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§14.8 Constrained Optimization, Lagrange
Multipliers

Goal: Maximize or minimize f(x, y) or f(x, y, z) subject to a constraint, g(x, y) = c.

Example 77. A new hiking trail has been constructed on the hill with height

h(x, y) = 4� 1

4
x
2 � 1

4
y
2, above the points y = �0.5x2 + 3 in the xy-plane. What is

the highest point on the hill on this path?

Objective function:

Constraint equation:

what we wanfo imax/minimize

h(x ,+) = 4-ye -Ey2
(0,)

restriction on the inputs into the objective function.

y= - 0 .5x + 3 # solve Uh = Jog
wi and39(4) = m

g(x,y) = y+ 0 .5x= 3
Tsystem or equs.

~TenWita M
th (i)

00:2
not o this

If Ho . the
Solve the Lagrange ears

Y becomes y =3.

So 2=0
,4=3 Solves 04F = x(Y) =Or (set j=38V

and y+ ExE3 ③ y +zn= 3 (n ,g= (0 ,3) works for

(+0

to. DER-=0 = U - b)== +2008 .

then -Ey= y= 1
, Plug y: 1 into 8 get 1+ Es" = 3

se+ p. ,5-2 , 1) => u = 4 Enz
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Example 77. A new hiking trail has been constructed on the hill with height

h(x, y) = 4� 1

4
x
2 � 1

4
y
2, above the points y = �0.5x2 + 3 in the xy-plane. What is

the highest point on the hill on this path?

(Cont.)

(2 .
1,Zot a)-2 ,

1
,
2.

At

10,
3 , 1st

h(m,) = 4-ex2-192 ! (-3, 1)

· (0 ,3)

(4) h(x
,4)

-

4-h(z)-y(1)" = 2 .75
MAX value at h

(2 , 1) occurs a 12 , 17

(- z , 1) I 4 - 7 (-2)-(1) = 2 ,75

(2 , 1)

and (-z ,1)

(0 ,3) 4 - :)0" - -(3) = 4- G: 1 .75
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Method of Lagrange Multipliers: To find the maximum and minimum values

attained by a function f(x, y, z) subject to a constraint g(x, y, z) = c, find all points

where �f(x, y, z) = ��g(x, y, z) and g(x, y, z) = c and compute the value of f at

these points.

If we have more than one constraint g(x, y, z) = c1, h(x, y, z) = c2, then find all points

where �f(x, y, z) = ��g(x, y, z) + µ�h(x, y, z) and g(x, y, z) = c1, h(x, y, z) = c2.

Example 78. Find the points on the surface z
2 = xy + 4 that are closest to the

origin.

↓ I don't remember seeing this on sample exams

D E
of

objective function?

Objective function : distance factu(i, y,z)
= x4+

·-- defines for
x2+y2+z2 Surfaced(x,y ,z)=

as a level set

Constraint :
Of 9 .

- be on the surface IDEA FROM CALL 1

minimize instead
g(x,y,z)= x14+4-z

=
=0

-
d2 =f(x,y ,z) =x+y + z

no square root
, easier

Lagrange ears- Sof= dog t ( w/ same answer (
use this objective

gla ,z=k Function instead .

of (2) g=)
Start w/ .

rewrite

2z + 26z = 0

=> (2 +2))z = 0 either z=0

So we set LG equs or d= -1 .

I
B

solve
2x = by 24 = Ja sys impossbe

E
crezo. E L&2267 & xy + 4= 0 so x= -y

and

For B to be true = = 4 = R=12

④xy + 4 -z= 0 SEO and y70 ·
=>

I=2 (2-2
,0

①2) => 2242
So X = Iy.
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Example 78. Find the points on the surface z
2 = xy + 4 that are closest to the

origin.

(Cont.)

= - L-G equs become

solve
2x = ) Y

① zx = -y

②
Zy = &x

② zy = -xE③ Iz =
< Ide ③ Iz = Iz

④
xy + 4 -z= 0 ④ xy + 4 -z= 0

① becomes y= -zx

plug into 2)-2x)= -

=>4x+ x = 0 => -3x= 0

(1y ,
z) A(2,> ,+)=xtu+z

So n=0

--

- sub into D get y =0.

(2 ,
- 2

,04+4 = 8 sub into $0 + 4 -zo

(-2
,
2

,0)4 + 4 =8 => E= 4

10 ,0 ,2) 4 => z = Ez

(0 , 0
,-2) 4 get (0 ,

0
, 2) , (0,

0
, -2)

These capomheadage didaI
are

Fo

( day+z
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Example 79. You try it! Find the points on the curve x
2 + xy + y

2 = 1 in the

xy-plane that are nearest to and farthest from the origin.
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Example 79. You try it! Find the points on the curve x
2 + xy + y

2 = 1 in the

xy-plane that are nearest to and farthest from the origin.

Set up : Vf = 15g ↓ I
,) =+y but do instead flug) = 22+y2

Of = [] and Ogzn]
g(u,a) = n

=
+xy+y

So Lagrange equations
to solve are

&1 : If x= 0 then By= 1 = Y= 11
.

