) R(1.0,0)

#"\O Find \ineacization
Yo, ) = e ge?t

Dg = [7.-;1. 2y 12‘3

D#\?: {2 2 2) i D“Q’[O 1 o) iD.f\Pf[Z o ol

and
=3 4 D=1 ¢ Hp)=1

A leancigaiion @ O PELD
%"\O Find \:;_\A;\'zuhor\ ) Q(‘L,O,\‘ |
4('1"D= z L ~‘;'0 1=5m0
D=2 W R e
D#\;[I -1 3 Di|g=lo o 0]
aad
£1(P)=1 ¢ #N=0
S ) L (yid) = |+“ ~‘I\+(\’-|) +(2-0
) L(xy,2)= O

b+ 2lw-1) - (y-

E}
N

Linearizations for Three Variables
Find the linearizations L(x, y, z) of the functions in Exercises 39—-44 at
the given points.

39. f(x,y,2) = xy + yz + xzat

a. (1,1, 1) b. (1,0,0) c. (0,0,0)
40. f(x,y,z) = x> +y> + Zat

a. (1,1, 1) b. (0,1,0) ¢ (1,0,0)
41 fy, )= Vil +y + Zat

a. (1,0,0) b. (1,1, 0) c (1,2,2)
42. f(x,y,z) = (sinxy)/z at

a (m/2.1,1) b. (2,0, 1)
43. f(x,y,z) = € + cos(y + 2) at

a. (0,0,0) b. <o, > 0) c <0 o Z)
44, f(x,y,2) = tan”' (xy7) at

a. (1,0,0) b. (1,1,0) c (1,1, 1)

Theee vapable \neasization.

Loes2Y= FIRY e Bl (%20 + £y(®@) (g ) dole)(z-2)

O W=D dedwus Surne
‘l’_)L

@ P(1,0,0) |
#L\H F'\TA \.\MA\"\'ZG'\"\M @ 03 Q(l,\,o\ 2 5%

Yoo = tac'byz) @ R(uy,0 ol A |
xE " ¥ 376

D g [mﬁ? 2y l+x'<,'z:s : b &

Dg\?: [0 o0} i D£|Q=[0 o 11 ton ()=t

@ o () =Ty

§ o= [0 1 1)

and
2PY=0 4 HOY=0 { HR)- Ty




Fik all e ponws o ft,9) Exercises
Finding Local Extrema
‘ Find all the local maxima, local minima, and saddle points of the

#2 ‘?‘\7(, D) = 2909 — S =297 +Yx+ 4y - Y e ises 1
9 3 :j functions in Exercises 1-30.

L f,y) =x>+xy+y>+3x—3y+4

9&\: od D?-«J&\-Eqmlhzcbm 2. f(x,y) =2xy — 5x2— 2y +4x + 4y — 4
(I 3 fey)=x>+xy+3x+2y+5
A _ _ 4. f(x,y) =5xy — Tx> + 3x — 6y + 2
Dg-[‘g" L‘]’ [25— IOK *LI 22 I‘{J"""l] [0 O] 5. f(r,y) =2xy — x> — 2y + 3x + 4
6. f(x,y) =x>—4dxy +y>+ 6y +2
&2; Se\w,msv\l—k% sas\e‘“ of Cpos?y({:j Don- \\\WB eir\_g, 7. f(x,y) = 2x> + 3xy + 4y> — 5x + 2y
8 f(x,y) =x>—2xy+2y2 —2x+ 2y + 1
Selve. @ 9. fr,y) =x>—yY =2+ 4y + 6
23-|0x+‘§=0 Says ar Sx-2 10. f(x,y) = x2 + 2xy
- - +Y4 = . — 2 _ 2 — ex
'Zx__l.‘,j.pl-\ =0 U wre @ 2x-H(5x-2) t4=0 1L f(x,y) \/56x3 28y2 16x — 31 + 1 — 8x
P Q- 20 +8+4=0 12. fa,y) =1- Va2 + )2

