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§16.4 Divergence, Curl, Green’s Theorem

If F(x,y,2) = P(z,y,2)i+ Q(z,y, 2)j + R(z,y, 2)k is a vector field:

e V.- F= <<\74_,é‘1/<\1> <? QR7- é;(.?"' Q -~ ‘}%

So
e VXF= d WG

v d ¥ D H v -
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How do we measure the change of a vector field?

Cross product ol .
1. Curl (in R?)

o Tells us Flow / Cicun\ovon éex\{\’fj

e Measures ‘OC&I csan\oidoN gk o ‘PD\V\“’

o [sa \QCdoCT

e Direction gives QXS of W‘\'\MCW‘V? T howel VQ\Q’X

e Magnitude gives _{oledioN toake

e curl F :VX \-——

e f F=Pi+Qj weuse VXF =V x (P,Q,0) = <O/O/ &}(‘Pﬂ7

@ Fom 8103 THM:
Cue\(F)=40,0,00 &5 F s congerei-
(}g. F= v.fL for Somp % ﬂZ}"”EB

6604‘«4!«‘( Mr\\\7 @(((F’):é T4 "F \nag N2 oY t3dN "

2. Divergence (in any R")

o Tells us _ FlLUX é@)ﬂé“\"j
e Measures COW\PV@%loY\/ X pansion o 0\@\\«'\'

- | S‘,mwmrﬁw@
OdivF:vOF
Geomere MG do duF=0 © Fu

4
W in Compressivle’  of " 10 XEAION/ M ressT
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Example 138. Let F(z,y) = (x,y). Based on the visualization of this vector field
below, what can we say about the sign (+,-,0) of the divergence and scalar curl of

this vector field? Verify by computing the divergence and scalar curl.

\0'\'5 O.C e X mon <o A\V(F) Shan\d oo
\?OQA«\:Q ot 0'?;3 ?D\V\—l— (NJ Plax = &F nA§>o>

no <otaron, S° e\ (F)  Snontd be e 260 vechr

(M F= V{Z 4 How= §C FeT&k= -@(«\—hm-—-o\}

ON’W' &\\/ F= P+ Q‘j 1+1=2 v
C\Lf\ F <O/ 0/ Q‘)( ﬁ’ <0,0} o -0
—:<O7O)°> v

Example 139. You try it! Let F(z,y) = (—y,z). Based on the visualization of
this vector field below, what can we say about the sign (+,-,0) of the divergence and

scalar curl of this vector field? Verify by computing the divergence and scalar curl.
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Example 138. Let F(z,y) = (x,y). Based on the visualization of this vector field
below, what can we say about the sign (+,-,0) of the divergence and scalar curl of

this vector field? Verify by computing the divergence and scalar curl.

lovs of ex@ugion So dW(F) Shand e
posrve ot evesy povt (w Plux = § F- nAg>o>

o «otaron, SO cue\ (F)  Snontd b e 226D vecdor:

(M F= V{Z 4 How= §c FeT&k= -@(«\4(&\—:0\}

Oty duF=Beey=t-1=2
Qe \ F <O/ 0/ Q‘)( e’> <0/O}O (£))
—{020205./

Example 139. You try it! Let F(z,y) = (—y,z). Based on the visualization of
this vector field below, what can we say about the sign (+,-,0) of the divergence and

scalar curl of this vector field? Verify by computing the divergence and scalar curl.

\ots of At So ouw\(F):#O
ol S e powivg "up"
o of T Py by R

lo Cempresson, so dw (P =0

O”/A” (el F = {0,0, Qxr- P77
= {o,0, [-(-)) = €0,02)“ve" v/

dw ¥ = Px+(§?3=o+o=o v
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Question: How is this useful?

Answer: We can relate O‘@ C F inside a re-

gion to the behavior of the vector field on the boundary of the region.

