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§16.5, 16.6 Surfaces & Surface Integrals

Different ways to think about curves and surfaces:

Curves Surfaces
Explicit: y= f(z) z = f(z,y)
Implicit: F(z,y) =0 F(z,y,2) =0
Parametric Form: r(t) = (z(t),y(t))

We've a\rcaéa done. a Tew
Swe Gee oo Arotal.

6\3.
® Plane wma‘« e dRg ™M
f('S/t) = 5\74 + tG‘&

® sowes o Foved mAi\Mﬁ
us\\;a Se\\u'\C&L @ordS




§16.5, 16.6 Page 149

§16.5, 16.6 Surfaces & Surface Integrals
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Different ways to think about curves and surfaces: S c .2 dg —leH.
Curves Surfaces
Explicit: y= f(z)
U= Jg—2 Z= m
Implicit: F(z,y) = F(x,y,2) =0
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Example 144. Give parameteric representations for the surfaces below.
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b) The portion of the surface x = 3 + %ZQ — 2 which lies behind the yz-plane.
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What can we do with this? %‘RA;—Q M@O\’/M}SS o o« SN[ ¢

If our parameterization is smooth (r,, r, not parallel in the domain), then:

er, Xr,Ils WNM <L0 M SwfFoce .

e A rectangle of size Au x Av in the uv-domain is mapped to a rectangle of size

“ kGl puad- on the surface in R3.

Vg
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e Thus, Arca(S SS | ?\@ SSK“(M&H A

el e
Example 145. You try it! Find the area of the portion of the cylinder 224 13? = 25

C(6+t) =<Bws, 5sms, >
Beloery te(2,7)

between z =0 and z = 1.
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What can we do with this? &(M ONSCON

If our parameterization is smooth (r,, r, not parallel in the domain), then:
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Example 145. You try it! Find the area of the portion of the cylinder 22 + y? = 25
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Example 146. Suppose the density of a thin plate S in the shape of the portion of

the plane|z + y + z = 1 in the first octant is d(x,y, 2z) = 6xy. Find the mass of the
So\oT ¥4/ z::.@(atﬁo

plate. ‘
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Example 146. Sugpose the density of a thin plate S in the shape of the portion of

the pla xTy + z = 1 in the first octant is d(z,y, z) = 6xy. Find the mass of the

plate.

@ Mossz Yoo b 3% =(§, brg & 4p = gbgo

(
gl Siﬁfé S SZ &bﬁﬁ 5(\—3)? i
©
& 335 (9‘-74“3 dg = S( Zﬁ@;— 2s%¢g) ds

?>y3(c[8 _£ SZ 2/55 _gd—( L 0'3

5@& _ 25 ()= 2= - (B
473

(*c.

-<

bst x3z 4 ds




§16.6,16.7 Vlow ok © ey C«/FLWX A ¥ asvasr C-

Page 155
e SeFeTae 7 Sc FoRaT
§16.6, 16.7 Flux Surface Integrals, Sto
C?%,—H:L«,L) Theorem

>
Goal: If F is a vector field in R?, find the total flux of F through a surface S.

Note: If the flux is positive, that means the net movement of the field through S' is

in the direction of O‘A)W)(H“A QO\\I\ Y\@W\Aﬁl e~ o
I Co—tC-

If r(u,v) is a smooth parameterlzatlon of S with domain R, we have
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Example 147. Find r, X r, and ||r, X r,|| when z = f(x,y) so that S is the graph

of a scalar function With domain in R2. @S%WV\
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Example 148. Find r, X r, and ||r, X r,|| when S is a portion of a sphere of radius

p = a, for some fixed constant a, using tire standard spherical coordinates for your
parametrization.
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Example 149. Find the flux\of F = (z,=y, z) through the upper hemisphere of
2?2 4+ y? + 2% = 4, ¢riented away from the origin.
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Example 150. You try it! Compute{fGndothefuxof G across-thesurface S.

G(z,y,2)=2% S: 22+ +22=1
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Example 150. You try it! Compute{{G—ndethefuscofGaecross—the surface S.

G(z,y,2)=2% S: 22+ +22=1
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Example 151. You try it! Suppose S is a smooth surface in R® and F is a vector
field in R3. True or False: If [f ¢ F -n do >0, then the angle between F and n is
acute at all points on 5. LA X

V%

7S

Example 152. You try it/ Based on the plot of the vector field F and the surface S
below, oriented in the positive y-direction, is the flux integral f f ¢ F -1 do positive,

negative, or zero?

Recall: If F = Pi+ Qj + Rk is a vector field, we defined its:

1. divergence: V-F = P, +Q, + R,

2. curl: VxF = =(R,—Q.,P.— R,,Q, — P,)
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Example 151. You try it/ Suppose S is a smooth surface in R® and F is a vector

field in R3. True or False: If [f ¢ F -ndo >0, then the angle between F and n is

acute at all points on S.
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Example 152. You try it/ Based on the plot of the vector field F and the surface S

below, oriented in the positive y-direction, is the flux integral f f ¢ F -1 do positive,
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Recall: If F = Pi+ Qj + Rk is a vector field, we defined its:

negative, or zero?

1. divergence: V-F = P, +Q, + R,

2( curl: V x F|= R —Q:, P, — Ry, Qy — >
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Example 153. You try it/ Suppose F = Pi+ Qj + Rk is a vector field in R3

with continuous partial derivatives. Compute the divergence of the curl of F, i.e.

