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Exercisesm
Verifying Green's Theorem
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Exercisesm

#1 %’ F = <\5,0> 3 \'(,"7)’ <Q s, o S‘V\t>, telo’ ZTJ Verifying Green's Theorem

In Exercises 14, vernify the conclusion of Green's Theorem by evaluat-
tIE) = Famb,acost D so A £ ACOSE, Gt (bt ’
o= ¢ ! 2en < Gty ing both sides of Equations (3) and (4) for the field F = Mi + Nj. Take

2t the domains of integration in each case to be the disk R: &* + y* = o°
L\ and its bounding circle C: r = (acos Ni + (asinnj, 0 = 1 = 27,
LRSS Fende= | @swat,0)e (otest 06D 3t 1. F - i+ 2 F =i
c (o) 3 F = i - 3yj 4. F yi 4+ 7

o g 2
= SQ arsntcostdt = & sl = SlEwl) -smt(cS& =[O]

i X&v\ P + & aa=SSQo+oép( =[0] Ths ecbes (4.

W-Sub
_ _ P-J=O l=swt [ t=0 2u=o
#3 F— <2=1<1?1Q375> Qw‘l(, C os &lgﬂb {Q,(:O / é(ﬁ-‘-’%ﬁa’t £=2q43 v=0

LWS -
(3\) §c FeTds= 3?(2 o cost,-30 St ) . <—asm’c, acost) dt = X:'(-h’si“taast +302 8Wntest M
v

= 3:035‘“%605*:“: =3 02 U du = QP [ = 0-0 =|O© LS =RMS | So
) (D \ventred
Kis SS@@VP@A’ Uao'o r320 5O
(,LB Now P.,_:'?. ond Qa:-l Se Px+Q%=—| S'm"‘tf\;(\—w,u)

2w

T
Lws %C‘F' dn ey = So <stk,—30s\“£>‘<0cos-t ,0emt Y &t = SO 20’ cot - 3a®sint &t

= Y: 2ol et -3t (1-coxe) 4t = S:" Saieot -302 46 = S:r 5—2"“5(14-@1%—3: d¢ = S-lzo.ﬂga‘cpsu.x
Q 0 )V NV A SR
= ~zdt+Sase (20 l? = (‘iza"*br % i‘,a‘/ﬁ"c\‘w) - (Bomo+ éa)é'\o)= v @

e SS&P’”&H dh = Sgp\z "3 dndy = &Sg‘i oA = -heale) = e \I;:s:;:&(q)

#4 F-= <—-7(23, }L&f? F.f-ac’, Qnﬁ;j‘ (F ot oneneaed
V= —271,1,03=Z¢3 S dwF= Begyzo  ad Flaxs ScF‘“Agro
(e al oo O,

YA
(-5) LW §c F'T ds = &o <‘cfco$“tsmt, oi’c»stsm’t7' <'~usin‘t, acest) dt
=T, y 2 s WPy
= SO Q o tattd, ¢ o CoFtsinth 4t = 30 20 ot st 46 = So 20 o (\—ws’-t) &t
(¢ 2 2 T
= &o‘lo‘f cott ~20 et 4t = &o at‘(\fcosu)- Q:(Hcoszt\ dt=ad So [+ cosat - L(1+2emat +eot?28) &

Gl 0
= of‘&b Lo 22t -4 (1cont) de 70" 4+ Zemze -femt s - 0 far st o) = Luawao | AT
2




'&H Con- F‘-‘ <—7123 9 x.c.f > ﬂf'?g, Qxﬁ{ l‘{ ?x—- =219 » chz xy

B RN AETO | EO SR R

<

= eesdles ()
=\ L] e = 20 04 \*C . ou QT Sa[brs=ess | vdn
- ‘1(\0&9' Y= ﬁ\°=_~=m= )
° k : W=cost W=swnt
dp= ~Swt it M= st S
v )
2 Z, =
(LD L\'\S %C, Fends = ‘XO <'O. CoStowt, oScostsmty o (ocosts asmt) db= So - ateo@t st + dCostanie dt

L N ) SN 4 S Y [ PR SO
= ot s Fanne [T - 4 cavfon)- 2a) - [0 58000) =[O]

RS Yo berayan= {fe —oxg+2xg = [(QO A T[O]  Aws werikes (9 Swse |Lus=ous

Circulation and Flux

- ~ In Exercises 5-14, use Green's Theorem to find the counterclockwise
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circulation and outward flux for the field F and curve C.
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Circulation and Flux
In Exercises 5-14, use Green's Theorem to find the counterclockwise
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4
Using Green's Theorem
E\fa \M*Q 2=l & g=i-x Apply Green's Theorem to evaluate the integrals in Exercises 21-24.
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Exercises

Finding Parametrizations

In Exercises 1-16, find a parametrization of the surface. (There are
many correct ways to do these, so your answers may not be the same
as those in the back of the book.)