Theorem 140 (Green’s Theorem). Suppose C' is a piecewise smooth, simple, closed
curve enclosing on its left a region R in the plane with outward oriented unit normal

n. If F = (P,Q) has continuous partial derivatives around R, then
n

a) Circulation form: "
C
) _ _ _
/CF TdsK/Cde—l—Qdy //VXF -k dA = / Q. dA
Uxe )k
b) Fluzx form: e ond 249 (Z'ST er P‘W' Oy L;‘:

D) /Fndsl/de de_// ) dA = //P+deA

(.0\3 &\n Tlu. Flow| acxoss o~ closed Siple [OOP C s
Me  doubde - N\‘\C?r&p over N tadesor KOJLC of

The k-cm\eww\— o0& Canc\ F.

) Suﬁsf Te |Flog| dcmse o Uosed Swple lovp C s
W darvie -wegald oF Ma oreior R £ C of
dwv F
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Example 141. Evaluate the line integral fCF - T ds for the vector field F =
(=12, zy) where C is the boundary of the square bounded by x = 0,2 = 1,y = 0,

and y = 1 oriented counterclockwise. C=C‘UC;UC3 UCL' gw(h.?

% C Flow= % YeT de = & Fede ?od(+gc$aér %SCF-A(
Oy A,é— (X)) C\ G 3 y

N A

(—L—xf— P %FcT&: S@Rcw\‘:‘% dA
9,0 1,0
= J{e 8-ty - Sﬁga—c-wA

\dl)&‘ = X 833 dy & =\ Sl B

C

209-[%

Example 142. Compute the flux out of the region R Wthh is the portion of the
annulus between the circles of radius 1 and 3 in the first g;tﬂht for the vector field
F = (32%, 3%

QT

?\ux=§cF- nde = SSR Fe+Qy P
= &S&%LJ'BZ A

b 8\

?ow') Tl (2
1] e :gw
0 ! \
;JB=

= T \"‘|
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Example 143. Let R be the region bounded by the curve r(¢) = (sin(2t), sin(t¢)) for
0 <t < 7. Find the area of R, using Green’s Theorem applied to the vector field

@ F = %<x7y> . _ —_ A
Fr P oo - AW\R‘&SQL e Sg 2 an
N F oy !
- é:: - (5T (P G’C '\Pn
= Q FeTds  w/w=(ly, 10
c
WY
C C:t)= <$'\“7-t, SWt) ¢ ()= (2cos 28, cose™>
' t&(o,)
/AR
% / ~ Acca R = % (-Ly, 30T ds
rd c

-
= So (’% SWE, § SN2t e dgaset, Cost ) dS

«
St - S -Snt st + L swteest dt uncheor
0 Wow to
Cos Leod &~ ™ i
it = do€- —
= S -SE(2cost1) +  (2amt cos£) cost S
2N Ut T Zsag cost 0
W SWe
W=t m
dn= bk = So-?_ws‘t st +owt + Swbcos®t dE

g, | o

Srr et st + swt dt _lc,oét “’"*‘ @COSTVY (.om)'l @ms(p)\); Cos(o)

-_-%4_?;:1—\/3

Note: This is the idea behind the operation of the measuring instrument known as

a planimeter.
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Example 143. Let R be the region bounded by the curve r(¢) = (sin(2t), sin(t¢)) for
0 <t < 7. Find the area of R, using Green’s Theorem applied to the vector field

D (F- o) \dea - AQ,&R:SQQL dh = {5+ 5 aA
= to A

br A
o F =<“;f1)[/2y'>

' X
Foo Flow G ST (P k
= Q Fends = din iy
C
M
c C oty = (ownat, S0E) ¢ )= Cacosze, cose™>
27T telo,m) N~ L cosky —200526>
/ Acea R = % Ciz,38)ends
> ¢
T
= So (llsw\zt,*;,smt e <C.;t,-z(;oszt> AS
— - So 3 ST wst - Sint os 2t 4t “m
) e Mc)m?
Cos 1t = o€~ - 30 1 (2emtost) ost — swt (200t -0 4T
2N\ 1t = Z sk cost
WesWe _ \r
W=cont = 3 cogttsint - 2cot et + ek dE
(\/l/\zlwl;w\b&h 0

®, |

% . L
= S:-— ¢ € st + swt dt =l3c'°‘>st —-c_ostr; =g005“733—u$ﬂ/‘l ‘&zﬁ(pi);’(ps(o)\
- £ _z
=3 +Z = ’—\/.5

