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§14.3: Partial Derivatives

Goal: Describe how a function of two (or three, later) variables is changing at a

point (a, b).

Example 47. Let’s go back to our example of the small hill that has height

h(x, y) = 4� 1

4
x
2 � 1

4
y
2

meters at each point (x, y). If we are standing on the hill at the point with

(2, 1, 11/4), and walk due north (the positive y-direction), at what rate will our

height change? What if we walk due east (the positive x-direction)?

Let’s investigate graphically.

https://strawpoll.com/e6Z2AwBYqgN xbar   42.9
stdev  6.67
%perfect  9%
%within1  22%
Q3       48
Median 45
Q1       39.5
Min      22
%A      52%
%B      23%
%C     12%
%D     6%
%F     7%
D



§14.3 Page 41

§14.3: Partial Derivatives

Goal: Describe how a function of two (or three, later) variables is changing at a

point (a, b).

Example 47. Let’s go back to our example of the small hill that has height

h(x, y) = 4� 1

4
x
2 � 1

4
y
2

meters at each point (x, y). If we are standing on the hill at the point with

(2, 1, 11/4), and walk due north (the positive y-direction), at what rate will our

height change? What if we walk due east (the positive x-direction)?

Let’s investigate graphically.

⑳

·Guiz , 1) h(2 , 1) = 4 - [(z)2 - -(1) = 4-1 -j = z + & = 2 . 75.

& x= z = /4
Idea So () = (2 ,4) h(2

,y) =4- + (2)-ty2

ineet the g-devindic Ey (3 - +(2) = -=I = 3 -+

of you travel
e(2

,1) get Eh , 1)= (1) =E so idea ei

NORTH (positie
n-d
.
)

in -direction then sown imWill
-

Cy= 1 h(i,1) = 4-th
=
-Y = 3 .15-tip2 at rufe of -12-

=> (3 :75-[x2) = :Ex
movinge 12 ,1)h(2 , 1)= (2) = # So
East (posa)

then downhill
at rate

-1 .
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Definition 48. If f is a function of two variables x and y, its

are the functions fx and fy defined by

fx(x, y) = lim
h�0

fy(x, y) = lim
h�0

Notations:

Interpretations:

partial derivative

Ef(a,u) flu,
↓ flath

,3)- fix ,e)
+ f(x

,yth) - 8(x,4)
se

h Y
h

use fu = Enf = 18 (theseparata
2x

"f subs" "del del 1 off" "Self del x"

fy=t= state

·



§14.3 Page 43

Example 49. Find fx(1, 2) and fy(1, 2) of the functions below.

a)f(x, y) =
!
5xp y

b)f(x, y) = tan(xy)

MAIN IDEA : treat the other variable as
a constant

↑ (2) = (+2)
= Ex-12

fx(x,y)= = ((5x-y)"z)
= -

= z(5x-y)** Ex(5x-y) 2Er

= (5x-y)5 =y (1 ,2)flizz:

fy ( ,4)==
y
* (5x-y) = Eyelidf : 2

5(1) -2

= -

25

Stanx) = Seis

fu = ysely) (from CHAN once

fy = x sea" (ay)

So e(1 ,2) fulliz)= 2 secs)

Ay (1 ,2) = 1 Secr (2) = seatz
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Question: How would you define the second partial derivatives?

Example 50. Find fxx, fxy, fyx, and fyy of the function below.

a)f(x, y) =
!
5xp y

what about I" = def (2nd decis

S
③Fyx = Enfy=y

①f=f=

provide fut ury by:-x-y
fx = = (5x-y)" fy= (5x-y)"*

①Aux== (E(5x-1)) = - (5x- y)
-3
* 5= (5x -7)

-3

& y== (5-y))= (5-4)+ ()= (5x -47
-3/2

~
MSAMEI⑤Ayn = E Ay =*x ( * (5x -4)) = [152-4)

3
+ 5 = (5x -y)

3/22 ?

# fyy = Eyfy= (: (5x-4)2) = = (5x-77
*1 (-1= 152 --*

don't need to show work for 2+

just pick one & State fay = typ-
-
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What do you notice about fxy and fyx in the previous example?

Theorem 51 (Clairaut’s Theorem). Suppose f is defined on a disk D that contains

the point (a, b). If the functions f, fx, fy, fxy, fyx are all continuous on D, then

Example 52. You try it! What about functions of three variables? How many

partial derivatives should f(x, y, z) = 2xyz p z
2
y have? Compute them.

