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§16.5, 16.6 Surfaces & Surface Integrals

Di↵erent ways to think about curves and surfaces:

Curves Surfaces
Explicit: y = f(x) z = f(x, y)

Implicit: F (x, y) = 0 F (x, y, z) = 0

Parametric Form: r(t) = rx(t), y(t)⇥

r : IR-IR2 r : IT2 -IR3

Ya0 ,2) ↑ 10,0 ,2)

· < r(t)= (2cost,2Sint] (x,y ,z) = (p,y,0)
=T

·

r- oa(2,0
·

right
(2,0,0

L
x

We've already done a few
Surface parametrications.

e ,g .

* plane through the origin
r (sit) = SV + ti

⑦ spheres o/ Fixed radiusp
using spherical cords.



§16.5, 16.6 Page 149

§16.5, 16.6 Surfaces & Surface Integrals

Di↵erent ways to think about curves and surfaces:

Curves Surfaces
Explicit: y = f(x) z = f(x, y)

Implicit: F (x, y) = 0 F (x, y, z) = 0

Parametric Form: r(t) = rx(t), y(t)⇥

·FoTdsi

Y= -xz z =F-2

x
=
+y2= 4 x2+y+z2= 4

⑨ rIt ,s) = (t, s,]
① r(t)= It ,FE) (t,s)+(-2,2)x/2,2)

tel-2 ,2)

r : IR-IR2
② ↑ 10,0 ,2)

r : IT2 -IR3

tr(0,2) . (x,y ,z) = (p,y,0)
-⑫

L

oa
(2,0,0

x

We've already done a few
Surface parametrications. ② r(4 ,

0) = (Isincso, 2sinc sing,zcs4)
e ,g . Ye (0,ii)
* plane through the origin O [0,]
r (sit) = SV + ti

⑦ spheres o/ Fixed radiusp
using spherical cords.
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Example 144. Give parameteric representations for the surfaces below.

a)x = y
2 + 1

2z
2 h 2

b)The portion of the surface x = y
2 + 1

2z
2 h 2 which lies behind the yz-plane.

c) x2 + y
2 + z

2 = 9

d)x2 + y
2 = 25

-
L : r : /+A such that range ofr is surface .

I is given explicitly
as a function f(y ,2) of yet .

↳
let y ,z be your parameters for

y= S , z=t your parameterization

① r(sit) = (5 +EE-2 , S, t),ER (e seID
,tell

Z

e
we need only values of HEO (behind y-z plane).

ye
yel-E2, zel-Fzy , Fip) 4 = 2y2+z2

=> z=22
① r(sit) = [S2+Et-2 , s ,t]

-① use rectangular
courd

where se[,2) , to t-s,Fis]
Etohalf) r(sit] = [S ,t,-9- S2-)
only

Stl-3 .3) to -Fast, sh]

② use spherical cords. ~ (p =3)

~ (S .t) (3sin(cost 3sinkSir(t), 3cos()) sto, (s
= )

tet[o,n) (t =0)

- Chins Surface in #3- cylinder opening in z-diveixon)
horizontal cross sections are circles( (of rains v= 5 For every

O rectangular coras

r(sit) = <S,s ,
t7
,
Se(-5,5]

,

to (-0, 0)
z= const

-

② cylindrical cards
y70

(=0) (t=z) - T
~(Sit) = <Ecosls)

,
5 sic
,
t]
,
St(0,2) , tell Sh
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What can we do with this?

If our parameterization is smooth (ru, rv not parallel in the domain), then:

• ru i rv is

• A rectangle of size �ui�v in the uv-domain is mapped to a rectangle of size

on the surface in R3.

• Thus, Area(S) =

Example 145. You try it! Find the area of the portion of the cylinder x2+y
2 = 25

between z = 0 and z = 1.

Mass of a wive = J, Sluin) do Mass of a surface??

Surface area-/mass of a surface

normal to the surface.

Iruxellanov
vx En

R r

Dr ->ur·
> Y Aread= IrouxFr

In > U

x4
= Irux rollouor

Stdr = Smruxrull d Area Tur

surface measure

r(O,t) = <50010 , 5Sinc ,>*OECO teC??)
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What can we do with this?

If our parameterization is smooth (ru, rv not parallel in the domain), then:

• ru i rv is

• A rectangle of size �ui�v in the uv-domain is mapped to a rectangle of size

on the surface in R3.

