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§13.3 Arc length of curves

We have discussed motion in space using by equations like r(t) = (z(t),y(t), 2(¢)).

Our next goal is to be able to measure distance traveled or arc length.

Motivating problem: Suppose the position of a fly at time ¢ is

r(t) = (2cos(t), 2sin(t)),
where 0 < ¢ < 2.

a) Sketch the graph of r(¢). What shape is this?

Vﬁ/ t=o
—¢ «x
\ zt=lﬂ'
et
b)How fén%dozes the fly travel between ¢t = 0 and t = 77
Z1TN
C‘“‘/ t=o0 Nl corte s

2 x L.: '\iz“-r

= 1) 5

VA o

c) What is'the speed ||v(t)|| of the fly at time ¢?
= el = < 2omt, - 2wst)
st9= [Tl = {Zswer < Cunty = {4 svioe deott

=y *dswisote =

2.

d)Compute the integral / |v(¢)|| dt. What do you notice?
0

0

= 2t—0 =

o T 1
lwoldt= |72 de= 2t |,
0

2t
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Definition 17. We say that the arc length of a smooth curve
r(t) = (z(t),y(t), 2(t)) from t'-"a to t=% that is traced out ex-

o e gt = Lo oy o &

Example 18. Set up an integral for the arc length of the curve r(t) = ti + t%j + t’k
from the point (1,1, 1) to the point (2,4, 8).

g_ﬂ—?‘- ed o £od A )(\o e dd € vales
—=

When t=0 / v(0)= €0.0,07 doesAs wore

St t=\, WO = CLNVEAY ) = (LY v
@y = <2,242%7 TNV

actly once is

ok £=2,

=\ e s (3€y dt
L H\Jm
Stmtz_\_qyl dt
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Example 19. You try it! Find the length of the portion of the curve in R? given

by the parametrization r(t) = (6sin(2t), 6 cos(2t), 5t), 0 < ¢ <.

He) = - £ ¢ \2001t, - 1282t 57
=\l uy oot Siize) 25 = |
=2 |Fk\=13

S,

(L L AN L
L«X?\\Tt’c\\ At-§0 24 = I3tf =

Check your intuition
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Example 20. You try it! Find the length of the portion of the curve in R? given
by the parametrization r(t) = ti+ 2t%?k, 0 <t < 8.

©

L= | lvel & - a
> S i P :SW):O =3
V= T = 14« 3 gn g

2= 7
S [T |= W = {1+t
W-su) Bo®

Bed 2 U= I+t
L = 3 \I I+€ Jdt du=dt
o t=0 2 u=4

9 q t=¢ = a=9
- 2 .3k
S W du = 2y |

—
—

fl

= 2 - - 2 -
3 27 - = i*zu-gz/z

Check your intuition
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Arc length parametrization

Sometimes, we care about the distance traveled from a fixed starting time ¢, to an
arbitrary time ¢, which is given by the arc length function.

o) J: ¢ 2x

We can use this function to produce parameterizations of curves where the parameter
s measures distance along the curve: the points where s = 0 and s = 1 would be
exactly 1 unit of distance apart.

: +— R /"\ ﬁ"‘uﬂ
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Example 21. Find an arc length parameterization of the circle of radius 4 about
the origin in R?, r(t) = (4 cos(t),4sin(t)),0 <t < 2.
A

NoY an ove- lenna pa\'uw&%u«}w\ww
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0L Selw S ey




A:00 GO M) Ao

§13.3 Page 24

0>

Example 22. You try it/ Find an arc length parameterization of,the portion of the
helix of radius 4 in R3 parametrized by r(t) = (4 cos(t), 4sin(t),3t),0 <t < 7/2.
) wse gty 6 fnd L T oy ok

@ Find 5\‘%\:
=20 = C-Usint, Yt ,3) I+ lesa-2g
S 3475
>
(1t
0= " o)l dr-(esar - s
anh o= St Yy’
@ SO\\M, %« '@:

sy =5t = t=H)=%5

Suy oo T‘t L (1653: ('U(O) ‘

G fe@= 0o, Hes (B), 37 "0 5 22
ts ¢

Ots Em:/z

() =

L=

0
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A

:l'\ &t = S\b:q—h=

Qﬁo

t=o
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§13.3 & 13.4 - Curvature, Tangents, Normals

The next idea we are going to explore is the curvature of a curve in space along with
two vectors that orient the curve.