T,40

Immediate consequen e
-L

MThe frey = fyse fryx= Arzy = tyzz
L W

-
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What do you notice about fxy and fyx in the previous example?

Theorem 51 (Clairaut’s Theorem). Suppose f is defined on a disk D that contains

the point (a, b). If the functions f, fx, fy, fxy, fyx are all continuous on D, then

Example 52. You try it! What about functions of three variables? How many

partial derivatives should f(x, y, z) = 2xyz p z
2
y have? Compute them.

Mfay = fys colay : feyz = fuxy =EyesS
also fyzy = fyny = fry why?

fu = Zyz-0 = 2yz

fy = zxE - z

fz= Ixy- 2zy
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Example 53. How many rates of change should the function f(s, t) =

2

4
s
2 + t

2sp t

st

3

5

have? Compute them.

So, we computed partial derivatives. How might we organize this information?

For any function f : Rn � Rm having the form f(x1, . . . , xn) =

2

64
f1(x1, . . . , xn)

.

.

.

fm(x1, . . . , xn)

3

75,

we have inputs, output, and partial derivatives, which

we can use to form the total derivative.

This is a map from Rn � Rm, denoted Df , and we can represent it

with an , with one column per input and one row per output.

It has the formula Dfij =

A : R2 -> IR3

&er . fisit) = (x (sit), y (s,t),z (sit)

Iden We know how to deal with =
each component (Scalar valued functions

For First component
-las -> t(sit) = St

↑ x(sit) = 2S ↓ pot
take all These

Ex (s ,t) = 1 and put x- 25

For 2nd component
them in

3 -
23 a rectangular [ i) = DfEy(t) = 2 array z - t S

"big D I"
By(sit)= called the total derivative

For 3rd component
of fa

= z (s .+) = t

E z(s,i = S

ninputs
-

Zanet
n m MXn

Df
=

linear
myn matry

jen (inputs)
ti(x, ...,) I'm (outputs)
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Example 54. You try it! Find the total derivatives of each function:

a)f(x) = x
2 + 1

b)r(t) = hcos(t), sin(t), ti

c) f(x, y) =
!
5xp y

d)f(x, y, z) = 2xyz p z
2
y

e) f(s, t) = hs2 + t, 2sp t, sti

What does it mean? In di↵erential calculus, you learned that one in-

terpretation of the derivative is as a slope. Another interpretation is that the

derivative measures how a function transforms a neighborhood around a given point.

Check it out for yourself. (credit to samuel.gagnon.nepton, who was inspired by

3Blue1Brown.)
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derivative measures how a function transforms a neighborhood around a given point.

Check it out for yourself. (credit to samuel.gagnon.nepton, who was inspired by

3Blue1Brown.)

Do is aMay
&

--

f :R->It (2x] r
Of has size IXI

ri(t)= cost
r: IR-> IR3 E(t)=Sint

Da=[Y
If has size 3x) (t)= t

-lan 5/27
↓ d

f : IR-> IR D8= (fr ful =[ ] "
DJ is 1x2

F: /R-> I DA = (fr fyfzl= Ryz Inz-e zxy-2yz]
Do is 1x3

An In E

F : 172- M3 DA =(=)DA size 3X2
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In particular, the (total) derivative of any function f : Rn � Rm, evaluated at

a = (a1, . . . , an), is the linear function that best approximates f(x)p f(a) at a.

This leads to the familiar linear approximation formula for functions of one variable:

f(x) = f(a) + f
0(a)(xp a).

Definition 55. The linearization or linear approximation of a di↵erentiable

function f : Rn � Rm at the point a = (a1, . . . , an) is

L(x) =

Example 56. Find the linearization of the function f(x, y) =
!
5xp y at the point

(1, 1). Use it to approximate f(1.1, 1.1).

Question: What do you notice about the equation of the linearization?

~ =L(u)

out
yezu ↓

total dervative

i
t fa) + Df(a)(X - a)
- um

vertor . verter

L(E)f(5) nearwar. I pluyin
get

2.

nice paintf(1 , 1)===2-

D = ( ) Call , 1) DA=
plug ind L(*) Formula =(
(x) = 2 + [

-m))(Y) - (i))
&L) = 2+ ( ](( :i) - (i))= 2+ 11 .25 -est) : i)
ugly point = 2 + %125 - 0,025)

-
z + 11 = Zol
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We say f : Rn � R is di↵erentiable at a if its linearization is a good approximation

of f near a.

lim
(x,y)�(a,b)

f(x, y)p L(x, y)

k(x, y)p (a, b)k = 0.