S -Bx=-1z, x="18= %8
4 sy \oace W (D +o ot 3:5(7;)’2 SO Csx ot s (&1>= (2/3,11/33

= P32
2
i !Hfu,‘,\: 5963 - P+ 3= by + 2
Sree \:
D4 = [55-“-‘71-0-3 5%—61 =LO 0] S O becomes,
By-u(g\r3-0 EIS %%5= (-;-%
See 2. T = By~ Hsb-2+6 -0 -
@ a‘w S aaa\ cri\ oi\(\:\ s L /S c’/
(0] Sy-14x +3=0 ) Bys ¢ / 25
®Sx-6=0 x= Y% :
Hiz Ha=1-3 1y
2% 24 _
S\ DL [Spargth Spergys | = (0 O
Shee 2. Sove (g __272_'4 e W"Q‘"/ Df 15 DOE
3+ )? Bt s sagem \nas o+ (0,0). So.
24 4 11,
@ 3(11_*%2):/3 =0 No SOLUT\D'QS' GevY PO\W\-\- S (0/D>
13. fr,y) =x3—y —2xy + 6
1Y f(x»;) =C+ 315+ 33 14, f(x,y) = x3 + 3xy + 33
15. f(x,y) = 6x> — 2x3 + 3y? + 6xy
Shrep |: D£= 3% 3 > =10 O 16. f(x,y) =2 +y> +3x2 = 3y? =8
‘E‘ [ =3 33‘-3%3 (' 3 17. f(x,y) = x> + 3xy> — 15x + y3 — 15y
18. f(x,y) = 2x° + 293 — 9x% + 3y — 12y
g 2.
Sk Sole @37‘21_35;0 0] x?._‘j:o O ecomas 19. f(x,y) = 4xy — x* — y*
= v 20. f(x,y) = x* + y* + 4dxy
@ 24—3 =0 ® 249 = x S '
Cat e J X0 sk v @ gor 21.f(x,y)=x2+$72_1 22.f(x,y)=)17+xy+§
XY +x=0 . _
. flx,y) = ysinx 24. f(x,y) = e*cosy
) = =
i\ * om:: g;;g 8\: 2 A= alFy=o 25 foy) = 26. f(x,y) = & — ye'
1T ) 2. fxy) = W D) 2. fny) = €6 )

= 3
So %=0 o et 59 {2k dny —dr -y
& C,‘Pr QQ\\‘\’B ase (O,D)IC—\,—D uﬁl\(ﬂ- 9(‘-70,"\ 30. f(r,y) = In(x + y) + 2 _
—



Fud all ceit povs of :ﬁ(x,tb 13, foy) = —y — 2y + 6
14. f(x,y) = x> + 3xy + y°

= &3 2 z
ﬁ\b :g['x;ﬁ\) — '7(, +6 + 37(. "SUZ— 8 15. f(x,y) — 6x2 _ 2x3 + 3y2 + 6xy
16. f(x,y) = x>+ > + 322 — 3y? — 8
SL*Q_‘_'- Find DI § ser 4o the 2ero row- 17. f(x,y) = x> + 3xy2 — 15x + y> — 15y

18, f(x,y) = 2x3 + 2y3 — 9x? + 3y — 12y

DY= [3%6x 3564)=[0 O} 19 fx,y) = 4xy = 2 = y*

20. f(x,y) = x* + y* + 4xy

Stog 2: Sohe fhe cesuliig systemn. 2. fOoy) = 57— : 1

22 f(x,y)=;c+xy+§

X2+ -1
) . 23. f(x,y) = ysinx 24. f(x,y) = e*cosy
33 +bx =0 Fon © i =x(x+D=D x=0,- 25. f(x,y) = STy 4 26. f(r,y) = & — y&&
® 5&7—_ (o& =0 Fom © y-q=9 4-D=0 Y=o, . 27. f(x,y) = €2(x* + ¥) 28. f(x,y) = ex* — y?)
29. f(x,y) =2Inx+1Iny —4x —y
Qgg_-. ALL Foue eaiS gre tabd Tlp. © i © 30. f,y) =lnGx+y +x°—y
X eher O 2 2 S04y Somehvy okt
Y Qitbw 0 ot L X O 4, vet any o Gy polrfe Arfe