• Thus, Area(S) =

Example 145. You try it! Find the area of the portion of the cylinder x2+y
2 = 25

between z = 0 and z = 1.

IR2 123

Surfacearea
-

S

normal to the surface
S: (v) = (xlu,v), glunt , zlu ,vi]

u,veR

Ilruxrull DUAV Taxis &

v
A En

TuXiv Displ
R r TuBU

Dr patch->our surface

Area parallelogram-S
= Il rusux radull> Y

11 > U
= Il ruxrullaugu

Du x4 ~ Duv
do= Iruxrulldady
-()1 do = SallraxidA da= dudy= rdudo

ST & double integral
etz

Surface integral of surface measure do o/ Area measure

r(at) = [5coso, Isino, t) , Otto ,2) , ze0, 1)
&

#iii
To = /-Esind , scoso, 07

L
it = < 0

, 0 , 17

So heroxt= = (5cos, - 1-5sc)
,0)

BrosO O

O 0 I
I

So llk= 250050 +75sm0 + 0 = 25 , llnll =5.

Areas= ])5dA= 5 dtdo=dod ==



§16.5, 16.6 Page 152

Example 146. Suppose the density of a thin plate S in the shape of the portion of

the plane x+ y + z = 1 in the first octant is @(x, y, z) = 6xy. Find the mass of the

plate.

Mass =S) Slitizd
Solve for z = flain)

t -co ,
al

M = SS
S
Sin , y,z) do &

R
Step 1 : pametrizeS -Step2 :

Compute du= IraxrulldA

Step 3 : substitute 2

① S is the graph of z = f(u,1) where f(m,y) = 1 - x- y

over some triangle R in M (xy-plane)

If Cy=0, 7:0 htytz =1 => U= 1
,
Sim C,

0 - Y=

en=0 , 4=0 = z=
vertices are (0,0,1)

,
10 . 1, 07 , (1 , 0 , 07 .

z = 1-n-y where de Co ,17, 30/0, 1-x) .

r(sit) = <S,t , 1- S-t)
,
Stan

,
telo, 1 S] .

② = (1 , 0, -17 Exte =/ = (0 +1,( 1)
,
1)

it = <0 , 1 , -17 01 - 1
= (1 , % 17

and Ilrstell== E .

③ Mass = (g) dr = SebaydA = !% Esti dads
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Example 146. Suppose the density of a thin plate S in the shape of the portion of

the plane x+ y + z = 1 in the first octant is @(x, y, z) = 6xy. Find the mass of the

plate.

L
n= <1 , 1, 1)-
-

③ Mass = (g) dr = SebaydA = !% Esti dads

=stids = J 35-s
= J35s (s-2s + 1)ds = J! 35(3-252

+3)ds

= 353(ts"- Es +zs)(i =35((t - 3 + t) -0)
= 35(3-2) = 353(8) = 3 = 5
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§16.6, 16.7 Flux Surface Integrals, Stokes’
Theorem

Goal: If F is a vector field in R3, find the total flux of F through a surface S.

Note: If the flux is positive, that means the net movement of the field through S is

in the direction of

If r(u, v) is a smooth parameterization of S with domain R, we have

flux of F through S =

ZZ

S
(F · n) d� =

ZZ

R
F(r(u, v)) · (ru ⇥ rv) dA.

Example 147. Find ru ⇥ rv and kru ⇥ rvk when z = f(x, y) so that S is the graph

of a scalar function with domain in R2.

F Flow of Falong C/ Flux of f across C .

ScFoTds ScFonds .

r(b)
↑-

· ↳>rCt ,tabS
r(a) ->

outward pointing normal rector to
your surance

.

X
unit normal

X plug
in parametricate

on

~

-

H=
TuX So ↑ is* llrux will .
-

IIrux Full

&

=>
- -

arbitrary graph-
&

① r(sit) = <S , t, fisit))
,

Csitter in IC2.

rs = (1 , 0, fs]

E = (0, 1, fr)

Xe =/ = S0-fs , -(te -0 , 1) = (fs , -fe,1) .
0 1 fe

IIrstell=f + 1 = Prfs+f
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Example 148. Find ru⇥ rv and kru⇥ rvk when S is a portion of a sphere of radius

⇢ = a, for some fixed constant a, using the standard spherical coordinates for your

parametrization.

