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§16.3 Conservative Vector Fields & Fundamental
Theorem

efinition 132. A vector field F is path independent on an opeh region D if
AYs Fo T C&S N for all paths C' in the region that have the same

S F.TAs: &p T(LS = &C3C.T éQ b
C\ %
Cz <.

endpoints.

A

When F is path mdependent, we can use the simplest path from point A to point

B to compute a line integral, and will often denote the line integral with points as

(3,1,1) (c,d)
/ F-Tds or / F - dr.
(0,1,2) (a,b)

Example 133. If C is any closed path and F is path independent on a region

/F~dr:
C

bounds, e.g.

containing C', then
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Question: Given F, how do we tell if it is path independent on a particular region?

Sowera) oQvTorst
(VU Crach Somg prtias G\, o &\ F-Tde=f Sc,_ F-Tds , Nen

F & NOT ot padependond .
Q@ e Sore CLOSED Loo®s C. o Unath = S‘LF.TJQ—,-O,

For example, is F(z,y) = (r,y) a path independent vector field on its domain?

T‘f3 @ o C: v o= {eost, swt ), telo,zm) QAN CssChA-

Thon S FoT ds= 5‘« (eortr oy o (—sng, 5> db
C )

] Sﬂ Gkt F ons st o

d a
= Sm o dk< |O &S

O
Example 134. You try it/ Last time, we saw that if C' is the unit circle about

the origin, oriented counterclockwise, then fo<—y,:ﬂ> -dr = 2m. From this, we can

conclude:
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Question: Given F, how do we tell if it is path independent on a particular region?

Sowra) 0@ RSt
(VD Crach Somg ptins C,., ™ Sg\ F-Tdek Sc,_ FTds , Nen
F & RNOT  patvn  wdepandond .

Q@ e Sore CLOSED Loo®s C. o Unaihe & SaF'T4§=O‘

For example, is F(z,y) = (z,y) a path independent vector field on its domain?

T\'3 @ ¢ C:rvln= {eosts, st ) telo,zm)
Thon XC FoT ds= 82: <Lpg~(;, swmt) o <—Smt, ot dt

MS‘. = S:r — Sintlost +Sinteast & = S?‘O d+

S —
N‘o)r%*\_ =0 . O lb othwr loc\ps?
Example 134. You try it/ Last time, we saw that if C' is the unit circle about

the origin, oriented counterclockwise, then [, (—y, ) - dr = 27. From this, we can

conclude:

Example 129. Flow of a VelociLy Field. Find the circulation of the velocity

field \[F(z y) = (—y,x) (‘?m/ s around the unit circle, parameterized counterclockwise.
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A different idea: Suppose F is a gradient vector field, i.e. F = Vf for some
function of multiple variables f. f is called a f\i\»o“‘e’(\’\“d '@LMDOA for F. In

this case we also say that F is conservative.

Is F(z,y) = (z,y) conservative? M to Cwd ‘Q'()c ,gb et V;P: F y
;?‘(7(,‘0 - 37‘6’7—_ﬁ —\i"tz \/ Chuaste- -{L)L—; A , £‘7: j V’L(YH>

Sca\c WF‘*—

> _ S doe = = + C»C‘J
ex!; = ¥ S/E\%éﬁ \_2

S (,"E A C@D\) = O= C' ("1>:’Kj

Cp), we na

/

w (oma@y W
L e (=
/ﬁ// S cGD g = Jady=30CH

o Ao = Lariere

Theorem 135 (Fundamental Theorem of Line Integrals). If C is a smooth curve

from the point A to the point B in the domain of a function f with continuous

gradient on C, then ?4; Comporre = FC
D — /CVf.T ds = f(B) — f(4A) S\: {;(70 A
l/«j = F(b)’r’("o

e
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Example 136. Compute [,(z,y) - dr for the curve C' shown below from (—1,1) to

(3,2).
el % h S m e Sece
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It followsA:chat every conservative field is path 1ndependent.

it e
Dws e P\ coehan ao N otwer UV ‘/\6? (H"{' ?B

In fact, by carefully constructing a potential function, we can show the converse is

also true: QA[&%_@_\MLLPAJIA*_B (on Sec Voo .