1. The paraboloid z = ¥* + y,z: =4

2. The paraboloid = 2z 0

3. Cone frustum The first-octant portion of the cone =

Vx® + y*/2 between the planes z = O and z = 3

=9-x -y

4. Cone frustum The portion of the cone z = 2Vx® + y?
betweenthe planes = = 2and = = 4
5. Spherical cap The cap cut from the sphere 1 + y* + 22 = 9

by thecone z = V& + »*

"

4in
the first octant between the xy-plane and the cone z = V@ + y?

Spherical cap  The portion of the sphere x* + y* + 22

bl

Spherical band The portion of the sphere x* + v + 22 = 3
between the planes z = V3/2and z = - V3/2

*

Spherical cap The upper portion cut from the sphere
2 2 4 22 = 8 by the plane z = =2
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Exercisesm

] Finding Parametrizations
F\V\o( o ?ar (VET ( ot
o h‘ww sesersl cotr ans.ers ose 9’51@ In Exercises 1-16, find a parametrization of the surface. (There are
many correct ways to do these, so your answers may not be the same
as those in the back of the book.)
- -3 1. The paraboloid z = +* + y%,z = 4
g ~ = loqgn . The paraboloid = = x Yz s
ﬂ: (o S: \oa,+uw )bj-fplzma (;—:(ﬁ —1 2. The paraboloid z = 9 — ¥ =y 2 =0
= 3. Cone frustum The first-octant portion of the cone =
M Cone 2= i)"""{‘ - Lo/ﬁ;rl) Vx* + y*/2 between the planes z = Oand z = 3
3,0 =
Yertay'ed 4. Cone frustum The portion of the cone z = 2Va® + y?
L=
[V\ '{n\{i Oc+=nt (\( 7,0/ 7 29’) - <) between the planes = = 2and = = 4
\ o (o2 ‘ﬂ 5. Spherical cap The cap cut from the sphere +* + y? + 22 = 9
10 3 3
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X 6. Spherica@cap )- The portion of the sphere x* + ¥ -+ 2* = 4 in
the first octant between the xy-plane and the cone z = V@ + y?
o on P 7. Spherical band The portion of the sphere x* + ¥ + 2 = 3
i‘(\MMn‘\ 2= W‘ M 2-: sq")l"‘f‘ between the planes 2 = V3/2and z = -V3/2
8. Spherical cap The upper portion cut from the sphere
2 +y? + 22 = § by the plane z = —2
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F \V\A. SA = Sgs i A 0} Surface Area of Parametrized Surfaces

17. Tilted plane inside cylinder The portion of the plane

‘ o N _ R 2., 2_ y + 2z = 2 inside the cylinder x* + y* = |
-&l ? S . Pof i\()r\ Oc (j -+ 21 = 2 nss I(L x *‘] = ‘ 18. Plane inside cylinder The portion of the plane z = —x inside
the cylinder x* + y* = 4
19. Cone frustum The portion of the cone = = 2Vx* + y*

_ _L between the planes z = 2and z = 6
On P\mﬁe z=| L‘A%\W\Mwb. t.al«wbl 2 3

20. Cone frustum The portion of the cone z = Va® + /3
° e o between the planes z = land z = 4/3
= 2‘ == 1{\’&\;\9 b 4 *‘1 =€ é( 21. Circular cylinder band The portion of the cylinder
x* + v = 1 between theplanes z = land z = 4
22. Circular cylinder band  The portion of the cylinder x* + =*
S N 10 between the planes y = —land y = |
(4 S . r( (¥ a) = <r€0§9, cand ) = JifS‘M&> 23. Paraboliccap The capcut from the paraboloid z = 2 = x* = y?
/ by the cone = = Vi + y?
R M Ve [D ) [] ond & tOI Zﬂ'] 24. Parabolic band The portion of the paraboloid = = % + y?
between the planes = = land z = 4
25. Sawed-off sphere The lower portion cut from the sphere
> P4y 4+ 2 =2bytheconc z = V¥ +
rr = <CDSQ, ggv@/ ‘_‘is\\\ﬂv 26. Spherical band The portion of the sphere x* + y* + =2 = 4