Spherical coord
x= p sind coso ep= a (constant)

Ey = psing sind
z = post

↓ (4 , 0) = Ja sind cost, asind sing, word) ,
Octo,2)

,
deli

T = Lacoscoso, acossing ,
-asing)

ro = Krasing smo ,
a sindcoso, 07

T T
Taxto = I acoscoso a cos sing -

ad)
- asings ind asindso ①

= (0-tasindos) , -10-a sid sind),
a cost sind costo-1-acossing sinto

= Lasind coss, assin sine, acosdancssotatcosolidsinwe m

=Lasiniocoso, assiv sine, acosano)

Irax roll= a "sin" o + a" sin" Sino + a"cos sinF &
-

m

=> al sin + a cost sin = al sin(co
= atsind

aso delant
(sind=

0

Ira roll=sin
* asind.Asing Saddo
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Example 149. Find the flux of F = hx,�y, zi through the upper hemisphere of

x
2 + y

2 + z
2 = 4, oriented away from the origin.
-
-
-

Want to compute Flux = S)sFondo
① parametrize S #Fr(u) Craxi) dA .
②Complute partials &cross product

In
,
in ,
ruxiv -

③ substitute & integrate

S is a sphere of radius 2 .

① r(d,0 = (2 sindoso, 2sindsino,zosdy (a=2) (whoseore)
Ye,TH]

② raxio = [4sind cost, -4 sinsing,4 sid cost O0,24]--
= [

③ Flux

-so,sindso,2) sindco, -Usin, 4 sud cosodd e

=Si Scoo +Sisirscsindwe z
I

~

= ja Sud + Sco sind d do sind (s
do do

=Gift Sand dodo=* -Ocostdo Fors
# 2

Cos(I)=0
=(-8(cosh) - 1-8cs)do= & do = 2016 co= 1
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Example 150. You try it! Compute
RR

S G ·n d� the flux of G across the surface S.

G(x, y, z) = x
2
, S : x

2 + y
2 + z

2 = 1

M= SSGd Integrate Gover S

r($ ,0) = (Sindcoso , sind sind, cost) Eo
,T

Ge(0 ,2) .

use hint:1 dr = SmG(r(a,)I Ireeroll=asing

① parametrize S=i cos sind dado S
In
,
in ,

ruxiv

cross product
Complute partials &

-
③ substitute & integrate

= Sind costo do do

sind sind sind
= Sj(1-cosino costo de do = (l-cos)sing

U= cost
du= -Sindda
-

= GJ(1-u2) coso du do a =0 UI 1 costocos
d= u= - 1

= -u+zu), coso do

= (
*

(((- 1) + -(1)- ( - 1 + -(1)) 2050 do : 1 cosodo

=+in
= Ex
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Example 150. You try it! Compute
RR

S G ·n d� the flux of G across the surface S.

G(x, y, z) = x
2
, S : x

2 + y
2 + z

2 = 1

M= SSpEdr Integrate Gover S

S : Unit spherep = / then surface measure is the standard spherical
cords

↓(4, 0)= [SinYcosO, Sin Using, cos4)
element do = Iyroll =psinYdydo

R : Ye (0,], O [0,2n]

U-sub

So M=SG do = J* (sintcosd sing dy do U= cosY

du= -sinf
dy

Y=H = U I

dcodd
Y=0 = u=

=- I

= (kn - z) - 10 - z))=
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Example 151. You try it! Suppose S is a smooth surface in R3 and F is a vector

field in R3. True or False: If
RR

S F · n d� > 0, then the angle between F and n is

acute at all points on S.

Example 152. You try it! Based on the plot of the vector field F and the surface S

below, oriented in the positive y-direction, is the flux integral
RR

S F · n d� positive,

negative, or zero?

Recall: If F = P i+Qj+Rk is a vector field, we defined its:

1. divergence: r · F = Px +Qy +Rz

2. curl: r⇥ F =

��������

i j k
@

@x

@

@y

@

@z

P Q R

��������
= hRy �Qz, Pz �Rx, Qx � Pyi

L

n

↑x

↑P*- /

↑Xx?
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Example 151. You try it! Suppose S is a smooth surface in R3 and F is a vector

field in R3. True or False: If
RR

S F · n d� > 0, then the angle between F and n is

acute at all points on S.

