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§15.2 Double Integrals on General Regions

Question: What if the region R we wish to integrate over is not a rectangle?

Answer: Repeat same procedure - it will work if the boundary of R is smooth and

f is continuous.

R maybe isn't a readungle.

· Irflau) da
same idea : Use rectangles a lots of them
to approximate the volume Vol= SSafdA.

IDwhen choosing drady us. dyde it helps to

look at R the region.

vertically simle region

i
S)f(x,) da

dA = dady
inner indequel
w)xdA = dyda inner integral (y -

cost)
w/ y ( cost]
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Example 84. Compute the volume of the solid whose base is the triangle with

vertices (0, 0), (0, 1), (1, 0) in the xy-plane and whose top is z = 2⇥ x⇥ y.

Vertically simple:

Horizontally simple:

T

y-valuesrangeFro- f(x ,u)=z-x-y .

Y vol = goge-y dy daN E se treated as

10 ,101) ⑳ O
constant in

inner integral
In words as R ranges from

① do 1
,
then Y range- XFrom O to D-x

(0,0) · (,0)
10,0) 10

Vol= J, Zy-xy-ye/dx = J'2(1 -x) -x(-u) - E(1 -x)2da

= S2-2n - x+x - E)1 -2n+ s)de = S2-3a+-i + x - Indu

= -In +Edn = En-n +Ex!

N u=1
-y = (5 - 1 +3) - (d)=

10 ,1· y= 1
-x

in 10 ,i

now choose you first fun

y = 1 -x 2 goes between O and 1-yHuia100 Vol= Sofi-x-y dady
=--
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Example 85. Write the two iterated integrals for
ZZ

R 1 dA for the region R which

is bounded by y =
2
x, y = 0, and x = 9.

Example 86. Set up an iterated integral to evaluate the double integral
ZZ

R 6x2y dA, where R is the region bounded by x = 0, x = 1, y = 2, and y = x.

⑪ 2Sfina) dydia
② If fa,4) dade

First 10,97 then yelo,]

So I dy do·Firs - 10,37 then rely,9)
A

7 ②
9 2=qy

= 6

9 1 dudy
[n=yz

Z

y=x

Easier Choice of order

is SSA(,4) dyde10 , 1
,

then yet,is
No

So double integral is
&

then y-values in range

Sigdy da (x
,2.

-
a values in 10, 17
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Example 87. You try it! Write the two iterated integrals for
ZZ

R 1 dA for the

region R which is bounded by x = 0, y = 8, and y = x
3.

i
"
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Example 87. You try it! Write the two iterated integrals for
ZZ

R 1 dA for the

region R which is bounded by x = 0, y = 8, and y = x
3.

-

o (2 first theng)
not right

does itque?Standa
so

C but what(
I gags I dyda

10,0)
d (y first Mens)

② SS for,e) de d
y= x

# x=3.

=So go I do dy
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Example 88. Sketch the region of integration for the integral

X 1

0

X 4

4x
f(x, y) dy dx.

Then write an equivalent iterated integral in the order dx dy.

&

New problem TYPE !

E

V =

=

Q:

Y

You do get R From the iterated integral?

Ya
y= 4 (Top)

B4
&"Illin (BOT) ② IS fla,y) do dy

j 172 &
O 1

One idea

y=4xEH= 3/4

and y + (0 ,4) so ne1o , 3/17
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§15.3 Area & Average Value

Two other applications of double integrals are computing the area of a region in the

plane and finding the average value of a function over some domain.

Area: If R is a region bounded by smooth curves, then

Area(R) =

Example 89. Find the area of the region R bounded by y =
p
x, y = 0, and x = 9.

Average Value: The average value of f(x, y) on a region R contained in R2 is

favg =

8 : 00 15 min 8 : 15

also
Area(r)

-

SSrd da
S

"Volume"

And drone?Issue Ofthis solid

-

is Sadda

3a9a

· Area= SSpAdA= gagie I dyde
= gas da=I Ed

g 9
= Ex = E(2z)-o = 18

FromCalacat. fir fixa) da.backYa ---

S

I ·!

