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§13.3 & 13.4 - Curvature, Tangents, Normals

The next idea we are going to explore is the curvature of a curve in space along with
two vectors that orient the curve.

First, we need the unit tangent vector, denoted T:

• In terms of an arc-length parameter s:

• In terms of any parameter t:

This lets us define the curvature, ⇡(s) =

①
· 7
- ② a ⑤

- · :at
Which is the most curved ? ①

Idea : scale2nd derivative appropriately

Es

(
done ble (r'(s) Ilr'(sill = 1

if r(s) is an

rIt)/Irltill arc-length
parametration .

2
unit Vector

#Iss 11 in the direction
of travel

2

can't velocity)
- Vector

What & rCt) isn't an

arc-length prametrization?
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Example 23. In Example 21 we found an arc length parameterization of the circle
of radius 4 centered at (0, 0) in R2:

r(s) =
Z
4 cos

Ds
4

⇣
, 4 sin

Ds
4

⇣⌘
, 0 h s h 8.

Use this to find T(s) and ⇡(s).

Question: In which direction is T changing?

This is the direction of the principal unit normal, N(s) =

-

->Chaint I
+(s)= r' (s)

TIsEr' (s) = (4* sin (S/4)
,
4* cos(S1) 2

if

Swas
an arc-length

T(s) = (_ sin(S14)
,
cos(5/4)) prometer

Check Ir(sill:sin(s(u) +cos(s) = M = 1 v)
F

--Now T'(s) = 1-pcos((4),Sin (ssu)]
So k(s) = /IT'sill=cos(4)+i)=

TC+()Y
&

),)
= -cos( ,Sin

o >-
derv .

of

unit
↓ target

sill a c
ength
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We said last time that it is often hard to find arc length parameterizations, so what
do we do if we have a generic parameterization r(t)?

• T(t) =

• ⇡(t) = or

• N(t) =

Example 24. Find T,N,⇡ for the helix r(t) = i2 cos(t), 2 sin(t), t 1k, t � R.

Step O : Find an

oc-length pummaterizati

-
~ (t)/Fill F (t)/IIF'LE)11

11T'Iti/l/IFtill #CrtXr
Step1 : r'It) = <+ Isint , 2 cost

, 17

and Irt)l = Est+cost+ 1=+ =V5

Q : is rit) an arclength parametrization?

A: No , bic IlrCE/= 1 (For allth if rid) was an

Sep2 :
arc-length prometreats

TH)== <+ Isint , 2 cost
, 1(

TH = <-Esirt,Ecost ,
is

S3 : N(t)= [lt)
It'll

↑It) = J -Ecost, sint, o

IT'till = 2/55 so Nit=-cost, sint
NIt)= <- cost, - sint , O)

#4 : k(t) = UT'til/Irtill=E=5
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Example 25. You try it! Find T,N,⇡ for the curve parametrized by

r(t) = (cos t+ t sin t)i+ (sin t t cos t)j+ 3k, t � R.① tzo
- - PROD
/PROD -

~ 'It)= (-sent + Ecost + St, cost - 1-tsint + cost)
,
0)

- & cost , tsint , of ↑ It)= /

Ilrtill=Focost + +sin = E = t (t=0)

So TIt) = (cost
,
sint

,Of

Next, T'lt)= -sint , cost, 0
N(t)= Fill

IIT'It)l)= 1
=So NIt) = <-sint, cost ,07

and K.(t) = "It

x=2427)

If time :(?) 2parametrization
Tif r(s) = [2st , s] ,

selM is an arc-length

parametrization of the parabolaCheck

10 /sill= 1 x= 2y+ 1
.

r(s) = (45, 1) so llvis)ll= 1 .
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Example 25. You try it! Find T,N,⇡ for the curve parametrized by

r(t) = (cos t+ t sin t)i+ (sin t t cos t)j+ 3k, t � R.

Steel Find ~'It) and Ir'till
.

v==-st+ +cost +st)i + (t= (tsin++))j + 04

-> tcosti + Esinty + O*

Irf= Ecosit+ Esinit = to so Iv= It)

T(t)=ill
T= = cost + sint] +Oh

= -sintr + costnot 1

so N==sinti +cost] +Oth NIt)=tall

k= K(t)=

If time :(?)
Tif r(s) = [2st , s] ,

selM is an arc-length

parametrization of the parabola
x= 2y+ 1

.
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§14.1 Functions of Multiple Variables

Definition 26. A is a rule that as-

signs to each of real numbers (x, y) in a setD a

denoted by f(x, y).

f : D ! R, where D ✓ R2

Example 27. Three examples are

f(x, y) = x2 + y2, g(x, y) = ln(x+ y), h(x, y) =
1p
x+ y

.

Example 28. Find the largest possible domains of f, g, and h.

Definition 29. If f is a function of two variables with domain D, then the graph
of f is the set of all points (x, y, z) in R3 such that z = f(x, y) and (x, y) is in D.

