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MATH 2550 G/J w/ Dr. Sal Barone
- Dr. Barone, Prof. Sal, or just Sal, as you prefer

Daily Announcements & Reminders:

Goals for Today: Sections 12.1, 12.4, 12.5

• Set classroom norms

• Describe the big-picture goals of the class

• Review R3 and the dot product

• Introduce the cross product and its properties

Class Values/Norms:

• Mistakes are a learning opportunity

• Mathematics is collaborative

• Make sure everyone is included

• Criticize ideas, not people

• Be respectful of everyone

•

•
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Big Idea: Extend di↵erential & integral calculus.

What are some key ideas from these two courses?

Di↵erential Calculus Integral Calculus

Before: we studied single-variable functions f : R ! R like f(x) = 2x2 � 6.

Now: we will studymulti-variable functions f : Rn ! Rm: each of these functions
is a rule that assigns one output vector with m entries to each input vector with n

entries.

multivariable calculus
Single variable Calicious

volumes ?

1551 ↓
~

power
rul Taylor serves X
v series in geared X

linear approx
Usub-

Riemann Sums Y
IBP 3

optimization ? partial Frac X
trog sub X

poler cords

e.g. f(x,y) = (2-y , y:+x, xy-1)
f: IR -> IR3 multivariable function

~ ↳
inputs

outputs.
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§12.1: Three-Dimensional Coordinate Systems

Question: What shape is the set of solutions (x, y, z) 2 R3 to the equation x
2+y

2 =
1?

Facil fin
e

sidewall y=0. floor z=o

- back wall x=0

3 coordinate planes# One of the very to

defined by setting
Zero .

(8) (4)

Octants US - gradrant

2 S220 , 470 ,77/0 Firstfant

De+22+yz1 only look at

z=0 Solus then

you get a crece
of radius & in# Fu Floor

-
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§12.3, 12.4: Dot & Cross Products

Definition 1. The dot product of two vectors u = hu1, u2, . . . , uni and v =
hv1, v2, . . . , vni is

u · v =

This product tells us about .

In particular, two vectors are orthogonal if and only if their dot product is .

Example 2. Are u = h1, 1, 4i and v = h�3,�1, 1i orthogonal?

We

U , V + UzE +.. . + UnUn

orthogonal/angle between ingeneral-
-

↳
nor = Kullllll* cos O

You = mi + 1+... + um

= Kill
O

langle
Compute Ev = O Irangle C

"angle brackets

4) , 1 , 4 Do (- 3 , - 1 , 1) = (1))-3) + (1)(- 1)+(4D()
= -3 - 1 + 4 =0

So It is orthogond to i

don'tcrite :

(1 , 1 ,4)0(-3 , -1, 1) = ... Since these are

DOINTS↑ parentheses not on for vectors. =
S
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Goal: Given two vectors, produce a vector orthogonal to both of them in a “nice”
way.

1.

2.

Definition 3. The cross product of two vectors u = hu1, u2, u3i and v = hv1, v2, v3i
in R3 is

u⇥ v =

10. ) Ext needs to be ortrogant ↳
both in

We want our "product" to play nice w/
Vector additiona scalar multiplication.

(w) = uxi + uxw

(i) x i = c(uxi)

I The I
Uz

*take the determinat

E i-hat E= (1 , 0 , 07
I j-hat j = 10 , 1,07
M

b E-hat #= 10,0, 17
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Example 4. Find h1, 2, 0i ⇥ h3,�1, 0i.

U = (1 , 2 ,0 So uxi =pV = (3, - 1 ,0 - O

= 5) . :(j) +is
= E (20 - 0(D) - y (1x0 - 0x3) +5)- 1 - 6)
= OT-Oj-7E
=.7 T =7/0

,
0
,1) = (0,

0
,
-7)
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Example 5. You try it! Find h2, 1, 0i ⇥ h1, 2, 1i.

#5= (1 - 0) =(2 -0)
+T(4 -1)

= T - 2y + 35

= (1
,

- 2
, 3)
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Some common [AJN] things to look out for.

[A] Accuracy

• simplify answer

• box answer

[J] Justification

• minus sign on j component

• show intermediate steps

[N] Notation

• use = sign for expressions that are equal

• vector notation vs. point notation

cos((z) X Y v
e
#*3 X

~



§12.3, 12.4 Page 7

A Geometric Interpretation of u! v

The cross product u! v is the vector

u! v = (|u||v| sin ✓)n

where n is a unit vector which is normal to the plane spanned by u and v.

Since n is a unit vector, the magnitude of u ! v is the area of the parallelogram
spanned by u and v.

|u! v| = |u||v| sin ✓

Example 5. Find the area of the parallelogram determined by the points P , Q,
and R.