Riotnine  \sefuween
(Cm %1& Y o (O/O>/ (.O) ]>/ C’)/c)/ C-\) ‘)

ﬂ'lg gl-x,.,\ =3 + 2\33 -9t + 3&1’ - \7_j 1NOE fENTENT VacS

Srep \: DE=(bx*- Bx  bj+ioy-12)=[0 O]

M’ (Db;’(‘-lsx:O G)Sa‘:j.( x2-32=0 = a(x-3D=0 => x=0 ¢ x=3.

Solve 1@
6)31-!-6‘342:0 @Saas b"+5—2=(5+z\b5—\)=0 S Y72 or y=\.

AL Coue emte ace possiie 2@ abwve S v pows are | (02), (01), (3,-2), (3,0

¥20 \e(m) =ty ey
Sep\: D= [‘-\x’+'-k$ "\\J"‘H—"\x}: [o o]

®’-hj3+'-lx=0 @—33=x_ ‘(‘x;)3=9c 2> —xb=x = x°

+x=0 2 (%) =0
=2 A=0 or x™>-\
Now sue %0 or x=-! ‘omcre o @ + Plas EN‘) Ideg: In s =2 A=0 or p=-\

Wi xio, y=o < —\—_(f’_o SolonS  ase (0,0)4(_\' D) cose, DY@ ore P""“’*’L“’j\
G A=-1, 4= o rRurionemip beneen A4y, SO T Uosiobis

244 oL W Come AML =ation

\ { -
2 .2.(,90)\= AFAQT Y Sep ) DE= [-%?-*3 g‘”" =[o o] Sim hv  avore, B tave e
SYep 2 - ‘ | ® 4% 9& TWO Souwons
-it+5=o @3:;2 Sub @ 'Iﬂ'\'b@ +° ;M, (0103/ ('\/ \)
Sole o, = ® \
'gu-x =0

\ o
= = (-— =X DS -x =0 ‘)(()(-\) =0 = =0 or =)



Find all ceir poiis ok D6¢,9)
#24 Hud= €%eosy  Sreel: e- [2€™ sy -€siny}=[00]

2:
Sove. \p

g™ sny =0

swe € #0 For any a6k,
we need OCOS%:O o PSinY =0 .
BUT O § @ are noec both e s
Qin*y + o™y = | (?u‘w(j otus) .

S £ \us (No clir e1e
#20 «f(x,'j\: a - 36“ Steel: o =[-ye* e*-¢*]=(o g
M (D._:jejcz;o Sine 2% 40 Gr ony XGR,
Sove 0y O, O sg yzo
e*-€=0 s @ S Eo=e* = &0=1.

So Ile)=h) = %=0.

28 )= @ (o0-4) Sre: D= [€x-00r )

13. fr,y) =x3—y —2xy + 6

14. f(x,y) = x>+ 3xy + 3

15. f(x,y) = 6x> — 2x3 + 3y? + 6xy

16. f(x,y) = x> + > 4+ 3x* — 3y? — 8

17. f(x,y) = x> + 3xy> — 15x + y3 — 15y

18. f(x,y) = 2x° + 293 — 9x% + 3y — 12y

19. f(x,y) = dxy — x* — y*

20. f(x,y) = x* + y* + 4xy

21. f(x,y) = ﬁ 22, f(x,y) = )lc + xy + %
23. f(x,y) = ysinx 24. f(x,y) = e**cosy

. flxy) = £+
- fuy) = G + )
. f(r,y) =2Inx+Iny —4x —y

26. f(x,y) = e — ye*
28. f(x,y) = e'(x* = y?)

f,y) =InGx+y +x>—y

S onla vt _pPownt 1S
o (0,0)

e (’2‘1\)]