Here are the graphs of the three functions above.

multivariable calculus So far r(t)= (r(t)
·y (t),z]

-
- S M -

singlein pue multiple
output
Variables.

Function of two variables

2- tuple uniquely determed
codomainof output.
I

I
D some subset of He consisting Of

all points you're allowed to plugliindo the function 1.

(thedoma
(2,y ,E= (n, 7 ·fix))
z =

Dg
y= -

T
-

Do can be R = [ ,2)/x,ye3
"
Fi

Dy need x+y > 0 Fso Dg= [ (,y) /x+y503
=[(a,y) / yz -x]

Du same need+yo Dh=Dg



z= x 2+yzM&x= /

↳z= 1 +42

(1,
0 , 0)

x=1
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Example 30. Suppose a small hill has height h(x, y) = 4 � 1

4
x2 � 1

4
y2 m at each

point (x, y). How could we draw a picture that represents the hill in 2D?

In 3D, it looks like this.

height function (z-value)
↓

-

draw all points in the input space w/
a given height,
Solve for 2,y

y &
when h=0 0 = 4-tx=-Ey2

42.

3 -.

=> [x +19=
= 4

2 =

=> x=+y2= 16
1

circle w/ Center (0, 1)

h ir= 4
When h= /I

-> ↑x++y = 3

1 = 4- Ex-ty2

=> 2+y = 12

Circle 2/ Center (0,
)

when hell r== 25

4= 4-Ex-jgr
Whe h= 2

2 = 4- Y - -42
=> 22+40 => 22+y = 8

only happens of circle w/ Center (0,
)

(au) = (0 ,%) =z



h=4 chea
·

rezs Ch=2·-- E25 eh)

&

2-- h=o
Y

I

E4
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Definition 31. The (also called ) of a function

f of two variables are the curves with equations , where k is a

constant (in the range of f). A plot of for various values of z is a

(or ).

Some common examples of these are:

•

•

•

Example 32. Create a contour diagram of f(x, y) = x2 � y2

level sets contours

R= f(x,u)
Contours

contour plot level set map

maps topography (mountain maps)
potential lines (electromagnetic persutials
depth charts .

· air pressure map .

↳ Try k=0 ,
1

,
4.

(For k=0 0 = x2-42 ==i

# lg
1
= 0(1 ,i openit-

1 = x
=

-42 hyperbola& E Sideways

2a (=4) 4= x2-y2 r-V

-

-1 (r= -1) -1 = x2-yzlogi E· (4 ,-4)
= 1= - x2+yz

X n=x(k=y) - 4 = 22-32
=> 4= - x7+12



Made using GeoGebra

k= -4

k=
-

R=1

= 4
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Definition 32. The of a surface are the curves of

of the surface with planes parallel to the

.

Example 33. Use the traces and contours of z = f(x, y) = 4 ! 2x ! y2 to sketch
the portion of its graph in the first octant.

Let’s check our work: https://tinyurl.com/math2551-2var-graph

31b(contours were intersectors of places
parallel to sey-plan S

traces
intersection

coordinate planes 22-E plane or y-z plane
--

-> (20,%20, zu-0) (2 ,7(z)
contours are z=l level sets -

=
(0 ,

0
,4)

at z=0 then 0= 4- 2x - y2
M
z=4-2xF

at zileso then k= 4 - 2x-y2
= x=4 -zi/

traces / Y= R

-

=> T= z - ty

·If y=0 z=4-2x

If y= / , z = 4 - 2x - 12

&

= z = 3-2x
R >

Y
If y= RS0 ,

z= 4-In-b2

= z= (H-2)-In Z= 4-2a-y2 (2 ,
%
,
0

(1 ,92)
~

traces w/ =l 10
,
0
,4) -

If 2=0 then z= 4 -210)- y2 = 4-y2

If =1 ,
Ther z= 4-2(1) -y = 2 - ye

If x=1, then z=/-2k) - 42
(u+)
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Definition 34. A is a rule that
assigns to each of real numbers (x, y, z) in a set D a

denoted by f(x, y, z).

f : D ✓ R, where D p R3

We can still think about the domain and range of these functions. Instead of level
curves, we get level surfaces.

Example 35. Describe the domain of the function f(x, y, z) =
1

4! x2 ! y2 ! z2
.

Example 36. Describe the level surfaces of the function g(x, y, z) = 2x2 + y2 + z2.

Domain of 3-variable function?

Function of 3.variables
3tupse

unique output
-The function evaluated

a (n,% ,
z)

.

-
Need 4-x2 -y

=-z 0

so avoid 4-x" -y -z
=

= 0

=> x =+42+z2=4 (equd
spec

aa
Domain of f

D=E (n,4 ,z)(2:
+42 +z43
->

Coutput variable is constutt
Set gloy ,z)

= R (consant at describe resutive
Set of pouts ( ,git)

Reg - k=0 0 : Initiate only true if Conizt= 100
k= 1 1 = 22+92+z2 implicitly defund surface

in MC3 .

Rez 2=2+y+z #' ellipsoid
larger ellipsoid.