0) @ &)

D

WNOn S dwe sy arsved ?
@>0 >3 ldea: Scale 2nd Secimrut appmpratelf

First, we need the unit tangent vector, denoted T:

)l
e In terms of an arc-length parameter s: v (,6\ )
' Lo / NOTE: S II© (s\)l =
' ¢ ore ochally
Ll lﬂ\\ 1‘:;;. SamnL Coroatal

e In terms of any parameter ¢:

/
This lets us define the curvature, x(s) = \\ T (6) \\
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Example 23. In Example [21]we found an arc length parameterization of the circle
of radius 4 centered at (0,0) in R?:

r(s) = <4cos <Z) ,4sin <E)> : 0<s< 8. K

4
Use this to find T(s) and x(s).

TEO=Flo) » To= (asnl), il
\m\ = (- seld), es(§)Y

S T = G an(s), - mBEN
\Tol= §oe(®h)+ o) =

ond K=\ 0)= T =| ¢

‘3
Gy Unow !
_— 2 - /\
—_ | M(, )
NLg\ :T (6\ - V"\ CDS(.S/Q\ \/L\ S\ LS[(O> ° \' =N
[yl ‘/L-\ iy /q
l’\/

o [ R0 = S (hy , sw >y S

o

Question: In which direction is T changing?

T/
This is the direction of the principal unlt normal, N(s) = y !\‘TI(SBH

‘5

sl o
tum@r \off,hn st WAL
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We said last time that it is often hard to find arc length parameterizations, so what
do we do if we have a generic parameterization r(t)?

.« T(t) = " m/{\f ‘Lol .« N(t) = N La/ LT @
v < (©\
ol v (= «©
. K(t) = \T'ie \/llr‘tt))\ Q lr L3

Example 24. Find T, N, « for the helix r(t) = (2 cos(t), 2sin(t),t — 1), t € R.
d 2 =
o = <-'2s‘w\t, 2wst, \ )

he'lolP= Gsat+ywost+ | = 5 owd “‘"Wﬂl:r

o | T ) = <‘€'§ sk, & ek, =)

T = <'% Cost, ‘é swt, 0 )

kL
Wi Tom-loce o \Tlol= | Y% -25_

0 = ._‘_ -T-‘[t\ = J— < -Z‘- -Z

_ I
'zSS

Nt = <-Cos’c, -SWy, 0 )

(A sz 7oy 2/ A,z

Cost, ’é Sk 07

o N
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Example 25. You try it/ Find T, N, k for the curve parametrized by

r(t) = (cost +tsint)i+ (sint — tcost)j+ 3k, t € R.
Se) Evd L) ad N0
\I'= ﬁ—g: (“sawt*» ‘tcost-»sm‘\h/t + (Ufsb— (—‘tS‘»Mv + U)S‘G»S + O/l:

= twst 4+ tsmt’s « Ol

= Lot Cuntt =67 o |wl=h

— _ 'l
_ N 5 = ber 101
=W Cost’s + Snt?) +Oh
%\7—: -t + ostd) +Ok §< g‘:i-
. TS
% [N= %—:= —SW0ER £ cost <Ok N %) LT Lol
T ol
L £) =
K= (K L) T

1€ (1)

TIE | 1) o sk o o ooy

?‘}m m-\\,:s ZONWN oF /h-'. (JNG\ ko \on

N=249+1,
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§14.1 Functions of Multiple Variables
Definition 26. A _Eunction 0F o Vasiaples is a rule that as-
signs to each " of real numbers (z,y) inaset D a QUL T YN g
denoted by f(x,y) Sfome Suesek of Q%
f: 17— R, where D C R? ;\
Lwncson - K '\’bu. UAOM*V\D'(’ .{4 —A£9 P
X2 e e doman 7 / /
‘ of ¢ 4 q, /
D & e s o pass (,9) k‘y;& i -
Whwere ‘Q’(‘t,cﬁ ) ﬂd\lmuq Qefved M collechvr 2(
IE ACVal otpal.