In particular, if f is a function f(x, y) of two variables, it is di↵erentiable at (a, b)

its graph has a unique tangent plane at (a, b, f(a, b)).

Example 57. Determine if f(x, y) =

(
1 xy = 0

0 xy 6= 0
is di↵erentiable at (0, 0).

fo :,f, can both be defined but

still have some problem wyf

Z
d

- The partial derivates of
a
- f witFi Do

Se (4,87

f (0 ,% = 0

= If but fy (0,%) = 0
= 10 of

fa (1 , 1) = 0
*y(( , 1) = 0

Punch lin . Is that

& (0 ,0) ((y) = flo ,0 + D (0
,03( - a)

( = 0
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§14.4 The Chain Rule

Recall the Chain Rule from single variable calculus:

Similarly, the Chain Rule for functions of multiple variables says that if f : Rp �
Rm and g : Rn � Rp are both di↵erentiable functions then

D(f(g(x))) = Df(g(x))Dg(x).

Example 58. Suppose we are walking on our hill with height h(x, y) = 4!1

4
x
2!1

4
y
2

along the curve r(t) = pt+1, 2! t
2h in the plane. How fast is our height changing at

time t = 1 if the positions are measured in meters and time is measured in minutes?

(f(g() = f * (g()) + g'(x)
&

compare

fog() = f(g() MXn myp pXn
↓

~ LLf : MP -1Rm matrix matic matrix (matrix matiplicate)

9 : /R-> RP &

fog : IR"-> Am MIRERm
Acira - 2-th

composition Simbol) fog a
xy

h(r(t)) = h(t+ 1 , 2 -+2) = 4 - j(t =1)- (z -+2)
-

simpute &

Dh(t) = Dh(r(t)) - DrIt] take d/dt#c
Dh = [h hy] = /ExEy) e t = l

Dh(2, 17 = 1- 1 -El
r (1) = (2, 17 =(,77

Dh(1= -1 =)(-2)T Dr = (x)==D= - 1 + 1 = 8
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Example 59. Suppose that W (s, t) = F (u(s, t), v(s, t)), where F, u, v are di↵eren-

tiable functions and we know the following information.

u(1, 0) = 2 v(1, 0) = 3

us(1, 0) = !2 vs(1, 0) = 5

ut(1, 0) = 6 vt(1, 0) = 4

Fu(2, 3) = !1 Fv(2, 3) = 10

Find Ws(1, 0) and Wt(1, 0).

g(sit)= [UIsit) ,VISIET
-

-

↳ 2
F : R- M

DF = (Fu Fr)

Hea :
↓Xz Matrix:

DW= [Ws Nt] 9 : RBIR
Dg z (usu

Sanity check 2x2 metry

DW = DF Dg
W : IR -> I So DW is

a IX2 matrix. g(sit)= ,
0)

fren U(1,0=z

IDF/
= 12 .3

= (+ 10] v(1 ,8)= 3

Dg/
,
0
= (b)

1x2 252 1x2

So DW= [ - 1 107 (-247 = (2 + 50 -6 +4)

Ws(1 ,0) = 52
= (52347
t ↑

and Wt (1 ,0)= 34 Ws(1 ,0) Wells
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Application to Implicit Di↵erentiation: If F (x, y, z) = c is used to implicitly

define z as a function of x and y, then the chain rule says:

Example 60. Compute
@z

@x
and

@z

@y
for the sphere x

2 + y
2 + z

2 = 4.

if z is one of th

VariablesFor

↓ an implsty definedSufae

#
Idea : F(uniz) = c then DF = [En Fy Fz) formula2

↳

↳-
-

compare top-haf
Z=FFz=-y = flu) Cheight z is factorS

of 124

Starl : Identify the Function

Flanst) S . t . The surface is a level set

Of F
-

F(x ,% 1 z) = x+utz So that survey bel set
c C= 4.

GF = 2x,=zy
,
It

*Proa-E

=



Ade
DF(g(x)) = DF * Dg
-

Textbook. has all particl dermath infor
-
-

Gives a formula for each partial devintic

h(u)= 4-[x2--y r(t= (t+,-th)

Than dhhdd anothewater
compute a Chain role.

#cla
,
risit) = (x.)