Note: This is the idea behind the operation of the measuring instrument known as

a planimeter.
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§16.5, 16.6 Surfaces & Surface Integrals

Different ways to think about curves and surfaces:

Curves Surfaces
Explicit: y= f(z) z = f(z,y)
B= - z“‘\“l'xz"fb
Implicit: F(z,y) =0 F(x,y,2) =0
%7_*\11 :L_} XZ‘(*JZ‘{'ZZ:H
Par tric Form: t) = (x(t), y(t -
arametric Form r(t) = (x(t),y(t)) r(s,t\:<x[g,t)’ \3(5,.«;\;(«.@7

N

 r(£)=(Cosk, Stnk)

Fle)= <2 cost, Lsnt)

We've a\reaéa done. a Tew
Swe Gee oo Arotal.

6\3.
® Plane ’thcma\\ e dRg ™M
T(‘S/t) = 5\74 + tG‘&

® spwes o Foved maw ﬁ
us\yn SPW\CAL WorAS

X:Psmt((.os9
Sphere OF 3:‘:9\\& swB
AN e-.‘z 2 :PCDS‘(

S ,(('Q k)= <?_ S(SXoYt), 2 s (s)os LE) 4 2 Los (>
Of Gan just @l pancies § 0, s

)V(\Q,e) = <2_S"m‘f @sG y2smy 5O , Zoos‘f>
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(ZQOAL. | DA ﬂ'Zg Suth flakr fange of © s Surbiee .
Example 144. Give parameteric representations for the surfaces below.

a/gaxm\ L as Afwmockon oF Y42  So  sex Yy=¢ ¢ 2=t e purmdel.

Can o Soup —o\er o

T(ot) = e S B st
C) = +5tt-2,%, & T,
r(srt):(-tl-»-\ig"_z' Lty \
SelR, el St

a)r =y* + 322 — 2

OC n Sonaine~ (e
—\“3 ? '\i(r,e)= <v’-—z, Tcos 8, 2 r&m.9>

3"’ (ol i huin 20 , Qelo,z2w)
= wd eyt =
S QOO & o Ffmnww oF
. x=0-2 1 L , Surfece f5- ().
b) The portion of the surface x = 3 + 522 — 2 which lies behind the yz-plane.

Sz © W e mm%aﬁr set. (042 s bond yz-plane d xgO

So wed =iz O o jis vl
= '-Az’fli%"é?— (e“iP*\ Por 4@ T2-240 so 40

A’ +yi+22=9 2 ‘-‘;+%éi g So ‘je[‘ﬁﬁ-]
M 26 [-Jq'z‘ltrw-)

Spwer of swdwe (2=9.

ol cods lardesian «oordS
Q 1=Psm‘(’wzﬂ re(-3.3)
s § Per e yo [-T, ]
z-po

Z-= jﬂl-u‘-s"- (4'9\@\\‘ On\q\)
t(s) - <s,t, l4-s)

(46)=C3sm¥ 058, 3sndsnd, 3cos )

f
teloml, Gefopd sel-331, e [-Ta 5 a5 ]
d)z? +y* =25
CaWnder W/ \or e Cross—cectians
X AW =5. Can "“"j CANQS\QV\?
ﬂe[—f,g]
Cyvndrical  coorsl W={zome (o Lo o)
2 Z=
@ 1= &‘uu@o c(6,%) :<5L099;r$"\9/t> o 2
z Cswm ) = A
=5 2:2 Pe [o,z7], te R ’ <S’EZ %)
5¢[-5,5), €<
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/4 / (‘; @S
What can we do with this? &(QD\(& ONSCON

-

If our parameterization is smooth (r,, r, not parallel in the domain), then:

S Clup)= Oilue), 9luwd, 2(u,00
wveR

e A rectangle of size Au x Av in the uv-domain is mapped to a rectangle of size

{“ﬁ&f

er, XT,Iis Nocral S e surface

“flkﬁf\r“ AWAV- on the surface in R3.