V. (V % F) Fosont T
: o _p
VxF = Q&\/ ®\%/\?% “Qﬁtl Q}L"P\, = C\ = Cur) CF\ %@?\P’_:z;

| Rax=0xg

VoG = du(war)= @E«@%D T (%-Q@ (e Ay
Wy Codont 'S ) = 0O -
Theorem 154 (Stokes’ Theorem). Let S be a smOOtI'i oriented surface)and C be

its \compatibly oriented bounda@ Let F be a vector field with continuous partial
derivatives. Then E,

//S(m‘)-ndaz/CF-Tds. Clon asund clocd
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Cuk o 6= o SIS loop Ty O
deiop T soyLwt G j{é%z_é‘ C o Tw \ooadsy
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e If S is a region R in the zy-plane, then we get:

Z
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% e An oriented surface is one where V\D“\AOQ \Jeedn/ Q%M:{\ C  ConNt iy
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e S and C are oriented compatibly if:

AQWHS or e |4+

LJic U\)a\lcqp? cm«gr/c(a—i,«w St [@\y,{\M,B
BN




§16.6, 16.7 \Q W N Page 160

Example 153. You try it/ Suppose F = Pi+ Qj + Rk is a vector field in R3
with continuous partial derivatives. Compute the divergence of the curl of F, i.e.

V- (VxF).

V QXF> *"—’6*1 ’37"({)“1’@%, F;’Q')L, Qx ’Pc,?

= 231- Qn"'??,%’k%j*' Qe-Bz TO \3‘j Faxai’s T !

Theorem 154 (Stokes’ Theorem). Let S be a smooth oriented surface and C' be

its compatibly oriented boundary. Let F be a vector field with continuous partial

/ (VXF)ondaz/F-Tds.
S C

|
Flux of Cua\(F) Cisonodion (Flod) oron
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derivatives. Then

e If S is a region R in the zy-plane, then we get:
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Example 155. Use Stokes” Theorem to evaluate ch - dr by calculating the flux

. . .,
across the interior of C. \t\j\‘* oAa o

Shrel Qo
F = (05,7 = <00, 2
C': boundary of x +y + z==1 in first octant,

C' T oriented counter-clockwise from above.

gd Eo de i ggeouu\‘?m do
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Ce = 00,-) 6 - Y =%, =1

CUN\ = UX v = < (th'-'&'% /‘?2 — ,Q‘b—ﬂf7$ <O——7(/O-'Z‘M,2~l7
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Example 156. You try it/ Use Stokes’ Theorem to evaluate [[¢F -mn do the flux

of F across S by calculating the circulation line integral around the boundary curve

Cof S.

F = (22, 3z, 5y)
S :x(r,0) = (rcosf,rsiné, (4 —r?))
R:re|0,2], 0 €0, 27]
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Example 156. You try it/ Use Stokes’ Theorem to evaluate [[¢F -mn do the flux

of F across S by calculating the circulation line integral around the boundary curve

Cof S.

F = (22, 3z, 5y)
S :x(r,0) = (rcosf,rsiné, (4 —r?))
R:r€]0,2], 0 €[0,2n]

: (60 = {eos, rawnd, -2  R: telo,2), gelo,2m| -
=
L Ford2cos9, 20,0 4 0¢€[9,27) é%_}
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F={22.3%.5
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2w
= &o €0, bcos8, 10508 (25108 ,2c059,0) 46

= 32: \2¢05'® 40 = Sz:lo(l-t CoSZB) AS

= 0+ 3smz8fy = (f(2x)+ 3owir) - (6la+35m0)
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§16.7 Stokes’ Theorem

Theorem 152 (Stokes” Theorem). Let S be a smooth oriented surface and C be

its compatibly orie.nted boundary. Let F be a vector field with continuous partial

N\
derivatives. Then

2, //S(VXF)-nda:/CF-Tds.
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Example 153 (DD). Let F = (—y, 2+ (2—1)2**"@) 22 4+4%). Find [[((VxF)-ndo

over the surface S which is the part of the sphere 22 + 3> + 22 = 2 above z = 1,

)

oriented away from the origin. @V""o‘\ D
< N1
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Question: What can we say if two different surfaces S; and S5 have the same

oriented boundary C? VN 0y P, & FOT de = Bg CVXF>'H At
S S, s, V€ 3
‘ 2

=\ @xP)n ds
C @ C S =

erc-
Example 154. Suppose curl F = (3 sin(2?), (y — 1)633# + 2, —zexzx>. Compute the
net flux of the curl of F over the surface pictured below, which is oriented outward

and whose boundary curve is a unit circle centered on the y-axis in the plane y = 1.
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§16.8 Divergence Theorem

Theorem 155 (Divergence Theorem). Let S be a closed surface oriented outward,

D be the volume inside S, and F be a vector field with continuous partial derivatives.

Then
//F-nd0:// V--F dV.
S D

Example 156. Let F = <y123465m(yz), y—x° 2% —z) and S be the surface consisting
of the portion of cylinder of radius 1 centered on the z-axis between z = 0 and z = 3,
together with top and bottom disks, oriented outward. Find the flux of F through
S.
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§16.8 Divergence Theorem

Theorem 155 (Divergence Theorem). Let S be a closed surface oriented outward,

D be the volume inside S, and ¥ be a vector field with continuous partial derivatives.

Then

==

Flng ://SF~nda://DV-FdV. = &SSDAN FdV

Example 156. Let F = (y'?es002) y — 2" 22— 2) and S be the surface consisting
of the portion of cylinder of radius 1 centered on the z-axis between z = 0 and z = 3,

together with top and bottom disks, oriented outward. Find the flux of F through

S. SZQ\US?K)Sg
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