Example 152. You try it! Based on the plot of the vector field F and the surface S

below, oriented in the positive y-direction, is the flux integral
RR

S F · n d� positive,

negative, or zero?

Recall: If F = P i+Qj+Rk is a vector field, we defined its:

1. divergence: r · F = Px +Qy +Rz

2. curl: r⇥ F =

��������

i j k
@

@x

@

@y

@

@z

P Q R

��������
= hRy �Qz, Pz �Rx, Qx � Pyi

Cb fade
pos (above<axi) , Neg (below r-axil

False just need "More work done" in the
--

-

direction of n as opposed to thes
=

Opposite direction.

guess

Fluxif)
,
Fonds is positive

↑x
Since vectors are going

↑P*- in same direction as I

↑XX
T > i posy-direction So Fonzo

E
v TRy-Qz ,Pz-Rx,Que

on Formula sheet
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Example 153. You try it! Suppose F = P i + Qj + Rk is a vector field in R3

with continuous partial derivatives. Compute the divergence of the curl of F, i.e.

r · (r⇥ F).

Theorem 154 (Stokes’ Theorem). Let S be a smooth oriented surface and C be

its compatibly oriented boundary. Let F be a vector field with continuous partial

derivatives. Then ZZ

S
(r⇥ F) · n d� =

Z

C
F ·T ds.

• If S is a region R in the xy-plane, then we get:

• An oriented surface is one where

• S and C are oriented compatibly if:

practice of div a curl

F = (PQ ,R) .
O
OXFEGG Vo

Fabini Tha

TxF = [Ry-Qz ,Pz-Rx,Que = G = curl (i) =Pay I&u
VoG = div(curiF) = (R-n) +1 - +(
(by Fabini's) =

O

-
-

⑰
D - Flow around a closed
-

Flux of G= curlf) Loop C ,
where

C is the boundaryacross the surfs of surface Su

Z

/ ,
CuriFodA = J Fotds GreensThee

I
normal Vector stays consistently

pointed as you move along the surae
↓ mobiles strip not oriented.

Walking along curve Other surface is

always or the left.

live walking counter-clockwise resuture)
to
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Example 153. You try it! Suppose F = P i + Qj + Rk is a vector field in R3

with continuous partial derivatives. Compute the divergence of the curl of F, i.e.

r · (r⇥ F).

Theorem 154 (Stokes’ Theorem). Let S be a smooth oriented surface and C be

its compatibly oriented boundary. Let F be a vector field with continuous partial

derivatives. Then ZZ

S
(r⇥ F) · n d� =

Z

C
F ·T ds.

• If S is a region R in the xy-plane, then we get:

• An oriented surface is one where

• S and C are oriented compatibly if:

10 min

VoXF) = (e) · (Ry-Qz
, Pz-Ra, Qu-PyT

= Ryx-Qx + Pxy-By+ &z-Pz =0 by Fubini's thm !

S C

· Flux of Curl(f) Circulation (Flow] around

S closed loop C whichis
across surface S

the boundary ofS

InCurIFodA= FoTds
Green'sThere

normal vector stays consistent
as you move along surface

* mobins strip isNot oriented

free "boundary walking along C keeps S to

your LEFT

(ie walking "Counter clockwise")
relative to
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Example 155. Use Stokes’ Theorem to evaluate
R
C F · dr by calculating the flux

across the interior of C.

F = hy, xz, x2i

C : boundary of x+ y + z + 1 in first octant,

oriented counter-clockwise from above.

-

right
Side &&

Stokej Fum-

= (p , Q ,R)

S'sThere

Sc Fode ES) , curl for do

·

i
C : boundary of etytz= l boundary of

S

S : r(sit) = (S ,t, 1-s-t) , Selo, is , te
10 , 1-s]

Ru= O , Qz= x

Ts = (1 , 0 , -1)xE =/) =(
,
1
, 1

Pz = 0
,
Ex= in

TE = <0 ,
1
,
-17 01 - 1

Qu= E
, Py= 1

Curl F = X X F = [Ry-Qz , P2-Rn ,Qu-Py) = 10 - 2, 0-En, z- 17

=C-x , -[x,z
-17 .
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Example 156. You try it! Use Stokes’ Theorem to evaluate
RR

S F · n d� the flux

of F across S by calculating the circulation line integral around the boundary curve

C of S.