~fit 3=+(2)

= joflees aug value
of f over (a ,b)
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Example 90. Find the average temperature on the region R in the previous example

if the temperature at each point is given by T (x, y) = 4xy2.

8 : 15 10 min
8 :25

3nYa 3= ( ,
9) Area (r)= 18

O

· D computerT(,) da
g & divide by Area(p).

Pggr4y dyde = Says de

=I Ex()- #10) d =Jay

= /=9

② Argf=3
= 3247546 .28
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Example 91. You try it! Find the average value of the function f(x, y) = x
2 + y

2

on the region R = [0, 2]⇥ [0, 2].
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Example 91. You try it! Find the average value of the function f(x, y) = x
2 + y

2

on the region R = [0, 2]⇥ [0, 2].

!?
-

O

Area R= 4 (nounedt
=/ v=metd

= SS sty dyde

= Say +zy3 du

*
= 52x2+ 813 do

= Ex + En
=

3 + 8 + =(8) =
↑ volume .!!

Sterz divide volume of
- solid by areao base

Aug f=eSrfd = + 3 = 813
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Example 92. Find the average value of the function f(x, y) = sin(x+ y) on (a) the

region R1 = [0, ⇡]⇥ [0, ⇡], and (b) the region R2 = [0, ⇡]⇥ [0, ⇡/2].

Hint: choose your order of integration carefully!

RENDER :DExam 2 in one WEEK, Thur March 12
-
--② Quiz 3 due Friday in Gradesope
.

-

-fines20
112 g-valves

Ya
(a) For Ri y:cost

V= gi Since dyan &i
= gig since and y= cos(x++) y= cos(x+π(z)

= sinx
=
- COS

- &

(bForM Sinc de
Y

lets Fry option I.

y = Sinn

Ri
Re #zI· J Sin Luty) da dy #En T

same
For (a)

v= Study=+4) - +cos(0+u) dy valveSame aug
= Ji - cos(y+H) + cos(y) dy
- iS ⑳.

=
- sinly+H + Sinty) =swits-to sit I

T O bcz =0

For [67

v= J - cos(y +H) + co ,G)dy =
- Sin(y++) + sin(y)/1

3/2

= Esin+) + sin(2)) -(ss : -H1+= z

(b) long value is

#muca :

avg f= Vl
2/2/2=

= Fr Suf da
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Example 93. You try it! Which value is larger for the function f(x, y) = xy: the

average value of f over the square R1 = [0, 1]⇥ [0, 1], or the average value of f over

R2 the quarter circle x2+y
2  1 in Quadrant I? Verify your guess with calculations.

① compute any value off over R, R2

② guess which will be bigger?

9 9

" =m Augr(f) or Augra(f) :" guess ble =smaller area
,

so larger total ?

SVolk= J'ay dydu = Soy Isdn= So do

= [426 = Y
Area(n) = 1

.

So August = 14

values in this
*

region are genally
higher thanVolve = Sighth by dydait average.

/Exy2/de Augrof =? (biggertI a
&

= Sin (1-u2) du = So En-Ex3dx = Yn2 -n"16

So AreaRe: I = T
=

-z = "s
.

Augryf= t smallerthe

Augrif -
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Example 93. You try it! Which value is larger for the function f(x, y) = xy: the

average value of f over the square R1 = [0, 1]⇥ [0, 1], or the average value of f over

R2 the quarter circle x2+y
2  1 in Quadrant I? Verify your guess with calculations.

8: 50 15 min 9 :05

9 9

"
· [1, 1)

Augr(f)
or Augr:

guess ble =smaller area
,

so larger total ?

o' ! >

V = S'S'xy dydu = Soxynl! = S!x( -0)dx = )!xd
=! = So Agrilf=m=**

Vm=J Skydyda=yz/
*
da = !!x( -x)dx

=(2(x-x)dx= (x- int))!= ( - 2)=+ = My-
So Augulf)= Va=* Well I'll be ...

how's that

In retrospect , what seems to be happening ⑳ work...

