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§14.6 Tangent Planes to Level Surfaces

Suppose S is a surface with equation F (x, y, z) = k. How can we find an equation

of the tangent plane of S at P (x0, y0, z0)?
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x
2 + y

2 + z = 10, P = (�1, 3, 0)

Vfp) is orthogond
to the

levelSet #Glo, 70,z0) = U -

so h= of(p) normal rector

· -+bly-yo<z-z

where h= (a 1b,
c).

planeEQN .

SoI identify F Function
which our surface

is a level set of

mu
↑ (x

,n .z7 = 22 ty -z ② compute OF s
,
pluy

⑪ Is (DF(p)TF(p)
in point p.

↳ ⑤ fill out the place eth
DFCTET-261]

OF)=)
So plane equ for targent place is

-2(x+1) + b)y - 3) +1(z - 0) = 0



§14.6 Page 61

Example 67. Find the equation of the tangent plane at the point (�2, 1,�1) to

the surface given by

z = 4� x
2 � y

Special case: if we have z = f(x, y) and a point (a, b, f(a, b)), the equation of the

tangent plane is

This should look familiar: it’s

Surface is graph of

z = flu) = 4 y

O IdentifyF: #(x , y ,z) = 4-x -

y
- z=0

② Find i :

h= JF(P) so OF=

(i)e,
③Plane eq

-F(- 2
,

1
,
- 1) = (E)

So place en
is.

a(x-xx) + b(y-yo) + a(z -z= 0
P(z ,

1
,
- 1)

j
n= (7

get 4(x +2) - (y -1) - (z+1) = 0

&
less rearance I, solve for z- ↓

4(+2)- (y-1) -z-1 = 0

4x + 8 -

y+ 1 -z - 1 = 0

1
=4-y + S .

or
C4(+2) - (y-1)-1

I
z = f(a ,b) + fu(a

,b)(x -a) + fy(a,b)(y-b(fy(z,) f(-z ,
1)

The linearization
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Example 68. You try it! Consider the surface in R3 containing the point P and

defined by

x
2 + 2xy � y

2 + z
2 = 7, P (1,�1, 3).

Identity the function F (x, y, z) such that the surface is a level set of F . Then, find

rF and an equation for the plane tangent to the surface at P . Finally, find a

parametric equation for the line normal to the surface at P .
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Example 68. You try it! Consider the surface in R3 containing the point P and

defined by

x
2 + 2xy � y

2 + z
2 = 7, P (1,�1, 3).

Identity the function F (x, y, z) such that the surface is a level set of F . Then, find

rF and an equation for the plane tangent to the surface at P . Finally, find a

parametric equation for the line normal to the surface at P .

d Q
: can we use

Khewization
w ?

z=z ?

(a)

O FSutryiz)is = Itzy-y +z =E P(1 ,
-1

,
3)

,

k=z

① 2+ z2 =kF(x, y , z) = x3+2xy -

y ,
k=7

② 2x + 27&
I

(② D
plane etn becomes

place6 -3) = 0

(b)It) = Ep + to ,tHR

E 0F(p) = (g) P= (1 -1 ,3)

So ((t) = <1 ,- 13) + t 10
,
4

,6),tel
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§14.7 Optimization: Local & Global

Gradient: If f(x, y) is a function of two variables, we said �f(a, b) points in the

direction of greatest change of f .

Back to the hill h(x, y) = 4h 1

4
x
2 h 1

4
y
2.

What should we expect to get if we compute �h(0, 0)? Why? What does the

tangent plane to z = h(x, y) at (0, 0, 4) look like?

-#
z = 4 + 0(x) + 0(y) = 4

Ya ⑫4 horizontal plane

& y = fe (paralleldo floor.

~ 7x-
horizontal fangent , line.

= location of local
max/win .
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Definition 68. Let f(x, y) be defined on a region containing the point (a, b). We

say

• f(a, b) is a value of f if f(a, b) f(x, y) for all

domain points (x, y) in a disk centered at (a, b)

• f(a, b) is a value of f if f(a, b) f(x, y) for all

domain points (x, y) in a disk centered at (a, b)

In R3, another interesting thing can happen. Let’s look at z = x
2h y

2 (a hyperbolic

paraboloid!) near (0, 0).

