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§16.1 Line Integrals of Scalar Functions

Chapter 16: Vector Calculus

"

OH, YEAH. IT'S ALL COMING TOGETHER

i

Goals:
e Extend JQ/AL integrals to \D/ 2D objects living in higher-
: : - > 3
dimensional space C.ﬁ CUcUeLS W |R b Sutforls W 2
e Extend the MU\H m of (a\C. innew ways

We will use tools from everything we have covered so far to do this: parameteriza-

tions, derivatives and gradients, and multiple integrals.
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Example 121. Suppose we build a wall whose base is the straight line from (0, 0)
to (1,1) in the xy-plane and whose height at each point is given by h(z,y) = 2z + 1

meters. What is the area of this wall?
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Definition 122. The line integral of a scalar function f(z,y) over a curve C in

[ 1w ds = \&f(rk@}*\\fl &t
Ag: l\rlA‘b e \=c'H) oad

(e , -béLaM]

What things can we compute with this?

o If f=1: Jciclﬁ iSMmbﬁ'Woc’meweC
o If f =0 is a density function: SCJL ds +le mags oF d,geq C

SC-EAS QeS dser ORF Cawlw‘{i.

o If f is a height:
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Strategy for computing line integrals:

1. Parameterize the curve C with some r(¢) for a <t <b

[\

. Compute ds = [|r/(t)|| dt

w

. Substitute: [, f(z,y,2) ds = f; flx(@)||r' @) dt

4. Integrate

Example 123. You try it/ Compute fc 22 + y? ds along the curve C given by
r(t) = 10ti + 10¢j for 0 < ¢ < 1.
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Strategy for computing line integrals

1. Parameterize the curve C with some r(¢) for a <t <b

2. Compute ds = ||/(t)|| dt

3. Substitute: [, f(z,y,2) ds = f flx@)|x'(@)|| dt

4. Integrate

Example 123. You try it/ Compute fC 2¢ + y? ds along the curve C' given by
r(t) = 10ti 4 10¢j for 0 <t < 4.
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Example 124. Compute [, 2z + y* ds along the curve C' pictured below.
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Example 125. You try it/ Let C be a curve parameterized by r(t) from a <t < b.

Select all of the true statements below.

a)r(t+4) for a <t < bis also a parameterization
of C' with the same orientation

b)r(2t) for a/2 <t < b/2 is also a parameteriza-
tion of C with the same orientation

c)r(—t) for a <t < b is also a parameterization of
C' with the opposite orientation

d)r(—t) for —b < t < —a is also a parameteriza-
tion of C' with the opposite orientation

e)r(b—t) for 0 <t < b—ais also a parameteriza-
tion of C' with the opposite orientation
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Example 125. You try it/ Let C be a curve parameterized by r(t) from a <t < b.

Select all of the true statements below.

a)r(t +4) for a < t < b is also a parameterization
of C' with the same orientation
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c)r(—t) for a <t < b is also a parameterization of
C with the opposite orientation
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Example 126. Find a parameterization of the curve C' that consists of the portion
of the curve y = 2741 from (2,5) to (1,2) and use it to write the integral [, 2*+y* ds

as an integral with respect to your parameter.
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Example 126. Find a parameterization of the curve C' that consists of the portion
of the curve y = 2741 from (2,5) to (1,2) and use it to write the integral [, 2*+y* ds

as an integral with respect to your parameter.
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§16.2 Vector Fields & Vector Line Integrals

Vector Fields:

Definition 127. A vector field is a function F : R" — R" which associates a vector

to every point in its domain. Qﬁ F:R-w Flx,9)= ¢ ?(x,q),DUHB)

F: st Foug )= < Phiaz), Quy2), RO%)D

Examples:
° |‘\ﬂ5«1, = Revds Graphically:  For each point
e (a,b) ' in the domain of F, draw
o F\owi\\a Q\M‘AS the vector F(a,b) with its base
at (a,b)
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Idea: In many physical processes, we care about the total sum of the strength of
that part of a field that lies either in the direction of a curve or perpendicular to

that curve.