9 9 is that in the outer region of R,
the part not contained in R2· I C

in the part of Ri not B who wouldcontained in Re the value
thunk it .

of fEy is "particularly large" Since

MY is small when Y is small . And apparently
this more than compensates for by larger area.
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§15.4 Double Integrals in Polar Coordinates

Review of Polar Coordinates

x

y Cartesian coordinates: Give the distances in

and directions from

Polar coordinates:

• r = distance from to

• ✓ = angle between the ray and the

positive

We can use trigonometry to go back and forth.

Polar to Cartesian:

x = r cos(✓) y = r sin(✓)

Cartesian to Polar:

r
2 = x

2 + y
2 tan(✓) =

y

x

https://www.geogebra.org/classic/thaxxzzp

4

ala rectangular coordinates
.

Plopla,b)
x Y 10

,0)

a s (0 ,0)

⑮
Pla ,n) r20

x-axis OE10 ,2) or

OEF,T)

have(r,0) want (2, 4)

then use T

have (2,4) want (r,> So 0-arctan(1)3
a

- : min)
=

Crestry

fold I >

Warning:manyPossible (ooe-

S

https://www.geogebra.org/classic/thaxxzzp
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Example 94. a)Find a set of polar coordinates for the point (x, y) = (1, 1).

b)Graph the set of points (x, y) that satisfy the equation r = 2 and the set of points

that satisfy the equation ✓ = ⇡/4 in the xy-plane.

c)Write the function f(x, y) =
p
x2 + y2 in polar coordinates.

d) You try it! Write a Cartesian equation describing the points that satisfy r =

2 sin(✓).

Goal: Given a regionR in the xy-plane described in polar coordinates and a function

f(r, ✓) on R, compute
RR

R f(r, ✓) dA.

Example 95. Compute the area of the disk of radius 5 centered at (0, 0).

Remember: In polar coordinates, the area form dA =

4 Formula : r
=

= x5+y O = arcon(*) For quads

(1 , i) re = (1)+11=>z = r=E -

10 S O = arctan (111) = 114
.

3
x

↓ isthepote
3
x

->
f(ro)= r

rzo

Idea: substitute ↓
R= rcoso fro = Mrsolsind=striso = N = Inter
y = rsino

rewrite r = 2sind using It'ssys. rsind=

y

= r2 = Zusing ① r=+y r= xixy2

=> x
=
+y

- = 24 I② ge rsind sind=]/r

-2 =2: 24

R=5

A==

25a
Naive approach-

-

HisS down s a

O values in (0,2n)

da dudo = 50" = 10t
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Goal: Given a regionR in the xy-plane described in polar coordinates and a function

f(r, ✓) on R, compute
RR

R f(r, ✓) dA.

Example 96. Compute the area of the disk of radius 5 centered at (0, 0).

Cont.

Remember: In polar coordinates, the area form dA =

real# dan=rey S=Bad
butNow. current

radius

↓

# AntOr
·

So

J]1 da =go
Lets try it out

!
S

Disk ana JJphdA = J do-
da

↑ 31 = jot21d0=
= 25:2 25π

~ dr do
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Example 96. Compute
pp

D e
p(x2+y2)

dA on the washer-shaped region 1 ⇥ x
2+y

2 ⇥
4.