This is called a

Notice that in all of these examples, we have a horizontal tangent plane at the point

in question, i.e.

Definition 69. If f(x, y) is a function of two variables, a point (a, b) in the domain of

f with Df(a, b) = or where Df(a, b)

is called a of f .

local maximum &

local minimum. L

#

-Graph: · --nicenm----
--

Domain # local min

)
graph

saddle paint ID
one more nuance.

flu=- Pare.=
n

=+y =z

DA=[ini) & (010) DF(0 ,) = 10 of

Co of is DNE

critical points
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Example 70. Find the critical points of the function

f(x, y) = x
3 + y

3 h 3xy.

Solve
Idea:

/
alt notat

Depub
ho

Step Solve (i 3x2-34=0

E(2) 3-zn =0

so (1) becomes 3x2 = 31 =⑮(1
sub into (2) and get 3 - 3x = 0

now 3x4 -31= 0 => 3x(x3-1)= 0

= So 31= 0 or
23-10

I 20 or U= 1.

plug back into (1) to figure out y. T

twBo
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Example 71. You try it! Determine which of the functions below have a critical

point at (0, 0) .

a)f(x, y) = 3x+ y
3 + 2y2

b)g(x, y) = cos(x) + sin(x)

c) h(x, y) =
4

x2 + y2

d)k(x, y) = x
2 + y

2

Reminder :
(ab) is a crit ot of flas)

- Ef -(a,b) = 0 . or Uflaib) is

DONE-
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Example 71. You try it! Determine which of the functions below have a critical

point at (0, 0) .

a)f(x, y) = 3x+ y
3 + 2y2

b)g(x, y) = cos(x) + sin(x)

c) h(x, y) =
4

x2 + y2

d)k(x, y) = x
2 + y

2

Df = [3 3y2+ 4y]

NO CRIT POINTS Since

DF +To OS For

any (x,4) EITE
,
so No

Dg = -Since +cos2 07Cod
need to checkDg= (gn gy]

Notee. -soncol+coscolo?
if x= +, kt1 ; yeR 0 + 1+0 .

but Df(0,0) # (0 O) 5 10,0) isNot crapt .

WoTh= [ii] is
eventhough Dh10 ,0

S ONE, We B & (0 ,0
Don't callCo,

oh

BUT (0,0) not in the

a cr+ post of h DOMAI Of h !! So NO

CryNot? ble 410.
0) is Due

DR = [Ix 2y] and

E Dk(0,
0) = To O] so

L yes
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To classify critical points, we turn to the second derivative test and the Hessian

matrix. The Hessian matrix of f(x, y) at (a, b) is

Hf(a, b) =

Theorem 72 (2nd Derivative Test). Suppose (a, b) is a critical point of f(x, y) and

f has continuous second partial derivatives. Then we have:

• If det(Hf(a, b)) > 0 and fxx(a, b) > 0, f(a, b) is a local minimum

• If det(Hf(a, b)) > 0 and fxx(a, b) < 0, f(a, b) is a local maximum

• If det(Hf(a, b)) < 0, f has a saddle point at (a, b)

• If det(Hf(a, b)) = 0, the test is inconclusive.

More generally, if f : Rn i R has a critical point at p then

• If all eigenvalues of Hf(p) are positive, f is concave up in every direction from
p and so has a local minimum at p.

• If all eigenvalues of Hf(p) are negative, f is concave down in every direction
from p and so has a local maximum at p.

• If some eigenvalues of Hf(p) are positive and some are negative, f is concave
up in some directions from p and concave down in others, so has neither a
local minimum or maximum at p.

• If all eigenvalues of Hf(p) are positive or zero, f may have either a local
minimum or neither at p.

• If all eigenvalues of Hf(p) are negative or zero, f may have either a local
maximum or neither at p.

Reall from cardf FAM

[falab fuylab]= fal s

- ⑳
=

- Ex · flau)= 22 -42
-

Dt= (2x -2q)

-
+= 15 =2)

A is 2x2 . det A = didz product of
eisencales



§14.7 Page 67

Example 73. Classify the critical points of f(x, y) = x
3 + y

3 h 3xy from Example

70.
Crit points are 10,0) , and (1, 1)

let's classify then using H = D
=8 the Hessian

matrix.