Gt
\dea: :?wn-.—% Y ET 8

(L¥%))
This leads to a better way to test for path-independence and a way to apply the

FToLlI.

Curl Test for Conservative Fields: Let F = Pi+Qj+ Rk be a vector field defined
on a simply-connected region. If curl F = (R, — Q., P, — R,, Q, — P,) = (0,0, 0),

then F is conservative.
F(’X,&Df < ?(?‘/‘h, QL) , 07 =0

e If F is a 2-d vector field, curl F = <D _ O/ @ -0 , Q’)L"Q‘f> — <o s

e This is also called the mixed-partials test, because Q- .= Pﬂ-{
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Ware F= <?/Q7
Example 137. Evaluate fc 10:1:4 —22y%) dw =3x%y* dy where C is the part of the

curve ¥° — 5z%y* — 7x? = 0 from (3 —2) to (3,2).
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§16.4 Divergence, Curl, Green’s Theorem

\\w\on o redly o Ueesoc

9 & 0 except  Lormatly.
Useful notation: V=( —, —, —
<8a: oy (9z>

So if f(z,y,2) is a function of three variables, V f = <%(f), 2(f), 2(f)>

If F(x,y,2) = P(x,y,2)i + Q(x,y, 2)j + R(x,y, 2)k is a vector field: < £=<HQ,RD

T 9 3 ¥ p
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How do we measure the change of a vector field?

1. Curl (in R?)

o Tells us Flow / Cicun\ovon éex\{\’fj

e Measures ‘OC&I csan\oidoN gk o ‘PD\V\“’

o [sa \QCdoCT

e Direction gives QXS of W‘\'\MCW‘V? T howel VQ\Q’X

e Magnitude gives _{oledioN toake

o curlF = vxt

o If F=Pi+Qj weuse VXF =V x(PQ,0)

@’H'\’M CofiP) = CQ/O Qn—F >-—’<o/© Sy

2. Divergence (in any R") ¢S M\'\ LM
Tells us _ FlUX ée)ns‘r\—cj

Measures COWN?V@%UDY\/ X pansion o 0\@\\«'\'

o a_ SooiuV

divF = W e F
(Goamg v Q\&Uere}cﬂ*iaw\ 0& &xvF=o.
V< \‘W\C&XN\QQ%E\O\LH
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Example 138. Let F(z,y) = (x,y). Based on the visualization of this vector field
below, what can we say about the sign (+,-,0) of the divergence and scalar curl of

this vector field? Verify by computing the divergence and scalar curl.
¥ B @3 lots of ex@ugon So dw(® Swand be
M . ?os,\_\\,g ot @,@D powt (NJ Flux = §C_F -ndg >O>

cue\ (F)  Snontd b e 226D vecdor:

\,@*.e'. “ e comron, SO
s (mu! F=0f ¢ Fa=§ F-T &= fa-tw=0)

ON’W' &\\/ F= P+ Q‘j 1+1=2 v
C\Lf\ F <O/ 0/ Q‘)( ﬁ’ <0,0} o -0
—:<O7O)°> v

Example 139. You try it! Let F(z,y) = (—y,z). Based on the visualization of
this vector field below, what can we say about the sign (+,-,0) of the divergence and

scalar curl of this vector field? Verify by computing the divergence and scalar curl.
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Example 138. Let F(z,y) = (x,y). Based on the visualization of this vector field
below, what can we say about the sign (+,-,0) of the divergence and scalar curl of

this vector field? Verify by computing the divergence and scalar curl.