F = h2z, 3x, 5yi

S :r(r, ✓) = hr cos ✓, r sin ✓, (4� r
2)i

R :r 2 [0, 2], ✓ 2 [0, 2⇡]
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Example 156. You try it! Use Stokes’ Theorem to evaluate
RR

S F · n d� the flux

of F across S by calculating the circulation line integral around the boundary curve

C of S.

F = h2z, 3x, 5yi

S :r(r, ✓) = hr cos ✓, r sin ✓, (4� r
2)i

R :r 2 [0, 2], ✓ 2 [0, 2⇡]

bS : F(r,d) = Creoso, Using , 4-v2) R: relo,2), Otto,2n]= dry
↓

C : F(d=<2 coso, Isino ,07 , 010 ,2n] E 3

↓ S : Upper half

↑10)= (-2sind, Icoso ,0) Sphere

p = z

F= (2z ,3x,527 bdry circle of radius 2 in dy-plane

So Flux thruS = ])sUxFondt = g,Fod

= &
*

(0 , 6coso , LosinO) (Isin8 ,zcoso ,0) do

= (* 120050 do = 36(1 + cos20) do

= 60 + 35m20* = (G(2+) + 3sn4π) - (6(07 +3si0)

= 12
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§16.7 Stokes’ Theorem

Theorem 152 (Stokes’ Theorem). Let S be a smooth oriented surface and C be

its compatibly oriented boundary. Let F be a vector field with continuous partial

derivatives. Then ZZ

S
(r⇥ F) · n d� =

Z

C
F ·T ds.

..

Zy

Recall : The boundary is

compatibly oriented
if walking along· theboundarywi your head iaW
-

vector of $9 then your

LEFT HAND is pointing over .S

From last time ;

&

&



S ummary -
-

If CurlF= Then F is conservative
-

and F= Of . and FToLI holds
etc. )C

If divF = O and domain of F is
-

simply connected then # is the

curl of some other nector
feld G.
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Example 153 (DD). Let F = r⇥y, x+(z⇥1)xx sin(x), x2+y
2h. Find

ZZ
S(�iF)·n d�

over the surface S which is the part of the sphere x
2 + y

2 + z
2 = 2 above z = 1,

oriented away from the origin.

& z=
1 get o

Coption A)

Z Flux of
N are = SSg(xF)on

do

S: on Sphere E21 Lacross SI

#
&

-------- > y-
[
R x+y+ z2 = 2
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Question: What can we say if two di↵erent surfaces S1 and S2 have the same

oriented boundary C?

Example 154. Suppose curlF = ryyy sin(z2), (y⇥ 1)ex
xx

+2,⇥ze
xxxh. Compute the

net flux of the curl of F over the surface pictured below, which is oriented outward

and whose boundary curve is a unit circle centered on the y-axis in the plane y = 1.

For any Fg 6 Fotes = (SexF)and

# = Is (0xf)on do
etc .

z

:
z

↳
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§16.8 Divergence Theorem

Theorem 155 (Divergence Theorem). Let S be a closed surface oriented outward,

D be the volume inside S, and F be a vector field with continuous partial derivatives.

Then RR

S
F · n d� =

RRR

D
� · F dV.

Example 156. Let F = ry1234esin(yz), y⇥x
zx
, z

2⇥zh and S be the surface consisting

of the portion of cylinder of radius 1 centered on the z-axis between z = 0 and z = 3,

together with top and bottom disks, oriented outward. Find the flux of F through

S.



Closed surface means : encloses a closed
and bounded 3D region

I

->

Flux = = dir F dV

S =S , USzUSz

&

*
Cylindrical couds

Di OE(0 ,2)
reCo, 17

ze10 ,37



Closed
,
closed
,
or closed?

① A region
In IRZ is closed
--
-

if it contains all its boundary points.

e . % . Absolute
MAX/MIN on

closed a bounded regions in 12

② abop is closed if

it has same starting a

ending point.

e .g . live inseguals
for Flux/Flow

around closed loops like

circles ,

③ closed Surface in space
I

-

is a smooth surface that

encloses a closed and bounded
- lol

3D region .

① closed region in ABS is

Same defr asbut ilice)