1. The \DO‘(\L AOY\Q' by a field F on an object moving along a curve
C is given by C: (¥ Cornponem- ot = aldl_\j C: F’"T‘

Fer<o FT=0  FiT»o 211 < .
e =T Worw done : & FTds
S F(rw)' et tt’) el ST

W: 30 B(A0)e T'W &t

Example 128. Work Done by a Field. Suppose we have a force field F(z,y) =

(x,y) N. Find the work done by F on a moving object from (0,3) to 3,0) in a

straight line, where x,y are measured in meters.
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Q.,The ‘F \ O\D along a curve C' of a velocity field F for a fluid
in motion is given by S ﬁ .—-‘: A s
C
When C is C\OS@A , this is called Cwen \nvHon . C is called
S‘\NQ\Q' if it does not intersect itself.
Stenple ne Swple

closdd W OO
o | (N | YO

Example 129. Flow of a Velocity Field. Find the circulation of the velocity

field F(z,y) = (—y, z) ¢m/s around the unit circle, parameterized counterclockwise.
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Example 130. You try it/ What is the circulation of F(z,y) = (z,y) around the

unit circle, parameterized counterclockwise?

Strategy for computing tangential component line integrals

e.g. work, flow, circulation integrals

1. Find a parameterization r(¢), a <t < b for the curve C.
2. Compute 1r'(t).
3. Substitute: [(F-Tds= [ F-dr= fabF(r(t)) Y(t) dt

4. Integrate
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Example 130. You try it/ What is the circulation of F(z,y) = (z,y) around the

o . .o
unit circle, parameterized counterclockwise’ f) = <Cps 6,&:%7 L€ L°/7-ﬂ

! o lp)\= sttty |wi=4
So
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'\s Flow= Sl <Co&+, Si) o (—ant, LosE) X 1 d¢
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= = SO —Cott St + st wit dt
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Strategy for computing tangential component line integrals

e.g. work, flow, circulation integrals

1. Find a parameterization r(¢), a <t < b for the curve C.

2. Compute 1'(1).
3. Substitute: [(F-Tds= [ F-dr= fabF(r(t)) Y(t) dt

4. Integrate
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Idea: ‘:\V‘)( across a plane curve of a 2D-vector field measures the flow of

the field across that curve (instead of along it).

We compute this with the integral

()= uto) y))
C'e)= <)(,' les,g"le\') F\\Mﬂ = / F -n ds.

C

/ \;W*V'M J i awect X

The sign of the flux integral tells us whether the net flow of the field across the curve

is in the direction of 7“_ or in the opposite direction.
() 1
AR, b
W h :)“;wm-t: L f}& i~
e can choose n to be either o
Flux= Sapn d¢

C
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(

Weto et (o)
(seren s o = | Fleta)s &yt <t St

Strategy for computing normal component line integrals
e.g. flur integrals

1. Find a parameterization r(t), a <t < b for the curve C.

2. Compute 2/(t) and y/(¢t) and determine which normal to work with.

3. Substitute: [ F-nds=+ fabF(r(t)) (y'(t), —2'(t)) dt (sign based on choice

of normal)

4. Integrate
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Example 131. Flux of a Velocity Field. Compute the flux of the velocity field
2 2
v = (3+2y —y*/3,0) cm/s across the quarter of the ellipse % +

Y

quadrant, oriented a&ay from the origin.
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§16.3 Conservative Vector Fields & Fundamental
Theorem

Definition 132. A vector field F is path independent on an open region D if
SC F'T AS 'S The sa for all paths C' in the region that have the same

S F.TAs: &:‘ T(LS = &Cgc.T éQ b
C\ %
Cz <.

endpoints.

A

When F is path mdependent, we can use the simplest path from point A to point

B to compute a line integral, and will often denote the line integral with points as

(3,1,1) (c,d)
/ F-Tds or / F - dr.
(0,1,2) (a,b)

Example 133. If C is any closed path and F is path independent on a region

g —

bounds, e.g.

containing C', then

/OF-er A EoeTde = O
Px
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Question: Given F, how do we tell if it is path independent on a particular region?

Sovera) O ons L
T

(D Crach Some
F & NOU  poitn mdep endon .

Q@ e Sore CLOSED Loo®s C. o Unath = S‘LF.TJQ—,-O,

For example, is F(z,y) = (z,y) a path independent vector field on its domain?

T‘r'3 @ "‘7/ C: vlt)y=eost, st ), telo,2m)
Than Sc Fe T ds= y: (ost, 306> o {-ame, costy dE

2
= (Sm — Sintlost +Sinteast & = S:-O cH’

P35 »
N‘D)r‘guﬂ' =0 . O s o \oc\ps?

g
Example 134. You try it/ Last time, we saw that if C' is the unit circle about

the origin, oriented counterclockwise, then fo<—y,:ﬂ> -dr = 2m. From this, we can

conclude:
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Question: Given F, how do we tell if it is path independent on a particular region?