between the planes = land ; = V3
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18. Plane inside cylinder The portion of the plane z = —x inside
SF - A“- the cylinder x* + y* = 4
P\“A - Sgs 1 19. Cone frustum The portion of the cone z = 2V + y*
between the planes = 2and z = 6
# ‘q S . on Z= 2 s%‘-’cf’ IO/ 2 < z [ 6 20. Cone frustum The portion of the cone = = Vil + /3
between the planes z = land z = 4/3
'-rm Us W %\M‘.: Cbx er‘*s '] xt,(__"l =¢? M 21 (':irculv::ri (‘.\li-lldl.‘l‘ ha.nd. Thf 7pmj|iun. i»l' the cylinder
x* + y* = 1 betweentheplanes z = land z = 4
- o ’ 22. Circular cylinder band  The portion of the cylinder x* + =%
2— rA Zz € [z’ Gj : 10 between the planes y = —l and y = |
° 3 [ 2 l 23. Paraboliccap  The cap cut from the paraboloid = = 2 2=y
: R o re [—\/3 ’ 9& O/ w S by the cone 2 = Vil + y*
. = =) 24. Parabolic band The portion of the paraboloid = = x* + y?
S - f(\",e) = <rC0$9; rsnd, z"> between the planes = = 1 and z = 4
25. Sawed-off sphere The lower portion cut from the sphere
R: ce [‘\/33, QGCO/ZTJ. 2+ y + 22 =2bytheconcz = V¥ + y?
t 26. Spherical band The portion of the sphere x* + y* + =% = 4
>~
t d between the planes = land ; = V3

te= <Cns$, 3n8,2) Texto=| o o0 2

> -
‘o= <‘f‘s\\\9, <038, O cswl fwd® O

= <— 2¢cc0s8 , — (chmﬂ), Ccostd 'H‘S\n‘B>
= <—'Z(‘cos& , -2 n8, ¢ )
So et
e *Ve“ = 4 w00+ Hesiwo +
= U™ B¢ = “\"rx'\inggr

So Sh- Sgsi b= ([ oo S:'XTG chdo=| Bl - &:T¥(4-1)£

=, 4% 10 - YB2r -0 - [3BE

#20 St pocnn £ 2= T o 1£24%s, S Z=R, v¢[3,4]1
M S'_ F((Ie):<(wsel TG, f/3> s R: re[-’n‘ﬂ and 66[012“1

t 3 %
te= (s, w8, 12y textos|coo ow '

) -
To= (-camd, ceass, O) o |48 |0

= <"!;fca>9 , = (heswB), 058 +e 50 Y
) = (s, ~%rsind, T)
SO \k( )ﬁ?‘e “ = '% (’ws'eir a‘ &sw’o + c o
(-*‘1,%)‘4 = “f'rx-\zllzg;;(

o conm g Nes"
oy
-V

A=gr(refhr+r)

g dide= SS(L%(AA'_' :&i E:‘Ac‘w:‘gzﬂﬁgc,l:w

2T 'R\
= (o - Tk
‘sz 06‘7)49_80—" &Q:-E'_” £2T -0 = 7JI—OTE'

diffecence sn‘[“m—o"“l - sﬁpj
3

SIYL’“;’ =
3

gy
3

=1
2

v




pulg A_ 18. Plane inside cylinder The portion of the plane z = —x inside
FﬁM g\ = Sgs A“- the cylinder ¥ + 37 = 4

19. Cone frustum The portion of the cone z = 2Vx* + y*
between the planes = 2and z = 6
2,2 [ 'l 20. Cone frustum The portion of the cone = = Vil + y?/3
. — w'nen
m"\ S e on Z = x 41 ie l' "l ’ between the planes z = land z = 4/3
21. Circular cylinder band The portion of the cylinder
%\tht&a COWT}'S z =2 9 e [|12] x? + y? = 1 between theplanes z = land z = 4

2. Circular cylinder band  The portion of the cylinder x* + 22

S: Q((. ‘-183 E < rwsg; fs“\gl (2> 9 R: (6(\.'1],19‘[‘0,7,11'1 . 10 between theplanes vy = —land y = |

> 23. Paraboliccap The cap cut from the paraboloid = = 2 = x* = y?