“leteam-y) 29elzlo g

© e (- -4)=0

%L(A:_Z_', Solve. Y@ -24e* =0 N Since &0 Br all w6lR )
ig becons 99 AP-2x-¢x =0
@, b

Cad absolure MAX/MIN on R g phave (Iw.j cur
#‘\:32 D (x'(‘D= Xz-xj+’ji+\ on R 9

(o)

(@)
\D._,E_ﬁ: Fond 2D &Y Qomyr in 2wy Df:ta o)
@ Red |-D ik pows on \m«}«ﬁ Sagwoeny sy

muulﬂhs anay O & taa Uacs (9,0) S
@ Eunnare ot B O-© vponees of W q ﬂl\% %7 T A=0 (‘1"\“-‘0
O o@
® pp- (Zx—‘s 24-1\=fo 6) so s HTry=0 Tm | T a0
2y- =0 1724 A9z0
Gex (,010\;.
®@ e :3:% f,hﬂ‘)lx.:ﬂ: W-x® 4\ = o4\
Je,/[ﬂ':’z,t =0 A N=0 y=0 Ox (o)
@ %= gzl%\:‘b(‘oltp: \j‘-;\ s 4‘;(3)‘-'2550 > Y=o, x=0 ?\- (o,9)

LO;O) .‘.
T o HN ok 1 a (g0)

11 e MAY v ok |3 @ (01 (4w

1=

> 2@ dzo So Tho
Suo v ©y 742-2x=o oY ponts ot
D «xG-D=p
So H=0 or L=2_ (Olo) %’ (210)
=,

Finding Absolute Extrema
In Exercises 31-38, find the absolute maxima and minima of the func-
tions on the given domains.

31.

32.

33.

34.

35.

36.

37.

fx,y) = 2x* — 4x + y> — 4y + 1 on the closed triangular plate
bounded by the lines x = 0,y = 2,y = 2x in the first quadrant
D(x,y) = x> — xy + y> + 1 on the closed triangular plate in the
first quadrant bounded by the lines x = 0,y = 4,y = x

f(x,y) = x> + y? on the closed triangular plate bounded by the
lines x = 0,y = 0,y + 2x = 2 in the first quadrant

T(x,y) = x> + xy + y*> — 6x on the rectangular plate
0=x=5-3=y=3

T(x,y) = x> + xy + y*> — 6x + 2 on the rectangular plate
0=x=5-3=<y=0

f(x,y) = 48xy — 32x> — 24y” on the rectangular plate
0=x=10=y=1

f(x,y) = (4x — x?) cos y on the rectangular plate 1 < x =< 3,
—m/4 =y = 7/4 (see accompanying figure)



Fiad  avsolare, Mt/MIN &
24 by = 7(.1+x~3+~5’ bx o R
L previous Poae Qo \ven.
0 ©F=[2ay-b 24+x)= {0 9

e %ﬁ-x-q—b =0

Mwmr\

”’///7

2 (5%

X=~2y Fom 24 egn g suh ks G
“Yyrq-b=0 3 g=-2 x=4

32.

33.

Finding Absolute Extrema
In Exercises 31-38, find the absolute maxima and minima of the func-
tions on the given domains.

31.

Ffx,y) = 2x* — 4x + y> — 4y + 1 on the closed triangular plate
bounded by the lines x = 0,y = 2,y = 2x in the first quadrant

D(x,y) = x> — xy + y> + 1 on the closed triangular plate in the
first quadrant bounded by the lines x = 0,y = 4,y = x

f(x,y) = x> + y? on the closed triangular plate bounded by the

2 R > X lines x = 0,y = 0,y + 2x = 2 in the first quadrant
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Exercises

Two Independent Variables with One Constraint
. Extrema on an ellipse Find the points on the ellipse

x% 4+ 2y? = 1 where f(x, y) = xy has its extreme values.

Extrema on a circle Find the extreme values of f(x,y) = xy
subject to the constraint g(x,y) = x> + y2 — 10 = 0.
Maximum on aline Find the maximum value of f(x, y) = 49—
x2 — y? on the line x + 3y = 10.