Sowra) 0@ RSt
(VD Crach Somg ptins C,., ™ Sg\ F-Tdek Sc,_ FTds , Nen
F & RNOT  patvn  wdepandond .

Q@ e Sore CLOSED Loo®s C. o Unaihe & SaF'T4§=O‘

For example, is F(z,y) = (z,y) a path independent vector field on its domain?

T\'3 @ ¢ C:rvln= {eosts, st ) telo,zm)
Thon XC FoT ds= 82: <Lpg~(;, swmt) o <—Smt, ot dt

MS‘. = S:r — Sintlost +Sinteast & = S?‘O d+

S —
N‘o)r%*\_ =0 . O lb othwr loc\ps?
Example 134. You try it/ Last time, we saw that if C' is the unit circle about

the origin, oriented counterclockwise, then [, (—y, ) - dr = 27. From this, we can

conclude:

Example 129. Flow of a VelociLy Field. Find the circulation of the velocity

field \[F(z y) = (—y,x) (‘?m/ s around the unit circle, parameterized counterclockwise.
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A different idea: Suppose F is a gradient vector field, i.e. F = Vf for some
function of multiple variables f. f is called a ?O '{'QX\*\\\&Q QM\Q’H dNfor F. In

this case we also say that F is conservative.

Is F(o,4) — (@,y) conservative? Need 40 ©nd F6L) o4 V4= F.
o e e Yol =2
Sl et & 82x o b { e = 322 Clp
D
%}a\wﬂ.& dosv . .gg;‘_z \:S = g’%x‘-\-C(ﬂs = O+C'(c1) =4

S C= S y34= -';;3‘4—6. ook ,@uf,s—-%xag,%c.
W\oa .

SO V:?": <X/"[> -F bk fws /()NJ\CQ— d&— g‘ Coo\-

Theorem 135 (Fundamental Theorem of Line Integrals). If C is a smooth curve

from the point A to the point B in the domain of a function f with continuous

gradient on C, then | Compare Yo BT
D — /CVf.T ds = f(B) — f(4) g: “1) A
rY e \ L— = ¥ (b)-F Ll
s /\J\
A s \ M deeant agodon
(\ o~ / oAl 0&' Q/
I S 1f k=9 o
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Example 136. Compute [,(z,y) - dr for the curve C' shown below from (—1,1) to

(3,2).
F=(xqy 1S Consfoarvie
7NN (P o TRV Onse
\ i \vjt‘l‘
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b e
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It followsA:chat every conservative field is path independent.

Dws e P\ coehan ao N otwer UV ‘/\6? (H"{' ?B

In fact, by carefully constructing a potential function, we can show the converse is

also true: QA[&%_@_\MLLPAJIA*_B (on Sec Voo .

Gt
\dea: :?wn-.—% Y ET 8

(L¥%))
This leads to a better way to test for path-independence and a way to apply the

FToLlI.

Curl Test for Conservative Fields: Let F = Pi+Qj+ Rk be a vector field defined
on a simply-connected region. If curl F = (R, — Q., P, — R,, Q, — P,) = (0,0, 0),

then F is conservative. fg,

£ hty) =<Ply), Qe 0>

o If Fis a 2-d vector field, curl F = <O—O, O—O/ Q)L’P‘D:O
3 | Qa=Py

e This is also called the mixed-partials test, beeause

B Ar]
Note - F (ty) = (u9) = <e.ad Fouy= (420 = Q)

Yon Qu = -:—,_‘3‘«’0 / Q=1
7{ X
ry=a t %

P‘) = %247‘-"0
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Where F:<?/Q7
Example 137. Evaluate [,,(102* — 22y*) dz — 32%y* dy where C is the part of the

curve ° — 5z%y* — 72? = 0 from (3, —2) to (3,2).

lers chade twe Cue\ Test B F=(P a).
Q)= -3x242

Ol = — lony™

Pl = 10x - 2ot

Pi= 0 - lbxyr.

S Cuel B = (0,0, 0 =<0,0, “ou-ou
=<0,0,0) v’

Need -Q(%:‘D s (#=F %o (o an Wwe FTolT.
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0] ‘3\ |
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So C Cﬂﬂ:D = dy\N=(_,

Oy\e< YL

So *?(%MB = (x°- xzqg + C

M &CF o+ Qéw\ = ‘“5,’—0 —4(3.2) 7
= z%éz 31(4)"“(1)&4 w2)=| 2%