r( = (ﬁ“a/ w4, 2\"7 by the cone & = Vix? + y*

- 24. Parabolic band The portion of the paraboloid = = x* + y*

fo = <_ cswé, rusgl O> between the planes 2 = land z = 4

25, Sawed-off sphere The lower portion cut from the sphere
J,: ~ Q 43+ 2 =2bytheconc z = Ve +
iry - ‘) 26. Spherical band The portion of the sphere x* + y? + 2 = 4
r( 3 (9 = Cos9 «ng 2¢ between the planes = land z = \/3
“CSnO  feosd

> > 1\2
T <‘2v2c058 ,Zr"sinﬁ, Ceosto + rsm‘O? So “r( X Y-en = Ll\’"oos‘6+ Lfr“SMzG £
oed JFexTe ll = aSq(M-H'?- = V4rs|

2w 2 !
A= Bgs A d¢ = S 82 ridc) dc 39 = S 3 %MML B = ;E(H}h_ 3/:,\)
o

0 Vi

AL
?

FL5 St oon A2 ond el 2= {pup
interseckon  or g+ (xre?) =2
9 W=l = 2=\
Credesian (O,LI)t: (E, Th ,-‘T/‘i)s Sehurseal  coord Ngi_.e Sordacd meosa elemarrt
ds = lrgx fgfl 4480
S S T(4.9)= <JE sinfeos B, 2 sndsing, ﬁ&s‘l’) =t dtio ®
R: e[/, wl ad Belo2r).
2 L o) ?ﬂf <E cosf 58, Ewsc(’sms,—ﬂsav»“@)
J \-"‘e: <-rz$‘\m?$’\t\9/ ES‘M"?C@S@) 0>

Zodwe Zofsne -zsny

(x% = |-Basne Bomdos O = <'25"\' YeosB, -2sm Y 58, 2 sinY s cofO + 2sintiusf S)

[Tgx Gl = HanWeo?® + Howt swie + dse feor? = Han§ + Yan Fees
= Yt} (st f+oor @)= famy. S Idpxtsll= 25m¢ @DV

SA= &gg Ade- %z« SW 250y A'fw:&:ﬂ-z(;os‘\’ \:m"\e = S:—ZQ-m—m“'«) do= y: (2+2)de

0 Ty = 2w (24%)




Exercisesm
EW\UQ\L —M &A(‘R‘L "\’\eﬁd' ‘ Surface Integrals of Scalar Functions

In Exercises 1-8, integrate the given function over the given surface.

1. Parabolic t:_\'lindl:r G(x, y.2) = x, over the parabolic cylinder
y=x20=sx=20=:<3

— . =vw& Lyl YAR, WA 2, (lrrular cylinder Gix, y.2) = z, over the cylindrical surface
&\ G(D(l“)l )=« oves g- ﬂ x O&cxe2, 0c2¢3. Y+2mdr=0lsysd

3. Sphere  Gix.y, 2)

, over the unit sphere x* + y* + 22 = |
4. Hemisphere G(x.y. ) = 2% over the hemisphere x* + y* +
PMNMIJ\'\'(& S e “—(’s't\= <S 4t '7 2matz=0
0 ! ! 5. Portion of plane F(x,y, 2) = z. over the portion of the plane
0 x+y+z=4 that lies above the square 0 =ux =1,
R . S e[olz" ,te Co}z\ 0 = y = 1, in the xy-planc
6. Cone F(x.y,2)=z:—x over the cone = Va’+ )y,
0s:s|
7. Parabolic dome Hu.\.:) V5 — 4z, over the parabolic
anw\ ﬁ: (‘,‘Zg,o7, ?t‘<o,0/‘7 domez=1-x = :=0
8. Sphcrlull cap  H(x,y,z) = yz, over the p.n of the sphere
1\ PS x4y 4 22 = 4 that lies above lh one Vit 4y
(s = e =<2s 71, 0)
o

So |[ExTull= Tivae 'w M= jgsé dy = i Y s Jims ds It

LSO s ) -

#2 S gzl 270, (4044w cywdacd @sls g;jme
@€=z z:—,zgw

Qé [otﬂ) 62'7'03
te( Ly

g

! ?(t,m: (t, 2¢0s8, 25008 ) , R: te[1,4), ¢ [0,7)

rt’ (‘ ) 0,07, T"a=<0, ~25B, 20887

% 4 't
Gx=| ) zo 210 <O -2wx0,-2508) S [Ty xTell= qu’awsw& A
0 —2u80 2w

T M= {fgaar=§ ) trzdtao= et do=[mso = oo 7 =[i5w

2 5 et semere Pl Then Surfice measar s e Stomdand  Spharical CopsdsS
€(4,0)=¢sn'ws0, Sszma,Cmtl)