Example 27. Three examples are

1

Vit+y

flzy)=2+y*  g(z,y) =n(z+y), h(zy) =

Example 28. Find the largest possible domains of f, g, and h.

|
D:g :i(ﬁ,v{)éﬂ'{zzz \QQ, A\ real s T

I
D‘(\: ?(“"1\6“[2 \ A+y? o% = f(ﬁm e«l" 37-7(2) 3’“

. ¥4
b\\-‘- %t\i,‘ﬂ&\‘l\ Yﬂiq:o 9 7('“]7/0?'—’ W s ‘j;—‘x.

~S Dﬁ

WQNZNW"\ - dana 14 N:Egm M taderval !

Definition 29. If f is a function of two variables with domain D, then the graph
of f is the set of all points (x,%, 2) in R3 such that z = f(x,y) and (z,y) is in D.

Here are the graphs of the three functions above.
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Example 30. Suppose a small hill has height h(z,y) = 4 — ~?
point (z,y). How could we draw a picture that represents the hill in 2D?

Dy~ {lwper | w5 < 1o ¢
whe Same  Fxed  hedjut

lden:  deaw Vo) s O o=k
‘|T|7(z°;_':]z=0

y Wen =0 =
3 4= g fe

D o= 224y

Won Vo=t = Y- G- fge
¢ e I tﬁxt_f%ﬁt
= |72= y A sV

VMG“ \\;Z =) L‘-Lﬂl,j‘—',sf.—g?/
= 2= At 7Rk

=2 G=oftsyr

o W=3 D Y- gat-Lqt=|

o2 — 1l
B H-5= -"T'xz‘(’q‘f

= Ll(.r) = xteq?

When \l\"L‘ = Ll"')(,"——q -0

= L‘-L't lelqu"
= = AT 3 LA 5

In 3D, it looks like this.
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Definition 31. The (AOYDME (also called |60\ SeAs ) of a function

f of two variables are the curves with equations k= 4 L ,q\ , where £ is a
constant (in the range of f). A plot of Lot pnsS  for various values of z is a

Counour o (or Cucv ).

Some common examples of these are:

° %Qbﬁ(k@:\p) WPS 6:3 @( \,\,\\o\\'z’)
* Qleckvic Fe\d plots
4

Example 32. Create a contour diagram of f(z,y) = 2% — ¢? T":) e=o,\,U.

3 A (k=) O=x?-4= = »*=y*
= =y
So a=y o A=Y

(-1 1=2% —9"  \aygpereols

oqam\/a Sl S
QL‘:‘-P) Lt:xz,gfz, \(\39&'\»\9\
b--
K q\ ‘L‘ - X‘L 3‘1 \\UW\‘”\R
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Definition 32. The ‘)'MS of a surface are the curves of
_ s Sleron  of the surface with planes parallel to the

_ AZ- pewe 0C UZ-puane C%\j 4=k o w=le m(ae.m\z\q\

Example 33. Use the traces and contours of z = f(z,y) = 4 — 22 — 3 to sketch
the portion of its graph in the first octant.

S —— 170 530 720.
Cotnneane § 2
”’ %:0,‘\1\.1\ Q= L\"'l‘l"%l
» xe2-y

H Z=wvo,twn Rz H-2x-yb
So =z Y-k _y2
= -y

+ences w/ Y=t
W y=0, ham 2= -2

gzt dum 2= -0
50 2=13-24
14 Y=20 , N 2= fo24- @
S 7= Y-w)-2+

Let’s check our work: https://tinyurl.com/math2551-2var-graph
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Definition 34. A F\M\C:h'w\ of m vaciap\es is a rule that

assigns to each :tc;g\gz of real numbers (z,y,z) in a set D a

Wergue.  owsreuy  denoted by f(xz,y,2). Note
{0YC® The ﬂmq\n ot

W= ‘{b‘/“) /t\ \es ..,

Ny ﬂZ"\Y

We can still think about the domain and range of these functions. Instead of level
curves, we get level surfaces.

