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§16.3 Conservative Vector Fields & Fundamental
Theorem

Definition 132. A vector field F is path independent on an open region D if

for all paths C in the region that have the same

endpoints.

When F is path independent, we can use the simplest path from point A to point

B to compute a line integral, and will often denote the line integral with points as

bounds, e.g.
Z (3,1,1)

(0,1,2)
F ·T ds or

Z (c,d)

(a,b)
F · dr.

Example 133. If C is any closed path and F is path independent on a region

containing C, then
Z

C
F · dr =

CI &

X
n·

G

ScFoT as same

Ford=SFodd.
atc .

-

loop C
=PUG Ja

,

Fodr + Sc Fodr
4 Since

· - B Fodo + God

Cz = Fodr-God
=O,
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Question: Given F, how do we tell if it is path independent on a particular region?

For example, is F(x, y) = hx, y� a path independent vector field on its domain?

Example 134. You try it! Last time, we saw that if C is the unit circle about

the origin, oriented counterclockwise, then
Z
Chiy, x� · dr = 2⇡. From this, we can

conclude:

Several options :

① check some paths D ,C it Sc.
Foods Sa Foods ,

then

F is Not path independent.

② check some CLOSED Loops C to check if S . FoTdS =0 .

doesn't always work?

Try & v/ C : r(t= (cost , sint) ,
telo,it unit circle .

then FoTds = g(cost , sint)0(-sint , cost] doSC

= got-sintcost + but cost di
/ Will

can

=

S
+ od+= 0 Not concral

-

path
ind
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Question: Given F, how do we tell if it is path independent on a particular region?

For example, is F(x, y) = hx, y� a path independent vector field on its domain?

Example 134. You try it! Last time, we saw that if C is the unit circle about

the origin, oriented counterclockwise, then
Z
Chiy, x� · dr = 2⇡. From this, we can

conclude:

Several options :

① check some paths D ,C it Sc.
Foods Sa Foods ,

then

F is Not path independent.

② check some CLOSED Loops C to check if S . FoTdS =0 .

Try & v/ C : r(t)= (cost , sint) ,
telo,it

Then SC

FoT ds = & (cost, sint)o(sint , cost] It

ANS : = Josintcost +Sintcost do = St0 It

Notsura = O . OK but other loops?

So

# (x,>) = <-y ,u]

is

Not path
independent :
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A di↵erent idea: Suppose F is a gradient vector field, i.e. F = rf for some

function of multiple variables f . f is called a for F. In

this case we also say that F is conservative.

Is F(x, y) = hx, yi conservative?

Theorem 135 (Fundamental Theorem of Line Integrals). If C is a smooth curve

from the point A to the point B in the domain of a function f with continuous

gradient on C, then
Z

C
rf ·T ds = f(B)� f(A)

potential function.

Need to find f(x ,) s.
t. Ut= F.

-

f(x ,y) = ExEpvcrem fu=x , fu= y
Of=)

-
Scalar functive

S we knowf = x So f= Sid=+ C(y)
>

Sin()(n+ (4) = 0+ c()=y .

So CG)=y = Jydy = *4+ (()
-

-

So f(x) = Ex+ Eu+

↓
F

I compare
to FTC

Saf(x) di
,
D-

& 2 = F(b)- F(a)
C

S > & -

- ↑
A ↑ doesn't depend or the

B

...... ↑ carve C at all ,

only start i end

So conservative F= Of
is automatically path ind



§16.3 Page 142

Example 136. Compute
Z
Chx, y� · dr for the curve C shown below from (i1, 1) to

(3, 2).

Flow= Sc ,yod=Tds F = <).

- u
-

M
use straight line instead since

· (3.2) F = (2,7) is conservative
8

1-1 ,1) ↳ of potential function
7

&min)= Ext+zyC
patiudepuerere

Or F =

L

Ssu) odr = J (u)od
L

rotation
.

-BS,Doa

FToLI

Side ↓
= f(3 ,

2) - f(-1)

=
= (( + :(2)+)-(E)+)
=E + E - (z +z) = "/2

NOTE: trying the same trick to And f / Of=-y .x) MUST FAIL
(sh?

Let's try anyways.

f = -

y = f= -yx+ G(y) no way to choose D & G so

②f== f = yx +G(
3
(
that you getf here.

(this is

astrshownaF is



§16.3 Page 143

It follows that every conservative field is path independent.

In fact, by carefully constructing a potential function, we can show the converse is

also true:

This leads to a better way to test for path-independence and a way to apply the

FToLI.

Curl Test for Conservative Fields: Let F = P i+Qj+Rk be a vector field defined

on a simply-connected region. If curlF = hRy iQz, Pz iRx, Qx iPy� = h0, 0, 0�,
then F is conservative.

• If F is a 2-d vector field, curlF =

• This is also called the mixed-partials test, because

From THM 135
(F= Vf)= )),FoTdiScFog

M
--

Does the implication go theaway, to? (Ift ?)

every path independent F is Conservative.