Q: Qe (o), O¢[02w] Coment dg = \lﬁfx "’a“’p'sm% 4940
== | M= SSSG o = y« 5: (5‘“‘“03932 snY 4940 = 82: S: (Ford)co0 sad 4f

+ Sz« \ 1-u)wedu 40 = 3 5 (\-@)coss du &8 = S?cos‘e w-3u ]i» 46 = X;Zw’e(l'%)«*
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Evaluate tne sarfoce tnteqd
#5 S on A+Y+Z=4  over xelo,, qelo.
C(st)=<S.t, Y-s-t7 2
R: cele, ), €e[o,1 Sondod Goment For 2
= C\o,- @ 2= ©
= <0,0,-17
3‘3-‘?"(\,1,() s lwxed=T

P

7Y XCg =

>

M= “SFA“" SOSGI -s-t)B dtds = ES 4e-sg-itf[lds

8.

B9 e B ok aliie)
=E[(g-g)f% 3E

Fod Flup 0= F ove,(‘s i
#9 S:on 2-4- 4* ‘eveen 2=0,x=1 avl aboe 2=0
S olge) = st 42> , R: selo)1], -t,e[—z 2]

-_—

A
& e
G= <\,0,07, € =40, -zt) Gxq - ! | b
0 )
0,

S lloxey|= W

ariwes @ avove v/

So Flux Sg Feade= jﬁz

S S_ 2Lst -3(4-¥) dbds = 7{1 \2
30 32 de= 328, =[32

o =%, ~1AAE\, Yedea 220
Clst)=ds suty, R sel-1], te(oz]

<
(‘sx(‘ts |

-
=3

2t , $7

L\t2 E

—_—

-

r$ = < \,ZS,O>, = <0,0/|>
Flux = &I.. S: C0,8-st>{25,-1,0) bt ds =

—43

=2(3w)=

Circular cylinder  Gix, y.2)
Y+2=4:201=x<4
. Sphere  Gi(x.y, z) = x° over the unit sphere x* + y* + 2% = |

4. Ilcmhphtr(- Glx.y,2) =z

&': “\:s X-\:t“ql{-.ﬂf!.,‘ % 2

. Portion of plane  Flx, y. 2)

20.

. Sphcrc F =

/

Exercisesm

Surface Integrals of Scalar Functions

In Exercises 1-8, integrate the given function over the given surface.
Parabolic cylinder  G{x, y,2) = x, over the parabolic cylinder
y=x0sx=20=<s:<3

= z, over the cylindrical surface
2, over the hemisphere x* + y* +
=a,z=0

z. over the portion of the plane

that lies above the square 0 =x =1,
0 = y = 1, inthe xy-planc

x+y+z=4

. Cone F(x,y,2) =z ~=x, over the cone == Vi’ +
0s:s|
Parabolic dome  H(x. y. 2 @V/5 — 4z, over the parabolic
domez=1-x=y =0

sphenml cap H(x,y,2) = yz, over the mn )l the sphere
¥4+ 3+ 22 = 4 that lies Jho\glhv.umg = Vet 4y

Finding Flux or Surface Integrals of Vector Fields

In Exercises 19-28, use a parametrization to find the flux [[\l‘* ndo
across the surface in the specified direction.

19.

Parabolic cylinder F = z%i + xj — 3:k outward (normal
away from the x-axis) through the surface cut from the parabolic
cylinderz =4 — y bytheplanes x = 0,x = l,and z = 0
Parabolic cylinder F = &°j — xk
from the yz-planc) through the surface cut from the parabolic cyl-
indery = %, —1 = x = I,bytheplanes z = Oand z = 2

outward (normal away

zk across the portion of the sphere x4 y* +

= &* in the first octant in the direction away from the origin
22. Sphere F = xi + yj + zk across the sphere 24yt
2% = @ in the direction awa ay from the origin

F-ndo // *(ry X ry)dudv

1 —3( LH%)> «{0,2t, | 7dtds

§, 2(-24+8) s

od E=2

(e Pt =507

S-.S gt dtds = 5 -25*ds = $s° _:

au Finetsan
fom ~a e



Finding Flux or Surface Integrals of Vector Fields
In Exercises 19-28, use a parametrization to find the flux f[\ F-ndo
across the surface in the specified direction.