DA = [fr 827 and Hf = Eac f ).
= (3x-3y3n] = (by)-
E

Now plug in crit points one at a

time to classify them.

C10
,%) H(100)=(3) det f10 ,% = 0 -q = - 950

5 10,0) is a Saddle pt .

e( , 1) Hf(1 , 1) = (3 detHi =3
= 27 > 0

So (11) is either MAX/MIN as need to

look at fase or fun to decide

fux(1 , 1 = 630 (concavi positive) => (1,
1) is a MIN
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Two Local Maxima, No Local Minimum: The function g(x, y) = h(x2h 1)2h
(x2y h x h 1)2 + 2 has two critical points, at (h1, 0) and (1, 2). Both are local

maxima, and the function never has a local minimum!

A global maximum of f(x, y) is like a local maximum, except we must have f(a, b) !
f(x, y) for all (x, y) in the domain of f . A global minimum is defined similarly.

Theorem 74. On a closed & bounded domain, any continuous function f(x, y)

attains a global minimum & maximum.

Closed:

Bounded:

 
 

Reall: plausibly between and
local maxs
there must be a local min .

* *

In one variable calculus
,
the

Situation (-) o

Can't happen.

A region in A2Z is Closed of it

contains its boundary
points

· =

· littos

set is contained

in a large disk.

R=&(,u) : y>x] R=Y(,u) /y= 3x+i
& -

in R
but not
in 215h ·bound(yes) bounded
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Strategy for finding global min/max of f(x, y) on a closed & bounded

domain R

1. Find all critical points of f inside R.

2. Find all critical points of f on the boundary of R

3. Evaluate f at each critical point as well as at any endpoints on the boundary.

4. The smallest value found is the global minimum; the largest value found is the

global maximum.

Example 75. Find the global minimum and maximum of f(x, y) = 4x2 h 4xy+2y

on the closed region R bounded by y = x
2 and y = 4.

↓ continuous onI

-(*) -

Step1 : Find crit points in The &0 :
y = x2

interior of R. Solve .

&
DA = (fn ful = (8n-4y -Yn+z] = 2007e
is solve (8-Yy50

From unde a

- 44+2 =0 = d= 112
.

Sub into 1st egn-

8(2) - 4 = 0 = 4-440 So y
= 1 .

only one cut ptQ(1/2 , 1) · (should we include (12 ,
17 % is it in 2)

Sept: Find crid pas on bary .

cy= 4 sub into flu) &y= 4 f(x ,4) = 4x" 40(4) + 2(4)

& y=x flu
,
2) = 4 -Hax2 +2x2

= 4x2 -162 + 8 .

on yet -1 ,2)

2 two endpts (2 ,4) ,62,4)
= Gx2 - H23

on xtf-2 ,2)
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Example 76. Find the global minimum and maximum of f(x, y) = 4x2 � 4xy+2y

on the closed region R bounded by y = x
2 and y = 4.

(Cont.) sub into f( ,n) y= 4
Sept: Find crid pas on bary.
cy= 4

f (x ,4) = 4x- 4x(4) + 2(4) = 4x2 - 1628 .

On xt(-1 ,2)

(4) = 8-16 = 0 = 1=2 . So crit point is

&(2
,
4)

& y=x flu
,
x) = 42 - 42x2 +2x2

= Gx2 - He On

xt (- 2 ,2)
If(x) = 17x-lin 20 = x2x = 0

=>x(x-1) = 0

So n= 1 or ao ( y=u) So crit pos are

Co,0)(1 ,
1)

& two endpts (2 ,4) ,-2,4)

Ste3 : Erau
1-2,4) boundary

endpoints

(x, y) f(x,u) Y
X (2,4)

" , 1) fliz , 1) =4-yAt(2 , 4) - 8 MIN value & (2 ,4)
&

(0,0) o interiorct
(1 , 1) Z

(2 ,4) 5) ↳ MAX valu (-2,4)
(2 ,H) - g

I