Lok ical
Example 35. Describe th¥domain of the function flx,y,2) =

f:D — R, where D C R?

Qasf\»\"
1
4 — 513'2 _ y2 _ 22'

mm\l&“b%é‘\s-%\o-:)@, So wed o avord

Y-x2-g*>-2*=0
= Y= arayrer”
S Dy it dl F R exepr fia g olivg
2 Cenmred o (9/9,0\.

Example 36. Describe the level surfaces of the function g(x,y, z) = 22% + 3> + 22.
(4 5(1‘%%) =k Al

h =0 = ZZZ + 3?-4-21 =0 1§ M= wa\-\— (O/O)D\
k= \ =) A %2-\' 27'-:. { e_l\tpse"vk
h 21\ =) at + cf" +3% = "3 1w§e,( ellc pgot(‘

Lo = wxragazi=-l v sl
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§14.2 Limits & Continuity

Definition 37. What is a limit of a function of two variables?

DEFINITION We say that a function f(x, y) approaches the limit L as (x, y)
approaches (xp. yp), and write
lim f(x,y)=1L
(x, ¥)=(xp vo)

if, for every number € > 0, there exists a corresponding number 6 > 0 such
that for all (x, y) in the domain of f,

|f(x,y) — L| <€  whenever 0< V(x—xp)*>+ (y—y)P <8é.

We won’t use this definition much: the big idea is that ( )lir(n | f(x,y) = L if and
,y)—=(Zo,Y0

only if f(z,y) -&@w Tha value | regardless of how we approach

A
QO*’KA’(%, o). NBs, LY - /

Feorn Wle T |§;“% =1L % 4 - - M
e eant
_— >, I =
. /ﬂz ;‘;{A’{;l’) :
2o

Definition 38. A function f(x,y) is continuous at (xg,yg) if

\ .
GM\\‘:\,(‘J&MD -t(ii‘,) Qxists

9 *\‘Xu"ﬁ) ex\Ss
3. ﬂ\& two  valves oo quaf

Key Fact: Adding, subtracting, multiplying, dividing, or composing two continuous
functions results in another continuous function.

alis
F_pfr ‘ 4\ (M--ﬂ*‘—i >0 ey- ¥ '“""1\ = %Y 4,[-,(,‘,\;6%’*3 e .
4 ‘Hum\:cj “ o = 2y vy
t ¥ 4(1( ) :Q( +49)
N butw  Coprnvon " LA ey

N o
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Example 39. Evaluate lim - 207y~ 2, if it exists.
(z,y)—(2,0) 20 —y —4
T‘(‘a o enate 7
!S(Z o) = 22-0 -2 _ T2 _z22_ O udfed
| 21-0-4 4—H -y Ol oof
[\l ermvent Form.
T‘fkﬁ L\ \%‘%\5 Qm\!.? (A - L) (_o\ + b\
o i o N T 7T ey 2 Gy e
, VIS AV P n-9 - Y - VLH Tx-4 -y ? I;(T‘j + 2
lw [z -2 = |im (,G('-"b 3
Y 9 -\ x>k (% Y \9\,\; \;:\AM &2 -\
= liw Yo W] 2 s ? = \M W
noy Tp @ (2w g 1D
= LX)
Asy 260 2 4
v ( 0-\) (a-+0) =a*-\o* \
MO&B\)L +r\5 A\ﬂ&b%? W &= - \NV\ L
=
(W\AN\W«\M Hhe expessivn e =2 L ) (2,9) Jz,‘," *2
4—»‘4.(\»3 T ‘\‘«u\\—s
w -2 e ®-2 X
— i Y x+T , \ \
Y Ty -7‘H"\ x-u*a:”z ey W = _ = = = L
of OAF 32-0 * L G‘tL 4
S o (e
Y s "
= \“Y\ ) :-—\— —;)-L
N2Y x4+ Gn "}///

@ AU N

Cotncidence [ '
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cosy + 1

Example 40. You try it/ Evaluate  lim , if it exists.