F\V\d thWe FluX of F ovec 5 19 Parabalic- cytider: Bt L £330k _pawd (oorl

away from the x-axis) through the surface cut from the parabolic

cylinderz =4 — ¥ by theplanes x = 0,x = l,and z = 0
2‘ S AXZ0 20. Parabolic cylinder F = &’j — xzk outward (normal away
:& s < : R
S \' 2/p Q ! WS f =a c““._ 3 (l‘zo from the yz-plane) through the surface cut from the parabolic cyl-
* © OP 9 & =3 220 inder y = a%, =1 = x = |, by the planes z = O and z = 2
= o s - S cos 21. S!:hcn:‘ F = zK across the portion of the sphere & + y* +
A} (\?I 9) < weosO, asnfsmb, a ¢ 2 = a? in the first octant in the direction away from the origin

1 LP c T 22, Sphere F = xi + yj + zk across the sphere x* + )y +
‘Z: e € COI Iz], € o’ /2] : 2 = & in the direction away from the origin

Ty=  ocosteos®, acostsing, - asey
(o= (-asnqsme, asntwsd, 0 Fle4o)=<00,acaty //F ndo ://F gy
S R

IN

A a
(¥ ) "%
\’\P((e_ atoefcosd 0cosfsmd  —osnd
-nsafsd wsndcas 0 1
= 2 o2 — Atz 20 ' 2y j7.9
R S CosE 4 —a”S0" P S8, Bginleosiiosre +a* snfeost Sy
A-Sue

= {0t €050, —oRsin? Y SO 5 O Yeos P 7 wreed
A\A: —S\T\‘P éq

So Flue= S: S (0,6, acos9)e (a’sn*t!wse,—oenu(sme,m sy Clt() 46

=3:L M S:h o gcosty ‘m = :l i (a;/s}{,,) w?ffo))ae

™ 3 23. Plane F = 2xyi + 2yzj + 2xzk upward across the portion of
— k. 0« - 0.3 w2 _ a} cg-‘l—\" the plane x + y + = = 2a that lies above the square 0 = x = a,
— 3 é = " 0 - —- * E = 0 = y = a. in the xy-plane
0 (D 24. Cylinder F = xi + yj + zk outward through the portion of
the cylinder x* + y* = 1 cutby the planes 2 = Oand z = a
25, Cone F = xyi — zk outward (normal away from the z-axis)
through the cone z = V' + 3,0 sz = |
# I 26. Cone F = y%i + xzj = Kk outward (normal away from the
. = 2 2 . ] Y
2‘5 S « 00 %— x +"\ “/ 1eto’ l] lAC.G. Oa\MrQC&l @'JS z-axis) through the cone z = 2V + y,,0=: =2
- 27. Cone frustum F = —xi — yj + 2’k outward (normal away
\'('\',e) <((‘059 a0, ) R: reto/r] / 9€ [0/2“'] from the z-axis) through the portion of the cone z = V* + y?

between the planes z = land z = 2

>
r\'— <C.039, 6\“9,\> 28. Paraboloid F = 4xi + dyj + Z_k outward (nonnu_l away from

the z-axis) through the surface cut from the bottom of the parabo-

T =$=e5:08, reas0,0)  FUFR) (e, 0y - ) o

NV B .
?}XT-G S|l cose e\ = <—ra;se, -(\'sw\e\. rcos‘9+rs\n’¢97 = <—rc059, —csn, T )
-fs500 (W O a* ( 2 -—l}—S\A\p
1) n~ -y, 2 Fre n=Cosd
sign! da=-sm¥d¢

So
Flux = S X <(‘¢o$94_,\n9 0,—< D+ { raasg, +esind.c 7 d¢ d0 = &&w‘cos’es«m 2 Ac do

[AY z
=S +}1( 05 O8I0 +¢ ‘o do = &) “c»s'es«\hsbo e ém’er%e\:fﬁyfﬁm‘?)-@ 0)+o)
e 2
= | 427 \/

WRIVG \ 3
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g‘b} Exercises

Using Stokes' Theorem to Find Line Integrals

In Exercises 1-6, use the surface integral in Stokes” Theorem to calcu-
late the circulation of the field F around the curve C in the indicated
direction. ¢ [} 3