Idea: flay) = Je Fot as

F(x , y) = [P(x ,y)
,
Q(y) ,07 R= 0

10 - 0
,
0 -0

,
Qu-Py)= <0,%07

My
68xQ

① F(n) = [x,4)
& F(x)=-7 ,2)

Q=O - conservati Qu=1 not conservative F
Py == F Qu= - 1

=

-extbookcalles thesimply connected means

"no holes"
Curl test the

loops have to not be I Component test/mixed partialsable to go around part
=(P,

Q ,R)not simply connected of the domain that
F

conservative on , V
X Sillyconnected D x

aven't included. P Q R

E
if Ry= Qz

r
3

-
Pz = Px

simply connected
Qx = Ry
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Example 137. Evaluate
Z
C(10x

4 i 2xy3) dxi 3x2y2 dy where C is the part of the

curve x
5 i 5x2y2 i 7x2 = 0 from (3,i2) to (3, 2).

NEW

NITATION : Sc + Qdy = J, Fotds
T

where F =<P,Q)
=

- -

·end
Let's check the Curl test For F = <P, Q).

- EQ(x ,4) = -3x2y2 Qx= PY
Q=

- buyz Curl test

·

start P(a,) = los"-2xys Qu=Py So

Py = 0 -Gay2 F = [102"-2ns? -3)

is conservative

to use FToLI we need f(xt) St . If = F.

① fu= P= 102"-zay => f = 2x5- x
=

p + ((y)

② fy= (225 - x=+ ((y)=3y + (() EQ=i
z

-

So (1) =0 => ((y) =6

Constut

f(x ,1) = 2x5- x23+h (c) 1

patrad Fort

↓
JFodr = / Fodr = f(3,

2) -A

= (z(5- (3)2(23) - (5-132(2)]
= - 3724 = - 144
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§16.4 Divergence, Curl, Green’s Theorem

Useful notation: r =

⌧
@

@x
,
@

@y
,
@

@z

�

So if f(x, y, z) is a function of three variables, rf =

⌧
@

@x
(f),

@

@y
(f),

@

@z
(f)

�

If F(x, y, z) = P (x, y, z)i+Q(x, y, z)j+R(x, y, z)k is a vector field:

• r · F =

• r⇥ F =

Inabla- not really a Vector

except formally .

- F= (P,Q
,R)

↳)(p,

Q
,2)= P+ Q +ER = Pa+Qy +1z

#)x(p,

Q
,2) or div

b definea

=li = < (Ry - Qz) - J(M - Pz) +EQu

= [Ry-Qz , Pz-Ra, Qu
- Pu)

= curl (f) by deta.
-

- outputs a
restor.

&
↓PdQ yo

# Find divCF) = curl (f) ,
F= Try ,2y2, x+z7

divF = Pa+ Qu+ Re = y + 4y + 1 = 5y +1

curl F = <)Ry-Qz , Pz-Rx, Qu
- Pu) = <0 - 0

,
0 -1

,
0 -x)

=(0 ,
- 1

,
- x)
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How do we measure the change of a vector field?

1. Curl (in R3)

• Tells us

• Measures

• Is a

• Direction gives

• Magnitude gives

• curlF =

• If F = P i+Qj: we use r⇥ F = r⇥ hP,Q, 0i

2. Divergence (in any Rn)

• Tells us

• Measures

• Is a

• divF =

Flow/Circulation density ⑭
local circulation at a point

Vector

axis of rotation (using right hand rule)

rotation rate

VXF

* THM : CurF= (0 ,
0
, Q2- Py) = (0,0

,
07

if- F = <P ,Q) has a potential-F conservative -> function & F is patr
is path indeferent

Flux density

Compression/expansion at apoint

Scalar

* F

Geometros interpretation of divF =O .

F is "incompressible"
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Example 138. Let F(x, y) = hx, yi. Based on the visualization of this vector field

below, what can we say about the sign (+,-,0) of the divergence and scalar curl of

this vector field? Verify by computing the divergence and scalar curl.

Example 139. You try it! Let F(x, y) = h�y, xi. Based on the visualization of

this vector field below, what can we say about the sign (+,-,0) of the divergence and

scalar curl of this vector field? Verify by computing the divergence and scalar curl.

lots of expansion ,
so diviit should be

=-
- positive at every point

. (and Flux= Fonds >0)

Do no rotation,
so curl (f) should be the zero reator.

land F= Of & Flow= of, FoTds
= f(a)-f(x)=d)

divF = Pr+ Qy = 1+ 1 =2

curlF = (0, 0
, Qu- Py7 = 10,0, 0 - 0)

= (0,0,0)
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Example 139. You try it! Let F(x, y) = h�y, xi. Based on the visualization of

this vector field below, what can we say about the sign (+,-,0) of the divergence and

scalar curl of this vector field? Verify by computing the divergence and scalar curl.

lots of expansion ,
so diviit should be

positive at every point
. (and Flux= Fonds >0)

no rotation,
so curl (f) should be the zero reator.

land F= Of & Flow= of, FoTds
= f(a)-f(x)=d)

divF = Pr+ Qy = 1+ 1 =2

curlF = (0, 0
, Qu- Py7 = 10,0, 0 - 0)

= (0,0,0)

lots of rotationSo Curl(f)+ :

and should be pointing "up"

Iop out of the page by RHR

no compression , so div(F) =0
-

Check CurlF = [0,
0
, Q-Py)

-
-

= (0,
0
, 1-(-1)) = (0,

0
,2)"up"v

divF = Pu +Qy = 0+O =0 r
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Question: How is this useful?