R

V x

JW;' “(ux\'u'[I&Aj

v
R (TS 2 Y o TR
S 7 R
Sweface vveq | ©/ Swrface \nesnae clv G/ Aven \weatnrd
Example 145. You try it! Find the area of the portion of the cylinder 22 + y? = 25

between z =0 and z = 1.
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5 AS s
What can we do with this? &(M ONSCON

If our parameterization is smooth (r,, r, not parallel in the domain), then:

S Clup)= Oilue), 9luwd, 2(u,00

er, XT,Iis Nocral S e surface

v eR
e A rectangle of size Au x Av in the uv-domain is mapped to a rectangle of size
s
“fuﬁ('\r“ AnAT” on the surface in R3. b

V x

R

4«3 “(.AKWU&%

B v
* Thus, Area(5) = Sg 1d¢ = Sf I, el AAF\AA'M*: cdris
S 1 Ry douide nee )4 -

Suface tweq | ©) surfoce tessne. dy W/ Aven weatnrd
Example 145. You try it! Find the area of the portion of the cylinder 22 + y? = 25

between z = 0 and z = 1. '\3\((9'1:) = <5c,os9, SxnO, ‘£> P Qéiazz‘ﬂ;)/ ZQ(O)B
“"é: <—5$§Y\B) SUQG) 07

Y%=<0,0, 1)
T
—Ssuwé Eu
; @ < B, - (-5 sm\,\e)/o>

S" “Y\\\ L5 +Z5sm@ 0 = =125, )|nu=5.

A(mg« Sg S dA= SFX dt do = St] do = So 540 = Dv2q = )OTC
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Example 146. Suppose the density of a thin plate S in the shape of the portion of
the plane z + y + z = 1 in the first octant is d(x,y, z) = 6xy. Find the mass of the

plate. 2
t
= X ,2;) AQ’
M Sgg S( Y \T bore S
Dep) | pomenee S ‘ i > g N
Sep2 " Compuie der= lig xigh dA L >
UNop 3! Swostmie 4 e J
Nep \:
xe [0, 1\ -

C(st) = <6, t,1-9-t7
R: selo,n, telo,1-5)
|

ge (o)1)
TI‘UI\ Z=\--y

%jgg.zt r$:< \/O/ ‘\> QX(—L:
= <o \, =1 D

—)

—

(l -(-), | 7

=\ L) So lall=6

- Q ¢y

T
l
0

3.

Mass =S(QQ dy = S&L(O‘KjﬁAA = X‘ SI— 0 ¢t dt ds

[
\
— SO
= S‘o EAR (83-—25‘%\) ds = 3"3('15“-553*‘.?))' = 3\5[(-"-5*-‘- *O}
=
= 36 (}-2)- 35( 12)- 25- -2

T2

¢ \ !
36 = S 3¢ (|- ds = So 305 s ((5%-2s+1) ds
o
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§16.6, 16.7 Flux Surface Integrals, Stokes’
Theorem

Goal: If F is a vector field in R?, find the total flux of F through a surface S.

Note: If the flux is positive, that means the net movement of the field through S' is

in the direction of MM ormed  vecksr o S

0L> Uhoson W\ D 0NN OF $>

If r(u,v) is a smooth paraimeterization of S with domain R, we have
Wor- norena) ?MS PN 2o DA

flux of F through S = // \6 do = // u v)) - (ry X I}U)NdAF

- Wx& g, 't o ¥ llax el
I &l

Example 147. Find r, X r, and ||r, X r,|| when z = f(x,y) so that S is the graph

of a scalar function with domain in R2.
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Example 148. Find r, X r, and ||r, X r,|| when S is a portion of a sphere of radius

p = a, for some fixed constant a, using the standard spherical coordinates for your

parametrization.

S_Olﬂ , ('\Q: <QCJOS‘?CO$9, o cosdsnG, —azwn?d 7

(9 = <’ s snb, oSy Cos G, O>
< %) <
% (@) ‘r\e X (9 = QCOSL?use O\COS \.?5*\\(\9 _ASWN L(
- asnf stnd asnyg co0%@ O

= 6onY s 6 —a syt {snb, & swndcosd cos’O + a2 s s 5‘\‘(\"97
9

¥ /)

= {o*on\ cosb, —osd dsind, 0?0 e
D L) ¢ q xfo\\’: st ? of*f 4 a'swmitento + o st Yeos'
=o'y + ol s Yot = otent (st e) = o sty
R \\ Cgx < 9\\= 0% Y (‘\‘\\e Semacal oord messurt. tlement )
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Example 149. Find the flux of F = (z,=y, z) through the upper hemisphere of

2?4+ y? + 2% = 4, oriented away from the origin.