P (1, 1, 1), Q(2, 1, 3), R(3,�1, 1)

=>
divide by 2 to get triangle ·

E ↳
⑦

== (2-1 , 1-1 , 3- 1)

= ( , 0,2)

= Fr = (3-1 , -1- 1
,

1-17

= (2 , -2 ,0

so PQXPR = (1 , 0 ,23 x (2 , - 2 , 0)

T I i j I = T10 - 1-2p) - j(0-4)+me (z-0
2

2 - z 8
=<4

,4 ,2)

So Area = 1144,4,2311 =Ft4+ kit = Not+ 4 = E36
= 6
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§12.5 Lines & Planes

Lines in R2, a new perspective:

Example 7. Find a vector equation for the line that goes through the points P =
(1, 0, 2) and Q = (�2, 1, 1).

https://math.gatech.edu/undergraduate/undergraduate-ta
P anyRotele

↓
32

Pem
vs . (e(t) = opti

Q:What T
~

ploa

7z

↳ don't

feetaatEIR .

S Veltor
equation

defining The kn

Alt) = Op + to , tel Canswer type)

op = (1, 0 ,2= PQ = /-2 , 1 , 1) = (( , 0 ,27)
= (- 3 , 1

,

- 1)

A(t) = (1 ,0 ,2) ++<-3, 1 ,-1)
Iwant justtert
tes, D instead
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Planes in R3

Conceptually: A plane is determined by either three points in R3 or by a single
point and a direction n, called the normal vector.

Algebraically: A plane in R3 has a linear equation (back to Linear Algebra! im-
posing a single restriction on a 3D space leaves a 2D linear space, i.e. a plane)

-

=Carbi Want to define a plane in It

Some options
:

(o] # plane equation#
(i)
* point P & linearly ind vector In

which are parallel to plane

(2) # 3 points in the plane

(3) * point p ;
normal vector

⑧
a +by+c = d plane equation in 3 was

HY ,Z

Notice that (20 ,yo,) corresponds idea : a point Goyrize
is on the planeif↓ a point or the planeif
it satisfies the

(a, b , c). ,Yo = d (1) plane equation .
&-

Si &Ro+ by + CE0 = d
some fixed point on

the plana

So (a ,
b
,coED = d (2)

Some other

combinirs (1)()
-

abitiary point .

(a ,
bicto (x , 4 ,z) - (ab ,c),) =

d- d

=Saib ,co <x-do , y-yoz -zo7 = O

# ②
a (x-2)+bly -yo) + c(z -zo) = 0
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Example 8. Consider the planes y � z = �2 and x� y = 0. Show that the planes
intersect and find an equation for the line passing through the point P = (�8, 0, 2)
which is parallel to the line of intersection of the planes.

META (1) Find the rector
-

v which ismz1-8,0 ,2

-

parallel to the

kne of intersector

rese tur
of the planes

lines ara paralla
?

use

(2)llt) = op +ti ,ter
key idea: w/P(-8, 0 ,2) i
is parallel to

from (1) .
xz

plane 1 : 0x + 1y =Az = - z = (0, 1 -17
Planez : Ax =Ay +Oz = 0 Ez= (1 , - ,d

① planes must intersect 61 Cr

② compute

x = T(0 - 1) -j(0 + 1) +E(0 - 1)
- 10

= S-
,

-1
,
+1)

So line of intersection of two planes is parallel
to v = (-1,-1 , -1)

③ live parallel to 5 and through PC-8, 0 ,2) is

((t) = (S ,0 12) + +) - 1-1 -1 + tele
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Example 9. You try it! Find the plane containing the lines parameterized by

`1(t) = h1, 1, 1i+ th2, 1, 0i, �1 < t < 1
`2(s) = h0,�1, 0i+ sh1, 2, 1i, �1 < s < 1

Give your answer in the form Ax+By+Cz = D or a(x�x0)+b(y�y0)+c(z�z0) = 0.
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Example 9. You try it! Find the plane containing the lines parameterized by

`1(t) = h1, 1, 1i+ th2, 1, 0i, �1 < t < 1
`2(s) = h0,�1, 0i+ sh1, 2, 1i, �1 < s < 1

Give your answer in the form Ax+By+Cz = D or a(x�x0)+b(y�y0)+c(z�z0) = 0.

Vi
=2

, 10

vz= [ 1
,
2
, 17

: (a, b . c) ME (1) Find = Ca ,b , c) normal

(ie
., Orthogonal to [ii]#
to the plane

2) use plane equation

a (x- 2), + bly- yo)+k(z-) =0

So i = Ex = / : j= (1 -- j(z -0 +(-)

= (1,2 , 3)

So plane equation using Formula a(d-x0) + b(y - yo) + ((z
-ze)=0

/ = < 1-2,3) as PC1, /, 1) is

(x - x - z(y - 1) + 3(z
- 1) = 0

& x - 1 - zy + 2 + 3z
-3 =0

↑= x - zy +3z
= 1 - 2 + 3

= x - zy +3z = 2
- eitherway

t