Example 97. Compute the area of the smaller region bounded by the circle x
2 +

(y p 1)2 = 1 and the line y = x.

r2= x2+42
-4 min)

= flo,o --

4
.

not timpe R = & (r,d) /0 ! 022+, 1 Er 123
&

2+
=4

#notLi "polor reclugle" R = (0,24x (1 ,2)p

↳ drdo

·
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Example 98. You try it! Write an integral for the volume under z = x on the

region between the cardioid r = 1 + cos(⇡) and the circle r = 1, where x  0.

x

y

r = 1 + cos(⇡)
r = 1

4

*
- 10-
X.
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Example 98. You try it! Write an integral for the volume under z = x on the

region between the cardioid r = 1 + cos(⇡) and the circle r = 1, where x  0.

x

y

r = 1 + cos(⇡)
r = 1

4

&

& e -12,2]
rt [1

,
I + cosO]

F So f(x ,y) = x

- f(r, d) = rcoso
don't forget w !!

-

Darcse
asor

10

-oL hereoh
tol.
oops .

=> Jhcocoso-cod
= J((I+3o

hmmm...

=... = 5/8
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Example 100. Convert the integral in polar coordinates to an equivalent integral

in cartesian coordinates, but do not evaluate. Then, evaluate the original integral

to find the value of
RR

R f(x, y) dA.

Z ⇡/2

⇡/6

Z csc ✓

1
r
2 cos ✓ dr d✓

Ya

·
-

& ↓& > x
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Tips and tricks

For horizontal lines such as x = 2:

For vertical lines such as y = 1 (e.g., Example 100):

For o↵-set circles such as x2 + (y � 1)2 = 1 (e.g., Example 98):

&
x= rcost

②y= rsno

UseO yet 2=coso = r= -Seco

in general

If=R = F= Lesecd #and
use get

So r= CScO #1 = r sind

So in general y = V

= v= ucso

M ① CTS .

recope + (rsino-1= 1

* => re-Irsing =O

-sing
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Example 101. You try it! Find the area of the region R which is the smaller part

bounded between the circle x
2 + y

2 = 4 and the line x = 1.

x= 1

Ya

1

&I
22+q2 = 4

--

-

-
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Example 101. You try it! Find the area of the region R which is the smaller part

bounded between the circle x
2 + y

2 = 4 and the line x = 1.

The O-value is between (1-53) (1, 53) so Ot*] .

x= 1

Y
4 = 22+y = = = T= 12

,
to

I
So F=2 on circle

U= r 100 = v=0
= 2 seco& Cx= 1

Eseco on live K=2.

So Of[-12]
and re (Seco,2]

- E
22+q2 = 4 Z So O = tan" (13)=3

Area =Si 1wddo= do=
= Itano-201 = tan(13) - 4 *T = 53 - 45/

T
Function is

odd
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Math 2551 Worksheet: Exam 2 Review

1. Which of the following statements are true if f(x, y) is di!erentiable at (x0, y0)? Give
reasons for your answers.

(a) If u is a unit vector, the derivative of f at (x0, y0) in the direction of u is (fx(x0, y0)i+
fy(x0, y0)j) · u.

(b) The derivative of f at (x0, y0) in the direction of u is a vector.

(c) The directional derivative of f at (x0, y0) has its greatest value in the direction of
→f .

(d) At (x0, y0), the vector →f is normal to the curve f(x, y) = f(x0, y0).

2. Find dw/dt at t = 0 if w = sin(xy + ω), x = et, and y = ln(t+ 1).

3. Find the extreme values of f(x, y) = x3 + y2 on the circle x2 + y2 = 1.

4. Test the function f(x, y) = x3 + y3 + 3x2 ↑ 3y2 for local maxima and minima and saddle
points and find the function’s value at these points.

5. Find the points on the surface xy + yz + zx ↑ x ↑ z2 = 0 where the tangent plane is
parallel to the xy-plane.

6. Evaluate the integral

∫ 1

0

∫ 2

2y

4 cos(x2) dx dy. Describe why you made any choices you did

in the course of evaluating this integral.

7. If f(x, y) ↓ 2 for all (x, y), is it possible that the average value of f(x, y) on a unit disk

centered at the origin is
2

ω
?

8. A swimming pool is circular with a 40 foot diameter. The depth is constant along east-
west lines and increases linearly from 2 feet at the south end to 7 feet at the north end.
Find the volume of water in the pool.

1