\\‘(\\ Cos+!  _ Cos(H+ 1 _ Lel =2

o= (3,0) 3-;“% O-sa(™y 0-1 -

ol

=
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Sometimes, life is harder in R? and limits can fail to exist in ways that are very
different from what we’ve seen before.

Big Idea: Limits can behave differently along different paths of approach

2
if it exists. Here is its graph.

Example 41. Evaluate lim ,
(z5)=(00) 7% + Y

ot _ o indeterminant .

Y ) T“& bva\uaﬂas? € (0,0) 5,_;‘,, =3
=0
‘ 03§
(4
/ > Vi __%E = \\"M 12 = . u?
/’ « W30 XyY (o)  X*
o’ OL now ‘how ovout along e oS 2
(9] Crombs!
2 — =
@x,:o \\\W\ L; = \““ 0+ = O
2 0, >(09 9
@200 ¥4 (0:4) ot "“""::5
Vo Quinlve
%J_ Snce  Twe iy appootus d\FFesertt a«/ﬁ-’
\eugs  alsng ditfecent paths, N~ e
bonx  does  pov QKRS (_DKS:E)
(6w Con  aggroac along e %=9: @?!
= * __ﬁ = lw -2.2 = -L
@ x=4 |\ Z = \lwm o 2 2

= 2.4
(L= (0,0) ran Ul (3,20 2 (0,00 %%

This idea is called the two-path test:

If we can find %0 ‘DO‘WS “Q?\'DO\W\V? to  (xo,y0) along

which ;hae_\mr]—_d;&wl takes on two different values, then
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Example 42. Show that the limit

2

-y
lim —
(2.9)-(00) 24 + 32
3
does not exist. Swee ‘-"—ao
AlM any \we gvm—n. we |ave \Z
3
= Mt mx
C (#me) X2 i 3‘ = T =0
boyolon ¥4 @md Xhload 290
s
\,'\

w\4v¥ o ook SD‘M.(NV\\M) W
‘AZ TR ‘\'\l\ow‘]\n 7

e (2, wi*) )
Xy _ \ K mat
\\\«\ Y, 2 = lim 1)1
h;&ﬂ-"('w) x *9 (2, M) >(a9) 244 (ot
& 2’
' P9
g:—lc‘l :: )w x . _ \‘w _’.‘
Ao XwA sg 2 e
— \ \ _ _t_
- 7::0 | +vn* Tt

St Wit {8 dilleent QA "y o Sdderent ety
(e‘s‘ =N Wk ¢ O \>
A gz AL A} (¢ iy

Yy Do Fwo-Phtw TEST e \wd « DNE
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4

Example 43. You try it/ Show that the limit  lim I
(z)=(00) T* + Y

two-path test.F‘C‘\-ﬁ- “ “'n) -"\»O Mbo\&j .

is DNE by using the

K
"LHI"\\ = W +\52- \—"-’\' ty:' YY\’Z/Z
y AN |
Than :!"7{/ W\’LZX - M+ mZ! |+m% .

>, by Teeeenn fer te bk s DNE ///
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Example 44. [Challenge:] Show that the limit
4

lim Y

(2,9)—(0,0) T+ + y?

does exist using the Squeeze Theorem.

@ Theorem 45 (Squeeze Theorem). If f(x,y) = g(z,y)h(x,y), where
lim, ) (a0) 9(2, Y) :E/md \h(z,y)| < C for some constant C near (a,b), then

| hm(w,y)—)(a,b) Jz,y)=0.

Y Yy
\ &w“ x tj ] —7—69 -
x“\ < ‘11 xq_‘_\fb 3

@6(,71,vh=3 fodt ® O o (34 = (0,0) L/

//7 l z —)ﬁl-‘— 7/ O (also Nm-n.v,\

Aley?
wq) = _7‘_.” S o
H, ) e Soti(Rres \\I\(J(/"Dl $A L CQ &,q\%
C=\
e

| v =
@‘ﬂalom\ {’(’M\ © \0\3 gﬁ““f’“ Thuorenn