Wanr 4o Compude  Pux= S& Fen or

O parnemize. S @ Ss é};&m W pP=2
@ Comngdni garv\-\a&& é Ceoss em'wd‘ TN, 9):<2$‘\an59; Zs.mLQSMG,Zoos‘D

ru W s i

Yelo ], ©F [0z

. e .
P Bz : L @‘:qm previms e (w/&:Z)

Clay = TgxC = CH o™ cosh, -4 s §snd, 4 s ¥ ety

Oy

S \(Z_ swleos 6,72 swdsmb, 2cos¥ ) ‘<L{ S0 Y cosO, -4 St Ysn@, 4 s C )49 e

/2,

= Y x Q020+ Isid st + Fsmneos’ Y 3¥do

g‘ S:lé&“n"?i-%%m‘(’ws g aYa9:= Sz Srpsm‘? sm 29+ co29) WO = S ,ga,sgp

Tl

do

\l

:%z:-gcos(“‘lz)- (-8c0s0) do = 3:“8 o = %9 |§r

W

lbTc
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Example 150. You try it! Compute [[,G-ndo the flux of G across the surface S.

G(z,y,2)=a% S:2°+y*+22=1



§16.6, 16.7 Page 158

Example 150. You try it! Compute [[,G-ndo the flux of G across the surface S.

G(z,y,2) =2% S: 22+ +22=1

S unik sewere P =1 Then Surfce measae & e Stomdand  Sphorical
€(4,6) = {sulesO, S fsmB, cos W) Q\Q)(Y\U\‘t' A« = “ F\fx f'ell=/o's*m‘{’ A‘fée

Q. ‘Qé(orﬂ, O¢ [0,2w]
S M= BSSG ds = y: S: (S‘m‘ecos@Y snY d¥dQ

gzw S ("cos a0 sl o < e X ‘ ( W )edu d0 = S S(\-@)cos'e du &9

Sc‘”‘e‘*““])ée &)m (-5 = -y:‘—*—ii’z—"& _ %(e-lcpsze\”\

= 3lex-9-t-0le ¥
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Example 151. You try it! Suppose S is a smooth surface in R® and F is a vector
field in R3. True or False: If [f ¢ F -ndo >0, then the angle between F and n is

acute at all points on S.

Example 152. You try it/ Based on the plot of the vector field F and the surface S
below, oriented in the positive y-direction, is the flux integral f f ¢ F -1 do positive,

negative, or zero?

Recall: If F = Pi+ Qj + Rk is a vector field, we defined its:

1. divergence: V-F = P, +Q, + R,

2. curl: VxF = =(R,—Q.,P.— R,,Q, — P,)

oY o=

i
9 9
or Oy
P Q
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Example 151. You try it! Suppose S is a smooth surface in R® and F is a vector
field in R3. True or False: If [f ¢ F -ndo >0, then the angle between F and n is

acute at all points on S.

FW\S& \&“5"' aed “wmore  Wor dona_ "’ 1 T

N dovaston. of N 0 oppsed o T
V7 ///{ } / O go Sive Stirest-ion.

//// y

Example 152. You try it/ Based on the plot of the vector field F and the surface S

below, oriented in the positive y-direction, is the flux integral f f ¢ F -1 do positive,
%U\&%

negative, or zero?

///' Gz \rectrt T 9‘”7
. M Sonee &A™ af Y-

TSR g Wy Sre T z
B ER AT SQ F" n ‘7/ O

Recall: If F = Pi+ Qj + Rk is a vector field, we defined its:

1. divergence: V-F = P, +Q, + R,

2. curl: VxF = =(R,—Q.,P.— R,,Q, — P,)

oY o=

i
9 9
or Oy
P Q

<R‘1 - Q%, Fz’ R, Qz ’Pc,7
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Example 153. You try it! Suppose F = Pi+ Qj + Rk is a vector field in R3
with continuous partial derivatives. Compute the divergence of the curl of F, i.e.

