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§15.4 Double Integrals in Polar Coordinates

Review of Polar Coordinates

x

y Cartesian coordinates: Give the distances in

and directions from

Polar coordinates:

• r = distance from to

• ⇡ = angle between the ray and the

positive

We can use trigonometry to go back and forth.

Polar to Cartesian:

x = r cos(⇡) y = r sin(⇡)

Cartesian to Polar:

r
2 = x

2 + y
2 tan(⇡) =

y

x
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Example 94. a)Find a set of polar coordinates for the point (x, y) = (1, 1).

b)Graph the set of points (x, y) that satisfy the equation r = 2 and the set of points

that satisfy the equation ⇡ = ✓/4 in the xy-plane.

c)Write the function f(x, y) =
p
x2 + y2 in polar coordinates.

d) You try it! Write a Cartesian equation describing the points that satisfy r =

2 sin(⇡).

Goal: Given a regionR in the xy-plane described in polar coordinates and a function

f(r, ⇡) on R, compute
RR

R f(r, ⇡) dA.

Example 95. Compute the area of the disk of radius 5 centered at (0, 0).

Remember: In polar coordinates, the area form dA =

4 Formula : r
=

= x5+y O = arcon(*) For quads

(1 , i) re = (1)+11=>z = r=E -

10 S O = arctan (111) = 114
.

3
x

↓ isthepote
3
x

->
f(ro)= r

rzo

Idea: substitute ↓
R= rcoso fro = Mrsolsind=striso = N = Inter
y = rsino

rewrite r = 2sind using It'ssys. rsind=

y

= r2 = Zusing ① r=+y r= xixy2

=> x
=
+y

- = 24 I② ge rsind sind=]/r

-2 =2: 24

R=5

A==

25a
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-
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Goal: Given a regionR in the xy-plane described in polar coordinates and a function

f(r, ✓) on R, compute
RR

R f(r, ✓) dA.

Example 96. Compute the area of the disk of radius 5 centered at (0, 0).

Cont.

Remember: In polar coordinates, the area form dA =

real# dan=rey S=Bad
butNow. current

radius

↓

# Antor
·

So

J]1 da =go
Lets try it out

!Integration
S & factor

Disk ana JJ1dA = fund do#-
da

↑ 31 = jot21d0=
= 25:2 25π

~ dr do
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Example 96. Compute
pp

D e
p(x2+y2)

dA on the washer-shaped region 1 ⇥ x
2+y

2 ⇥
4.

Example 97. Compute the area of the smaller region bounded by the circle x
2 +

(y p 1)2 = 1 and the line y = x.

EXAM 2 r2= x2+42
&

4 on Thursday 1. fimn) = flo,o -
&2 pm in Lecture hall
-

4
.

not timpe R = & (r,d) /0 ! 022+, 1 Er123&

2+
=4

"polor reclugle" R = (0,24x (1 ,2)p

#nothor geadidoeddL-
U-sub Box A

n = -rzh= -re El = d= -1
du=

-zrdr

R is really simple -Edu = ~dr
=z == -H

2
I Jo zet do=*

-ze-tei) do
=-zeto-zetie

Sp1 : use Kerrosa

Yersing

=> (cos + Crano-1 = 1

E0=/4 = r2cos + resin20- Zrsind +1=
- =

O arefandi)
=> r2 - Irsind = O

e (0,4) => re = Irsind

10

0

000 re[0 ,
zsino] = r = zsind (r=d)

# power
reduce

Sin2oz KozoFormula

Area= Dr1 dagi Busine Ardo do = Sh psdo

= S Easing= 2 Since do=20 o #
= O-sinzolik - -Esu) - 10 - Ero)=-
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Example 98. You try it! Write an integral for the volume under z = x on the

region between the cardioid r = 1 + cos(⇡) and the circle r = 1, where x p 0.

x

y

r = 1 + cos(⇡)
r = 1

4

*
- 10-
X.
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Example 98. You try it! Write an integral for the volume under z = x on the

region between the cardioid r = 1 + cos(⇡) and the circle r = 1, where x p 0.

x

y

r = 1 + cos(⇡)
r = 1

Q : Is it or V= 2 Sh gasrcocowdr do

↳& ↓ 2

/He OS & E [ 1,2]

· rE [1
,

I + cosO] ???

8 10
*

So f(x ,y) = x

·. f(r, d) = rcoso
don't forget w !!

↳- So aflunidA = (cosorco far do
Stop

here·.
hmmm...
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Example 100. Convert the integral in polar coordinates to an equivalent integral

in cartesian coordinates, but do not evaluate. Then, evaluate the original integral

to find the value of
RR

R f(x, y) dA.