Answer: We can relate inside a re-

gion to the behavior of the vector field on the boundary of the region.

Theorem 140 (Green’s Theorem). Suppose C is a piecewise smooth, simple, closed

curve enclosing on its left a region R in the plane with outward oriented unit normal

n. If F = hP,Qi has continuous partial derivatives around R, then

a)Circulation form:

Z

C
F ·T ds =

Z

C
P dx+Q dy =

ZZ

R
(r⇥ F) · k dA =

ZZ

R
Qx � Py dA

b)Flux form:

Z

C
F · n ds =

Z

C
P dy �Q dx =

ZZ

R
(r · F) dA =

ZZ

R
Px +Qy dA

rates of change of
F

·
(a) T

2

↑ ↑ I

notational equality GsT expand out

↓
↓ ↓

(b)
=

(a) Says : The Flow across a closed simple loop C is

the double-integral over the interior R of C of

TheT-component of CurlF.

(b) Says : The Flux across a closed simple loop C is

The double-integral of the interior R of C of

div F
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Example 141. Evaluate the line integral
R
C F · T ds for the vector field F =

h�y
2
, xyi where C is the boundary of the square bounded by x = 0, x = 1, y = 0,

and y = 1 oriented counterclockwise.

Example 142. Compute the flux out of the region R which is the portion of the

annulus between the circles of radius 1 and 3 in the first octant for the vector field

F = h13x
3
,
1
3y

3i.

C=CUGUCUC Yuc

&
Flow = & FoTds = Je

,

Fords + S FoTds+Foods + ScuFTS
C

4 times as much work as a single flor pobem

ar//R we (not great).

use G-T.

10,01 Je Foids = Securi For da (betredia

F = (P,Q) = <-y2 , xy7
= SS

.
Qu-PydA = Sp Y-(-2) da

Py = -zy
=In33 da = I'S by dy de 3

Qu= Y
=/ ! da 3 da =E l= -o

gadrant
div(F)

GST -

YX⑭Pa
=God

Of(0, (2) = gir4d(-1) do =J 2000
re(1 .
3]

= 200/ ==ot
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Example 143. Let R be the region bounded by the curve r(t) = hsin(2t), sin(t)i for
0  t  ⇡. Find the area of R, using Green’s Theorem applied to the vector field

F = 1
2hx, yi.

Note: This is the idea behind the operation of the measuring instrument known as

a planimeter.

#M (GST Area Formula) Area R=-Ydn+ dy

for Flow

· AIdea : Area R=Sp + dA = f)z-tz) dAFor Flux =

O F = Jen , "u] - T
For Flow GST(Flow] Q Py

=Fotds w/F=Ey , [x)
ya

C C: r(t)= (sinzt,sint) ,

r'It) = (200) It , cost]

*
te(0 ,i)

Fotds = Frits)) at

unclearwhat to
do?

= % sint
, Es in2t)o[zcosit ,

cost]de
use identifie ↳
Cos It= 2 cost-1

Sin It= zsint cost I jihtt+ Esinit cost It-

-

=>-sing (zost-1) + =(2 sintcost)cost It

U=cost = F2 cost sint +sint + costs int It
It

due-sint

to u= 1

-It-cost sint + sintdt = %Ecost +1) sintat

u= - I

t

= j(ur -) du= u= u !"
1

= (+(()- (-x) - ( +3 -1) = (1-) +[
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Example 143. Let R be the region bounded by the curve r(t) = hsin(2t), sin(t)i for
0  t  ⇡. Find the area of R, using Green’s Theorem applied to the vector field

F = 1
2hx, yi.

Note: This is the idea behind the operation of the measuring instrument known as

a planimeter.

#M (GST Area Formula) Area R=Rdy-yd
For FIUX

*X Idea : AreaRifSp + dA = f) z + E dA
For Flux =

O F = Jen , "u] ↑
pu TQy

For Flow GST(Flux)

=Fonds /F = (x,y)
ya

C
C : r(t) = (sinzt , sint) ~ It)= (20012t, cost]

ttCo,it] nv (cost ,
-2cosIt]

*
>

Area R =0,3)onds

x

=Jasinitsint) · (cost ,2cosht] ds
= JT Sinzt cost - sintcos2t under

how to

integrate?
COS2t = 2 cost-1 = [- (2sintcost) cost - sint(2cost-1)dt
Sin It = Isint cost

U-sub

U=cost
= I cost int-cost sint + sintdt

↓n= -sinet

⑪ ↓ + 1 = - 1

↳samt-cost sint + sintdtcost-cost -cos - Estos(o))"- cosco)
= + z = 43