. £ 3 g lots of ex@argion S0 dw(®) Shand e
. ?ogA—\\tQ ok 6'03 ?O\V\—l— (NJ Plux = &F nég>o>

o «otaron, SO cue\ (F)  Snontd b e 226D vecdor:
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—{020205./

Example 139. You try it! Let F(z,y) = (—y,z). Based on the visualization of
this vector field below, what can we say about the sign (+,-,0) of the divergence and

scalar curl of this vector field? Verify by computing the divergence and scalar curl.

g \ots of At So cucd(P) £ 0
N ond Sund e gowiy up
/ %/ fé’i onr of Ty by RWR

lo Cempresson, so dw (P =0

O”/A” (el F = {0,0, Qxr- P77
= {o,0, [-(-)) = €0,02)“ve" v/

dw ¥ = Px-i'Qn:O-\'O:O v
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Question: How is this useful?

Answer: We can relate O‘@ C F inside a re-

gion to the behavior of the vector field on the boundary of the region.

Theorem 140 (Green’s Theorem). Suppose C' is a piecewise smooth, simple, closed
curve enclosing on its left a region R in the plane with outward oriented unit normal

n. If F = (P,Q) has continuous partial derivatives around R, then
n

a) Circulation form: "
C
o) T ds — - kA= _
( /CF TdsK/OPflz—l—QdyT//R(VXF)de /RQx P, dA
b) Fluz form: ot oo™ (Z'ST Q;/;W our

D) /Fndsl/de de_// ) dA = //P+deA

(.0\3 &\n Tlu. Flow| acxoss o~ closed Siple [OOP C s
Me  doubde - N\‘\C?r&p over N tadesor KOJLC of

The k-cm\eww\— o0& Canc\ F.

) Suﬁsf Te |Flog| dcmse o Uosed Swple lovp C s
W darvie -wegald oF Ma oreior R £ C of
dwv F
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Example 141. Evaluate the line integral fCF - T ds for the vector field F =
(=12, zy) where C is the boundary of the square bounded by x = 0,2 = 1,y = 0,

and y = 1 oriented counterclockwise. C=C‘UQUC3 ch gw(h.?
4 Flaa= § FoT ds =]

(@
(0\\j (,\ ) C ‘

oy /ﬁ% o g

G-T.
1 7 = SS auc Fole JA & JJD

F’ & S ;-ﬁ—g T
e c_zwTOL af—ns " gcqﬁ-lés

(o) Q\ (Lo & FoT i =
E= (o = <9, 27 = )5 Bx Ry Sh = ng 3 bz 2
Ry= -2 - 83123 = S(DSLZ":) dy & |31z
Qa=3 :x%ﬂt[:éw:glééiz—%‘;:%_o

Example 142. Compute the flux out of the region R which is the portion of the

oot
annulus between the circles of radius 1 and 3 in the first @;I;tﬂht for the vector field

F= (e’ o) GeT = — =

Plux= % Fende = S&\z Pa+Q, A
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Example 143. Let R be the region bounded by the curve r(t)

= (sin(2t), sin(t)) for

0 <t < 7. Find the area of R, using Green’s Theorem applied to the vector field
O(F-Tmd]

F-rl-(z\wc ;f:-_b\ : AQ’“R:SQRL AP\ = SSL ( ;;\\A‘\
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= g (66, 552t ) = (oot sl
»

T
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dpz — S (T ' 1
- S -4 st £ omt It = (‘C,es £40) snt b
5,0 oz \ )

Vo

e~ i"hzs 1s the idea behind the operation of the measuring instrument known as

a planimeter. N
S - du = += ug-»u\
[*'Q—\\ () - [*5) = [t=y) <1< ]{F



' =1 -
TH (65T pron Sonn [peon R=E8xi-08y

§16.4 ge 148

Example 143. Let R be the region bounded by the curve r(¢) = (sin(2t), sin(t¢)) for
0 <t < 7. Find the area of R, using Green’s Theorem applied to the vector field
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Note: This is the idea behind the operation of the measuring instrument known as

a planimeter.