Dh=EEG

Chth
Dr=

1
Dhr)=(E
=Ch
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§14.5 Directional Derivatives & Gradient Vectors

Example 61. Recall that if z = f(x, y), then fx represents the rate of change of z

in the x-direction and fy represents the rate of change of z in the y-direction. What

about other directions?

·

↓
Level Sets for z= k.

Shows all (2 ,4) pairs S. t · flug)= Le

N &(p)(0
fy(p) < 0

If (P) <O (more negatives

ef(
,-
(p) = 0

In peneral fir measures the change in

height (output value) as we more

in the -direction.

Duffps the directional deviative

of A in the direction

of is at the point P.
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Let’s go back to our hill example again, h(x, y) = 4 � 1

4
x
2 � 1

4
y
2. How could we

figure out the rate of change of our height from the point (2, 1) if we move in the

direction h�1, 1i?

Definition 62. The of f : Rn ! R at the point p

in the direction of a unit vector u is

Duf(p) =

if this limit exists.

E.g. for our hill example above we have:

-

How do we compute in this case ?

Ya
-

v=(- 1 , 1) First what's the current heigh & (2, 1)

↑
-- (2,1) h(z, 1) = 4 - +(2) - ↑(12= 4-1-14 = 2 ,75
111 Su

Idea: normalize in to a wit restor

& do difference quoting .

① v = (-1 , 17 normalize to E= < "Ez
,
YE]

·
h/2-t

,

1 ++rz) -2.75 = 4-h(2-tra) -++/rs)2 ②2 .75- &
directional desinte 2

im+z)
-H

=

Im7(Hard)
But(p)=f())Ceasi
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Note that Dif = Djf = Dkf =

Definition 63. If f : Rn ! R, then the of f at p 2 Rn is the

vector function (or ) defined by

rf(p) =

Note: If f : Rn ! R is di↵erentiable at a point p, then f has a directional derivative

at p in the direction of any unit vector u and

Duf(p) =

gradient
Of gradf

If] = Dest

↓ "Gradient

(Df(p))To=) i

EX ·
hu)= 4-te-ty & (2

,
1) in direction=.*

Dh = (ExEnt Dh(2 , 1) = [ - 1 :]

= Fir,Es

So (Dh(2 , 1)To in

= [in)
=
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Example 64. You try it! Find the gradient vector and the directional derivative of

each function at the given point p in the direction of the given vector u.

a)f(x, y) = ln(x2 + y
2),p = (�1, 1),u =

⌧
1p
5
,
�2p
5

�

b)g(x, y, z) = x
2 + 4xy2 + z

2, p = (1, 2, 1), u the unit vector in the direction of

i+ 2j� k

47

17
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Example 64. You try it! Find the gradient vector and the directional derivative of

each function at the given point p in the direction of the given vector u.

a)f(x, y) = ln(x2 + y
2),p = (�1, 1),u =

⌧
1p
5
,
�2p
5

�

b)g(x, y, z) = x
2 + 4xy2 + z

2, p = (1, 2, 1), u the unit vector in the direction of

i+ 2j� k

47

Of = /] =[= (i)

and Dafil= Cl . (T=+Es = Ye

17

Og=/ey(g=
v= (1

,
2 ,-1) -= = T%, % : "No

so Dighp) = (in%=
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Example 65. If h(x, y) = 4� 1

4
x
2� 1

4
y
2, the contour map is given below. Find and

draw rh on the diagram at the points (2, 0), (0, 4), and (�
p
2,�

p
2). At the point

(2, 0), compute Duh for the vectors u1 = i,u2 = j,u3 = h 1p
2
,

1p
2
i.

Note that the gradient vector rf is to the level curves of the

function .

Similarly, for f(x, y, z), rf(a, b, c) is
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Example 66. You try it! Sketch the curve x2+ y
2 = 4 together with (a) the vector

rf |P and (b) the tangent line at P (
p
2,
p
2). Be sure to label the tangent line with

the equation which defines it.

x

y



§14.5 Page 58

Example 66. You try it! Sketch the curve x2+ y
2 = 4 together with (a) the vector

rf |P and (b) the tangent line at P (
p
2,
p
2). Be sure to label the tangent line with

the equation which defines it.

x

y

If = (2]eP(Er)A(B)=C
-
- * If= #+8= 16 = 42

Y 7)1) orth. to Vflp), so,

e(t) = <E ,
2) + +(1 , -1)

line: y
= -x+252 (So m=1)

Y= - x+b and passes
than (i ,2)

So E = -Eth

=> ze= b



§14.5 Page 59