ﬂ'\ C: lez*\f' =4 W T xY-pane W Fom axow, D F=2i+2g+ %

Mo ST o Gl Gamntpn

2, R_ C: The ellipse 42 + y* = 4 in the xy-plane, counterclockwise
S x+ %-‘ S 2=(sd 'Y ‘1125‘\‘(\9, 96 col ZTJ when viewed from above
2. F=2%i+3j-2%
o p— ~
S L ((t'e) = <twsel Zts‘“sj O > Rte (_0‘ l] (] 9&[0/2“—] o C: The circle x® + y? = 9 in the xy-plane, counterclockwise
when viewed from above
G-= <(059, 25w0,07 4 = (-tswB, 2tos8, oy BF = i+ o+ X
A C: The boundary of the triangle cut from the plane x + vy + z = |
A - " by the first octant, counterclockwise when viewed from above

L
4 F=(@+2)i+ (2 +2)j+ (& +y)k

rt % re = s 2m6 o = <0/ O/ Zt Cpsze +2t$ ““167;— <o/o’za C: The boundary of the triangle cut from the plane x + v + z = |
“4end 2tw0s8 o by the first octant, counterclockwise when viewed from above
° povches | IP v /2_17 o
F=(G 0,2
Cucl ¥ = UxF = <2\3"Qi, Pz-Ru, Qu'ﬁ): {0-0,0-0,2 -0) = €0,0,27

ST

Flog = é}cF-A( Z SSSVxF- n do = \1: go (0,0,2) *{0,0,2) dt 4o = ‘E“ &:%4’5 o

(A
= S: Z%IL do =SZ°W2 o= 2(zv-0) =| 4T %%

(] <z
3 C \oownhmr) of AtYt+Z=| wn Fi% ochank (v.wHZa,%wB
S: tat) =<5, -1, RiSelo, N, 1€ [o,1-6) Fae
olele F=<oay -
Vs=<l,0;-\7 rt:(of\;'D Cexie = ‘L ‘O:l =<\; ‘1\7 OA‘\""WA ?Ma /

VX; :<R\“‘Qi, P?'R-n_, Qx-ﬁ{? = <O'7(; 0-2« , %-\7 = <'xl_7'7() Z—'\7
(N
Flow = kc Fodc £ “s IXFen 3¢ = X‘o&‘: <—s,—?_s,Q-s—t)- He\,),10dt ds

\-s
» d%

Levs \(1-$ \
= Bx-s—?.s~s-—t dtds = = S &0 +4s+t dtds = -‘3 Hst +3t°
0Yo © o

= -SO Ne-shy (V-8 ds = -3:’ He-Hg+ict-s+yds = | 3305 ds= 2244 L‘

- 3F s L - 3F_2_|=
= b 7T 2 6 © | 6
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Using Stokes' Theorem to Find Line Integrals
In Exercises 1-6, use the surface integral in Stokes” Theorem to calcu-
late the circulation of the field F around the curve C in the indicated

¥4 C: boundary of A+gez=|  X20,920,220 . e
S Tlat) =<5, 1-s-1), R Selo, N, 1€ [o,1-6) kel A

A ~ 2. F=2%i+3-2%
v J k C: The circle x* + y? = 9 in the xy-plane, counterclockwise
= - hen viewed from above
=< 0,- k=<0, -\ Gexée = I o) "
Y‘S \1 ) \> t ( (V) ) o \ - 3 F =i+ xf + 2k

? ' C: The boundary of the triangle cut from the plane x + vy + z = |
a = <\, L, \7 OA—\'\MN'D‘{/ by the first octant, counterclockwise when viewed from above
= 2.2 v .t 2.1
F-= <q+1,1+z,x+1> posahy )
C: The boundary of the triangle cut from the plane x + v + z = |
by the first octant, counterclockwise when viewed from m\\«
(o _ _ = (2,- S, 2x-
SVSU‘: <2‘3 Q?, Pz -Ru, Qﬁ‘P‘l) = <Z" 12, 22-2%,22-29) SF = (¢

& F=(+2)i+(+2)j+F+y)k

i+ (2 +3)j+ (2 + )k

§ T C: The square bounded by the lines x = £ 1 and y = £ 1 inthe
xy-plane, counterclockwise when viewed from above

Plow = %FA('S S <2‘3 22,22 -2, 2u -2 {1, \,\ ) dtdg SFoiticak

C: The intersection of the cylinder x* + y* = 4 and the hemisphere
(" s I (-6
= XQS" ;,(—;,{4-;{-}{4»;1-}4 dtds = S‘,So O dtde = O

2 4y + 22 = 16,z = 0, counterclockwise when viewed from
above

¥5 C \mMAAﬂ) of el 1] '16['\ )] F' <t1’411 x+2, 1’ﬁ’>
S )= <5,E,00 sel-,N, f.el" ) UxF= <2‘a 0z, Pz - R, Qu-Py)= <z, 12,22-2,22-24)
={\0) R=CN\) Gxk= . : ,] {o,0,1>