V- (VxF).

Theorem 154 (Stokes’ Theorem). Let S be a smooth oriented surface and C' be

its compatibly oriented boundary. Let F be a vector field with continuous partial

//S(VXF)-ndJ:/CF-Tds.

derivatives. Then

e If S is a region R in the zy-plane, then we get:

e An oriented surface is one where

e S and C are oriented compatibly if:
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Example 153. You try it/ Suppose F = Pi+ Qj + Rk is a vector field in R3
with continuous partial derivatives. Compute the divergence of the curl of F, i.e.

V- (VxF).

V QXF> *"—’6*1 ’37"({)“1’@%, F;’Q')L, Qx ’Pc,?

= 231- Qn"'??,%’k%j*' Qe-Bz TO \3‘j Faxai’s T !

Theorem 154 (Stokes’ Theorem). Let S be a smooth oriented surface and C' be

its compatibly oriented boundary. Let F be a vector field with continuous partial

/ (VXF)ondaz/F-Tds.
S C

|
Flux of Cua\(F) Cisonodion (Flod) oron
aZross sutface S Owsed |oop C ul\mdl/\\S

MDW&

derivatives. Then

e If S is a region R in the zy-plane, then we get:

h Sgkcw\c.ﬁc\k §, FoTds G topns Theorem !

e An oriented surface is one where ermod et 5‘\'&35 Cansiserct
as %0\/\ tnove a\onﬁ S

* b Sy N6 _'};_DT oxwf

e S and C are oriented compatibly if:

) %
Wallye @ C  eeps S b
Sarfue  oudody " b’ﬂ LEFT
j,e wu\ ¢ WW cleclewiie !

re,\m—m
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Example 155. Use Stokes” Theorem to evaluate fCF - dr by calculating the flux

across the interior of C.

F = (y,2z,2%)
C : boundary of x + y + z + 1 in first octant, ‘9*"‘

oriented counter-clockwise from above.

C: \aovaw) of AAYtZ=| i Fi% ocrant (xw,q‘&o,%w3 (o (;

S tlat) =<5, \-s-t), RaSelo, 11, te [o0,1-9)

L 5%
VS': < \/01'\> rt:(o/\/"|> Gx(e = ; ? :: - <\r 31\7
FPa-e Y
F =<9, Orwordd oy

VXF = <2\5" Qi, P?'Rx, Q‘K"P‘)> = <O‘7('/ 0 -2« ‘%—\7 = <"X/’7'7() Z”\7
Q'JS‘T
= Sgs UXFenn AT

Flow = %cF' ac

<[ 0 s mae (s> it ds

L \ (1-$
= B\—S—zs-s-t dtds = = S &) +4s+t dtds
0Jo o

- —3‘ Hst +3t° :S ds = -So Mo (-syrg (\-oF ds

\
- - “nh2. AN | {
=-YUehgeieosebds = [ Teizg1d-2ozay|
- F_ s\ - F__ |5

b 2 2 b o | o
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Example 156. You try it/ Use Stokes’ Theorem to evaluate [[¢F -mn do the flux

of F across S by calculating the circulation line integral around the boundary curve

Cof S.

F = (22, 3z, 5y)
S :x(r,0) = (rcosf,rsind, (4 —r?))
R:re|0,2], 0 €0, 27]
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of F across S by calculating the circulation line integral around the boundary curve

Cof S.

F = (22, 3z, 5y)
S :x(r,0) = (rcosf,rsind, (4 —r?))
R:r€]0,2], 0 €[0,2n]

: (60 = {eos, rawnd, -2  R: telo,2), gelo,2m| -
=
L Ford2cos9, 20,0 4 0¢€[9,27) é%_}
S:ougeu Wt
Tloy= 2539, 20050 ,0) 9::’;_‘

F={22.3%.5

S Plux i §= SSQV*F'“A“' = § Fude
2w
= &o €0, bcos8, 10508 (25108 ,2c059,0) 46

= 32: \2¢05'® 40 = Sz:lo(l-t CoSZB) AS

= 0+ 3smz8fy = (f(2x)+ 3owir) - (6la+35m0)
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