Z ⇡/2

⇡/6

Z csc ✓

1
r
2 cos ✓ dr d✓

New problem type.
(a)

(b)

(a) META
G
X OT16 ① Figure out bounds

Ya

101PC=
for 2, y to

= decribe te regin-R
·(3lz,2) E??· O=6

↑COS
② changef into

> ~
Cartesion Cordf

fir,o = rcost=

(a) R in polar words , we /1 , co]

R recognier ye(/n , 1) xy , By]
if 0: /6 and =I

then H= 1 cos(TI) y
= 1 Sin/S ↳

x = 5312 y = //m

so live passing through 10
,03 a (512 , 1127

y= mx = m= = Y5

x dxdycag goa
e

final
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Example 100. Convert the integral in polar coordinates to an equivalent integral

in cartesian coordinates, but do not evaluate. Then, evaluate the original integral

to find the value of
RR

R f(x, y) dA.

Z ⇡/2

⇡/6

Z csc ✓

1
r
2 cos ✓ dr d✓

New problem type.
(a)

(b)

(a) META
G
X OT16 ① Figure out bounds

Ya
for 2, y to

10 decribethe regin-R
·(3lz,2)

O=6
② changef into

I Do > x Cartesion Cordf

A

(b) META

V= Si Jascecoso do do ① integrate.

②No Step 2
.

= Jim t rbcoso I o CSCO * COSO

coso
I -

= Sisocoso-co do
Sin30

duz coso do = CSCO CotO↳i Cotocio-Ecosodo·
S

= Jindcosodo-ficoso so 1
(

2 #(j

=Adu-sin (tr/
⑤

=Isinin F
= [5(1)+ (in(πb))

-

) - (5(1) +3)

=- + tx(7)2 - y + t =y+ =j-- +b = z -t = 11
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Tips and tricks

For horizontal lines such as x = 2:

For vertical lines such as y = 1 (e.g., Example 100):

For o↵-set circles such as x2 + (y � 1)2 = 1 (e.g., Example 98):

&
x= rcost

vertical ②y= rsno
- Sh

use Q get z = rose v= 2Seco
=

&

in general

Ken = recance
horizontal
=>

use ② get #1 = r sind

So r= CScO

So in general y = V

= v= ucso

M ① CTS .

recope + (rsino-1= 1

* => re-Irsing =O

-sing
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Example 101. You try it! Find the area of the region R which is the smaller part

bounded between the circle x
2 + y

2 = 4 and the line x = 1.

inner boundary

u= ) E v = seco

Ya

-& &I-
-
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Example 101. You try it! Find the area of the region R which is the smaller part

bounded between the circle x
2 + y

2 = 4 and the line x = 1.

The O-value is between (1-53) (1, 53) so Ot*] .

x= 1

Y
4 = 22+y = = = T= 12

,
to

So F=2 on circle

U= r 100 = v=0
= 2 seco& Cx= 1

Eseco on live K=2.

So Of[-12]I and re (Seco,2]

- E
22+q2 = 4 Z So O = tan" (13)=3

Area =Si 1wddo= do=
= Itano-201 = tan(13) - 4 *T = 53 - 45/

T
Function is

odd
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Math 2551 Worksheet: Exam 2 Review

1. Which of the following statements are true if f(x, y) is di!erentiable at (x0, y0)? Give
reasons for your answers.

(a) If u is a unit vector, the derivative of f at (x0, y0) in the direction of u is (fx(x0, y0)i+
fy(x0, y0)j) · u.

(b) The derivative of f at (x0, y0) in the direction of u is a vector.

(c) The directional derivative of f at (x0, y0) has its greatest value in the direction of
→f .

(d) At (x0, y0), the vector →f is normal to the curve f(x, y) = f(x0, y0).

2. Find dw/dt at t = 0 if w = sin(xy + ω), x = et, and y = ln(t+ 1).

3. Find the extreme values of f(x, y) = x3 + y2 on the circle x2 + y2 = 1.

4. Test the function f(x, y) = x3 + y3 + 3x2 ↑ 3y2 for local maxima and minima and saddle
points and find the function’s value at these points.

5. Find the points on the surface xy + yz + zx ↑ x ↑ z2 = 0 where the tangent plane is
parallel to the xy-plane.

6. Evaluate the integral

∫ 1

0

∫ 2

2y

4 cos(x2) dx dy. Describe why you made any choices you did

in the course of evaluating this integral.

7. If f(x, y) ↓ 2 for all (x, y), is it possible that the average value of f(x, y) on a unit disk

centered at the origin is
2

ω
?

8. A swimming pool is circular with a 40 foot diameter. The depth is constant along east-
west lines and increases linearly from 2 feet at the south end to 7 feet at the north end.
Find the volume of water in the pool.

1