I
o
So Flow= §cc'°\':30&(2t.—25, 25-2¢) {0,019 dsdt = SLS; 25-2t ds 3t

= S\O g-2es|) de= § 1-2¢ dp = ¢ L‘, 1 LB

Stokes' Theorem for Parametrized Surfaces
In Exercises 13-18, use the surface integral in Stokes™ Theorem to

/ ( the field F across the surface S in the
Use ST 4o colaalwle Flix oF UxFaomse S e lnof e cutaf e o F s e e S
13 S toe = {reosd, rewnd, 4-e2Y  R: celo,2\, gelo,2m) QT :
S r(r,8) = (rcosB)i + (rsin@)j + (4 — )k,
C: Ford2ces9,2s10,0) 4 6¢l0,27)

0sr=s2 0s0s2m
\06\'&3 Girmle OF| AMS 2 1| XY tplne

. F=0-i+@—-xj+x+2k

S r(r.0) = (reos )i + (rsin@)j + (9 — )k,
0=r=3 0=6=2%

Tlor= C2509, 20050 ,0)

F={22.3%.5>
S P fwu $= SSSVXF onda = %CF-A\' S WA

S: r(r,0) = (recos @i + (rsinf)j + (5 = rk,
0=r=S$5 0=60=27

15. F = x%i + 2y%j + 3zk
S: r(r,0) = (rcos @i + (rsim@)j + rk,
0srs), 0s0s2n

Pay
3 Sb <0,(o(.059,|0$m9>' <‘2$‘«\9,2C,9§9/O> 40 = 32: (2c0s'® 48 = S:rla(l*@ﬂe) as

pa—

(99+3%m29\ ((Z‘ﬂ') 3swhr> (b(d+35m0) =| 1R




Uee SoT +o B Pux o6 TxF accoss S

dvp Vo F spve p=3
4y S (o= <<¢;ose,rsm9, q-¢*) R-celo3],0elopw)
C: ‘?(e)z (3cose, 350, 00 Circk Of @dins 3

£18) = {-35w8, 388,07 , 0602

F=ly2e-x 2y oo

Flux

I

Ny —pons

(A s -
SQ -4evto -G do= —9 $T 4 do = 96| = - =-Br

Stokes’ Theorem for Parametrized Surfaces

In Exercises 13-18, use the surface integral in Stokes’ Theorem to
calculate the flux of the curl of the field F across the surface S in the
direction of the outward unit normal n.

13. F=2d + 3xj + 5k

§: r(r.0) = (reos 0 + (rsin@)j + (4 — FA)k,
0sr=s2 0s60s2n

4. F=(y - 2i+ (- xj+ (x+ 2k

S: r(r.0) = (reos )i + (rsin@)j + (9 = r)k.
0sr=<3 0s=6=2n

15. F = ¥ + 2y%j + 3zk

80 r(r,0) = (rcos 0)i + (rsin @) + rk,
0srs), 06027

16 F=x=wi+(y=2j+@E-xk

S r(r,0) = (rcos @i + (rsin@)j + (5 — rk,
0=<r=<5 0=<6=<2y

J %
SSS IxFende = éa Fodc= So C25w6,-3t05, 30050 * {-36w8, 038,07 46
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Exercisesm
AN k= Fn. + Q‘J

Calculating Divergence
In Exercises 1-4, find the divergence of the field

6.3

"/

"ﬂ--‘ '1 ’JJ("%-’

1, The spin field in Figure 16.12

2. The radial field in Figure 16.11

3. The gravitational ficld in Figure 16.8 and Exercise 38a in Section 16.3
'_‘1 4. The velocity field in Figure 16.13
— ( "/1.3 A7, 3 "3 ﬁ ' N
= = 5 + 7 |
P X Px Al 7Y (e ) 2 (7‘ 1 > 2 Gea>™ -
x . ol 2. CE
L= ; “'l) <~ -3l -ndq AN~ RNEY
= T\ o v )= > 2 = Sty P . ) 5
Q i K""‘-, Q\j ‘“‘ l ‘\’\1 ) (14“ ) *® 23 (11_“'13”‘ &N 258 54
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L & Find a potential function for the gravitational field
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Calculating Flux Using the Divergence Theorem
In Exercises 5-16, use the Divergence Theorem to find the outward
. flux of F across the boundary of the region D.
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