
§16.7 Page 157

§16.7 Stokes’ Theorem

Theorem 152 (Stokes’ Theorem). Let S be a smooth oriented surface and C be

its compatibly oriented boundary. Let F be a vector field with continuous partial

derivatives. Then ZZ

S
(r⇥ F) · n d� =

Z

C
F ·T ds.

..

Recall : The boundary is· compatibly oriented
if walking along

the boundary with your
head" up "

in the direction of t thenormal

vector of $9 then your

LEFT HAND is pointing over .S

From last time ;

If F = UXG (recall UXGj is a vector field if G

is a vector field)

then div F = 0 . leasy

&In fret ,
If the domain of F is simply connected

--

Sjust like in Greens Theorem) then

divF= o => F= XX4 For some G.



Summary :

-

If curlF = 0 then F is conservative
-

and F= Of . (and FToLI holds etc
. )

If

divFOanddomutFs the
curl of some other nector

feld G.
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Example 153 (DD). Let F = r⇥y, x+(z⇥1)xx sin(x), x2+y
2h. Find

ZZ
S(�iF)·n d�

over the surface S which is the part of the sphere x
2 + y

2 + z
2 = 2 above z = 1,

oriented away from the origin.

& z=1 get O
E

Coption A)

Z Flux of SS,(xF)on doN sur I

S: on Sphere zP /

Lacross SI
* parametrize SyF(u ,v)

T &-compute Furn completa(yuch!) 3 technical
- long a

Often HARD

st x+y+ z2 = 2
* then integrate a

substituting.
-

surface integral after

Flow

Lor=FotI
* parametrize

(w/ F (t)

(this, E * compute rIt)x2+y + 1 =z

* integrate a live integral after sub

= V= 1 .

C : FIt) = [cost, sint, 1) ,
teloi

filt) = <Sint , cost , 07
1

-

and Flow = (2
*

-Sint , cost + 0
,
cost +sin't) · (sint, cost

,ofde

=> gitsinit + cost +o dt = S* 1dt = +15

= 2n -o = Zi
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Question: What can we say if two di↵erent surfaces S1 and S2 have the same

oriented boundary C?

Example 154. Suppose curlF = ryyy sin(z2), (y⇥ 1)ex
xx

+2,⇥ze
xxxh. Compute the

net flux of the curl of F over the surface pictured below, which is oriented outward

and whose boundary curve is a unit circle centered on the y-axis in the plane y = 1.

For my F , J, Fores = (SexF)ando

# = Is (0xf)on do

1 &y = 10 etc!? alert!!

z T lit does not matter

what this is !

SsT FluxofCurl =
Flow anda

: JSCIFondo = G
,
Ford

R Singsint
set

= ga(sinkost) ,
2,coste Joyet

C : r(t) = [Cost, 1 ,
sint)

,
M &

tt(0 ,2) & !
r'It) =<-Sint , o , cost) 8xF =1
=
S2 : (rcost, 1 ,

rsint)

JSs
,

Carrondi = SScurifo(o , -1, 0)do

reCo , 17
= S

,
o +1to do

↓
can &r(t) =

-2Js, do

Xacat = -2 * Surface wea of Se

= -2π
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§16.8 Divergence Theorem

Theorem 155 (Divergence Theorem). Let S be a closed surface oriented outward,

D be the volume inside S, and F be a vector field with continuous partial derivatives.

Then RR

S
F · n d� =

RRR

D
� · F dV.

Example 156. Let F = ry1234esin(yz), y⇥x
zx
, z

2⇥zh and S be the surface consisting

of the portion of cylinder of radius 1 centered on the z-axis between z = 0 and z = 3,

together with top and bottom disks, oriented outward. Find the flux of F through

S.



Closed surface means : encloses a closed
and bounded 3D region

Warning : S must be closed. !

->

DT
Flux =

= dir F dV

P Q R

S =S , USzUSz * 3 parametrizations Ss
.
Fonda no way !

*3 cross products inxir

top I

↓ bottom
#3 surface insegrds

must
be

morded
!!
STOP THE MADNESS !!

by DT

L

#* Drond = KodivEa = (po +1+ kadv

Cylindrical couds = ju gizzardzardo=zdiso

D : 00 ,2)
reCo, 17

ze10 ,37 = a aududo= Is do

= S* do = go: 94



Closed
,
closed

,
or closed?

In IRZ is closed① a ragor
-

if it contains all its boundary points.

e . % . Absolute MAX/MIN on

closed a bounded regions in 12

② abop is closed if

it has same starting a

ending point.

e .g . live inseguals for
Flux/Flow

around closed loops like

circles ,

③ closed surface in space I
-

-

is a smooth surface that

encloses a closed and bounded
- lol

3D region .

① closed region in ABS is

Same defr asbut ilice)
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Math 2551 Worksheet: Review for Exam 3

1. Set up an iterated integral in spherical coordinates for

∫∫∫

E

z2 dV where E is the region

between the spheres x2+y2+ z2 = 4 and x2+y2+ z2 = 25 and inside z = →
√

1
3(x

2 + y2).

2. Set up an integral that computes the volume of the solid which is bounded above by the
cylinder z = 4→ x2, on the sides by the cylinder x2 + y2 = 4, and below by the xy-plane
using

(a) Cartesian coordinates

(b) cylindrical coordinates

Which integral would you rather evaluate and why?

3. Find an integral that computes the mass of the wire which lies along the curve y2 = x3

from (0, 0) to (1,→1) and has density function ω(x, y) = 2xy2.

4. Show that the field F = 2xi→ y2j→ 4
1+z2k is conservative, find a potential function, and

use it to compute the integral
∫

C

2x dx→ y2 dy → 4

1 + z2
dz

where C is any path from (0, 0, 0) to (3, 3, 1).

5. Compute
∫
C(6y+ x) dx+ (y+2x) dy using any method, where C is the circle (x→ 2)2 +

(y → 3)2 = 4.

6. Find the flux of the field F = yi→xj+k through the portion of the sphere x2+y2+z2 = a2

in the first octant in the direction away from the origin.

7. Use Stokes’ theorem to show that the circulation of the field F = ↑2x, 2y, 2z↓ around the
boundary curve C of any smooth orientable surface S in R3 is 0.

8. Find the outward flux of F = (xi + yj + zk)/
√
x2 + y2 + z2 through the boundary S of

the “thick sphere” D given by the points satisfying 1 ↔ x2 + y2 + z2 ↔ 4.

1