Extremaonaline Find the local extreme values of f(x, y) = x%y
on the line x + y = 3.

Constrained minimum Find the points on the curve xy* = 54
nearest the origin.

Constrained minimum Find the points on the curve x%y = 2
nearest the origin.

. Use the method of Lagrange multipliers to find

a. Minimum on a hyperbola The minimum value of x + y,
subject to the constraints xy = 16,x > 0,y > 0

b. Maximum on a line The maximum value of xy, subject to
the constraint x + y = 16.

Comment on the geometry of each solution.

Extrema on a curve Find the points on the curve x> + xy +

y2 =1 in the xy-plane that are nearest to and farthest from the

origin.

Minimum surface area with fixed volume Find the dimen-

sions of the closed right circular cylindrical can of smallest

surface area whose volume is 167 cm’.
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8. Extrema on a curve Find the points on the curve x> + xy +
y?> = 1 in the xy-plane that are nearest to and farthest from the

Fiad  MPX/Mi o4 $nd) saweet do 0(1-~0=Y4, ond st ey eceur. oifgin:

9. Minimum surface area with fixed volume Find the dimen-
sions of the closed right circular cylindrical can of smallest
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Three Independent Variables with One Constraint
17. Minimum distance to a point Find the point on the plane
x + 2y + 3z = 13 closest to the point (1, 1, ).
SD d(x 1'1) = 1‘ 4‘1;‘1} M; M)( \[alm (‘z @ (|I -|) ad (-\) b 18. Ngaxnnzum glstance to a point Find the point on the sphere
x* + y* + z= = 4 farthest from the point (1,—1, 1).
A M[/\/ vale G Ve sy - . T - -
[/, r} e /§' /F‘ cudh U b 19. Minimum distance to the origin Find the minimum distance
from the surface x> — y* — z2 = 1 to the origin.
20. Minimum distance to the origin Find the point on the surface
z = xy + 1 nearest the origin.

21. Minimum distance to the origin Find the points on the surface

-#t\& F\V\A PD(M’ on SPMM‘L lz-k\‘]‘z-\- 22="‘ MS‘V GW\ P(\, -\, |3 . 72 = xy + 4 closest to the origin.
22. Minimum distance to the origin Find the point(s) on the sur-
go‘h v Constaaint | ©¢ ab‘, ‘),I) = %’*3‘-&%‘ =4 and A(": Y% ¢)= ) (7“\)‘ + (‘j ‘"\""@"‘3\ face xyz = 1 closest to the origin.
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F{M “\M/Hl[\) Q{: -Em\(,ﬁm w/ 8 \en Cm\Q—M"\M-- Three Independent Variables with One Constraint

17. Minimum distance to a point Find the point on the plane
x + 2y + 3z = 13 closest to the point (1, 1, 1).

“:20 A(:”f’l%)" ‘(267‘:‘13) ] -{‘)(,‘1,‘?;)5 17*(11"(%2 M 3 (,V-) WI%): 7(3'2" | =0 18. Maximum distance to a point Find the point on the sphere

x? + y* + 7% = 4 farthest from the point (1, —1, 1).

19. Minimum distance to the origin Find the minimum distance

SQ’\, ue v:@ et <2)()23' 2_%> P VS = <i y )(./ - \> from the surface x> — y? — z% = 1 to the origin.
20. Minimum distance to the origin Find the point on the surface
z = xy + 1 nearest the origin.

2 = - ); 21. Minimum distance to the origin Find the points on the surface
QO)UG_ )L A fj Solve O B x= zJ % Sale o @ 72 = xy + 4 closest to the origin.
2—3 =\ 2y= NEDES Y (M- M)=0 = Y=o or A=£2. (22 Minimum distance o the origin Find the poini(s) on the sur-
face xyz = 1 closest to the origin.
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25. Minimizing a sum of squares Find three real numbers whose
sum is 9 and the sum of whose squares is as small as possible.
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27. Rectangular box of largest volume in a sphere Find the dimen-
sions of the closed rectangular box with maximum volume that can
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