① 2x= J(2x+y)
②
zy = J(zy +x)

get 10, 1) & 10
,
-1)

.

③
x+

my +y
= = /

Ca2 : 15 y=0 Then Op= 1 - R= 11
get (1 ,0 ,

11
,
0 ·

cases : 250 and yo · Then D & G become Jin-

=> [x(zy +z) = zylize+y) ( ,4) fix ,u]
=>Guy + 2x2 = 42y + 2y2 10, 1) 1

= x2 yz
10,-13 I

(b) (-1 , 0) I

>x = y or n= - y. (1 ,0) I

( %5.%23In case you then

③
x2 +x

2
+ x2 = 1

In case y= -z then (11-1) 2

=>= 13
③ x2 - x2 +x2 = /

(- ,
1) 2

=> x2= 1
=> n=is So MIN value E

=) n = 11
& (1 ,
-1)

, (1 ,
13

get (Yz
,Yis) , 73,/3) get (11-1) and (1 , 1) MAX value fl

C live ,
=%3)
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§15.1 Double Integrals, Iterated Integrals, Change
of Order

Recall: Riemann sum and the definite integral from single-variable calculus.

where Un= attack

I
differential.

Aren fles a

Lime in
thainidea :

In the limit as N- D

AreaAnd
You set the exact area under R= 1

the curve

le as you has more rectangles the with
of each recose)-

went to zero in the limit

Also ,
same area w/ other choices

of how to

pick height so long as It (a+ Rox ,
a+(h+x]

Such as : * Right end point
* left endpoint
* midpoint

even other-> * average height (trapezoid
rule)

ways e.g. ↳ ↑ Simpson's rule (more complicated),etc. etc.
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Double Integrals

Volumes and Double integrals Let R be the closed rectangle defined below:

R = [a, b]⇥ [c, d] = {(x, y) 2 R2|a  x  b, c  y  d}

Let f(x, y) be a function defined on R such that f(x, y) � 0. Let S be the solid

that lies above R and under the graph f .

Question: How can we estimate the volume of S?

Sfluids the area over ineval (a,b) below y = flu)

*

Y -value bee
is

over

rectangle·R= (a,b]x(2,d)

under

z= flein) .

11x
e b

add upthese f(xi
,yj) * ARAY

Volume fi, :Dysi

volume =
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Definition 79. The of f(x, y) over a rectangle R is

ZZ

R
f(x, y) dA = lim

|P |⇥0

nX

k=1

f(xk, yk)�Ak

if this limit exists.

•

•

integrand

region
[
of integration

-
P is the "mesh size"

, largest size among all

of the bases of the tall boxes .
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Question: How can we compute a double integral?

Answer:

Let f(x, y) = 2xy and lets integrate over the rectangle R = [1, 3]2 [0, 4].

We want to compute
R 3
1

R 4
0 f(x, y) dy dx, but lets consider the slice at x = 2.

What does
R 4
0 f(2, y) dy represent here?

&

↑

zr

Purple Slice has area

24

iL
S

Vol =
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In general, if f(x, y) is integrable over R = [a, b]2[c, d], then
R d
c f(2, y) dy represents:

What about
R d
c f(x, y)dy?

Let A(x) =
R d
c f(x, y)dy. Then,

=

Z b

a
A(x)dx =

This is called an .

Example 80. Evaluate

Z 2

1

Z 4

3
6x2y dy dx.

Theorem 81 (Fubini’s Theorem). If f is continuous on the rectangle R = [a, b] 2
[c, d], then

More generally, this is true if we assume that f is bounded on R, f is discontinuous

only on a finite number of smooth curves, and the iterated integrals exist.

Volume

do insidefirst

"Order doesn't matter"
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Example 82. You try it! Integrate:

a)

Z 2

0

Z 1

1
x y dy dx easy

b)

Z 1

0

Z 1

0

y

1 + xy
dx dy medium

c)

Z 4

1

Z e

1

ln x

xy
dx dy hard!
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Example 82. You try it! Integrate:

a)

Z 2

0

Z 1

1
x y dy dx easy

b)

Z 1

0

Z 1

0

y

1 + xy
dx dy medium

c)

Z 4

1

Z e

1

ln x

xy
dx dy hard!

8: 50

= Jxy-zy2) ! do
= 32x - (-x) - odx

= J22xda = x28 = 4

1) dy = So In(1+my)) dy = Jen +- dy

U-sub
IBP Judu = nr-So du

U = 1+zy U= In(t) dr= 1 dt
= (1+y) In/1+y) - ( 1 +y)10

du= y da du= - It v= +t

↓ = Renz-2]- 1) = zenz-1
So Jentdt = tInt-Jdt

= tent-t + C

=Judy =SYdy
D

IBp Judu= ur-Judu = Sidy = Inly)/," =z@n4-Eluenz
= Inx dr=Edi
du= Ed v= Ina G alnb = In/b%

4 = An(f)

=Jedu= Inak -Meda So =An
= Inz

* = z(nx)2+c V
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Example 83. Compute

ZZ

R
xe

ee
y

dA, where R is the rectangle [1, 1]2 [0, 4].

Hint: Fubini’s Theorem.

IDEA? S'gY ge dydz

Bettere


