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§13.3 Arc length of curves

We have discussed motion in space using by equations like r(t) = hx(t), y(t), z(t)i.

Our next goal is to be able to measure distance traveled or arc length.

Motivating problem: Suppose the position of a fly at time t is

r(t) = h2 cos(t), 2 sin(t)i,

where 0  t  2⇡.

a)Sketch the graph of r(t). What shape is this?

b)How far does the fly travel between t = 0 and t = ⇡?

c)What is the speed kv(t)k of the fly at time t?

d)Compute the integral

Z ⇡

0
kv(t)k dt. What do you notice?

8 :00 - announcements? (10 min) 8 : 10

(5 min) total

Yat=

- t=o

O <x

/
2
t=2

·

t=3
Ya

# t=o
half circle so

O <x L= EZTr2

= E2() = Zit

M
FItt=F'It) = [2sint

, -2cost]

Sit= /til=+Fost=sinit+st

= #*+cost = 2 2Same !
wz -

jolldt= (
*

2 dt = 2+ 10
= In-0 = Zh



§13.3 Page 19

Definition 17. We say that the arc length of a smooth curve

r(t) = hx(t), y(t), z(t)i from to that is traced out ex-

actly once is

L =

Example 18. Set up an integral for the arc length of the curve r(t) = ti+ t2j+ t3k
from the point (1, 1, 1) to the point (2, 4, 8).

8:10

110 min)
8 : 20

ta teb

Sallrtlldt=+ + (y(t))+ (z'(t))2dt

-ity z(t)
Step 0 : need toAnd a b the initial t-values
-
-

When t= 0
,
F(0) = 10 ,

0
, 07 doesn't work

set tel, (1) = Sl , 12, 14) = (1 ,
1
,
17

set t=2
,
↓(2) = <2 , 24 ,

23 = <2 , 4 , 83 ~

So x'(t) = 1

L=Si+ 13tz]2dt y'(t)= 2t
z'(t) =3t:

=I4 +9t4dt
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Example 19. You try it! Find the length of the portion of the curve in R3 given
by the parametrization r(t) = h6 sin(2t), 6 cos(2t), 5ti, 0  t  ⇡.

Check your intuition

8:26 8 :zo
10 min)

&

F(t) = &(12cos2t , - 12sinzt
,
57

=> IF = 144 (0s22t+sinizt)+25 = 169

= littl= 13

So,

= /(t))dt=3 dt = 13t = 26t
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Example 20. You try it! Find the length of the portion of the curve in R3 given
by the parametrization r(t) = ti+ 2

3t
3/2k, 0  t  8.

Check your intuition

8:30 10 min 8: 40

↳= Sellvill It x(t)=t a=0

y(t) = 0 b= S

It =Y) = 14+ To z(t) = 2-312

so litll=(tip = Not
U-sub Box

and

L = 98 Not It
u= 1+t

du= It

to =1

t= 8 = a= 9

= jadn = zu1i
↓

= Egh - EBh
= 327 -3 = 3726 = 52/3



§13.3 Page 22

Arc length parametrization

Sometimes, we care about the distance traveled from a fixed starting time t0 to an
arbitrary time t, which is given by the arc length function.

s(t) =

We can use this function to produce parameterizations of curves where the parameter
s measures distance along the curve: the points where s = 0 and s = 1 would be
exactly 1 unit of distance apart.

8:: 40 15 min)
8 : 45

Sll(l di

-it ·
But

to

r(to)

Idea : why should we be measuring out
units

in the parameter Space Ac?

More natural to measure units in the

Codomain of It) , F : R-IR"
.

Keypoint:dr(s) = rl)
has Ilr(s)/l=1
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Example 21. Find an arc length parameterization of the circle of radius 4 about
the origin in R2, r(t) = h4 cos(t), 4 sin(t)i, 0  t  2⇡.

8: 45 15 min) 9: 00

-- bla
not an arc-length parameterization

Ilr' It) 11 #1.

MTA
① compute are length function S(t)

= SCHIldt
② Solve S= S(t) for t

= f(s)

(t) to obtainFrs). 4)
③ Substitute back into arc-length>

E(s)= r(f(s))
- parameterization-

Find S(t) :

① It = Flt)= <- 4sint , Pcost) , Note : This integral
is sometimes

so Ilv)112 = 16 Sin2+ + 16cosit = 16 ↓ messy/hard
and18(t) /1 =4 -

in practice

SH =Stdt = 15 4 dT = 4t = 4th
Solve for ti

② S = S(t) = It so t=
Note: solving s=>

in terms of t

is sometimes

messy/hard
Sub into F(t) :

③ in practice
-

(s)=(t)=(4) = [4cos(S/)
, 4 sir(Su)7

⑨ t=Lit
OS1g

=> S=4t = Sit
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Example 22. You try it! Find an arc length parameterization of the portion of the
helix of radius 4 in R3 parametrized by r(t) = h4 cos(t), 4 sin(t), 3ti, 0  t  ⇡/2.

9 :00 10 mon) 9 : 10

(a) ↳
N

(b) use sit) to Find L the length of C -

① Find Sitt :

= /-Usint , 4cost ,37 1= 16 +9 = 25

so (8)= 5

So,

S(t) = STIF/1 di = 55 5 di = 5tlo

and S= 5t I

② Solve for :

S = Sit = 5t so t= f(s)=5

Sub into F : Ez(s)= r(f(s)

③(5) = 5-4 sin($3) , 42s(45) ,37
, S2

OLS15/2

* is theSiste
length of
the

13
L= jtklde = Ste= Et -

curve ! !

to



§13.4 Page 25

§13.3 & 13.4 - Curvature, Tangents, Normals

The next idea we are going to explore is the curvature of a curve in space along with
two vectors that orient the curve.

First, we need the unit tangent vector, denoted T:

• In terms of an arc-length parameter s:

• In terms of any parameter t:

This lets us define the curvature, (s) =

9 : 10 15 min) 9 : 15

>0
②

· ·T
Which is the most curved ? ①

② Idea : scale2nd derivative appropriately

F(s)

NOTE : Since I: Isill = 1

r'(t)/Ir'lt/l these are actually
the same formula!

It Is)/I
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Example 23. In Example 21 we found an arc length parameterization of the circle
of radius 4 centered at (0, 0) in R2:

r(s) =
D
4 cos

⇣s
4

⌘
, 4 sin

⇣s
4

⌘E
, 0  s  8⇡.

Use this to find T(s) and (s).

Question: In which direction is T changing?

This is the direction of the principal unit normal, N(s) =

9 :15 115 mint an 9=30

K

↑ (s) = F'(s) so T(s) = [sin() , 4tcos())

#5) = (- sin(i) , cos()]

So ↑(s) = [cos() ,

- [sin()

IIF'(s)I= Ecos() + 1 sim()=

and K(s) = /IF'(s)/l=N = it

Sanity Check!!
-
**(s)=F(s)- ①

&

a X

S
N(S)

T YNIs)=) 4
x

=>NIS)[[cos(54) ,
sin (54)7
o

T'(s)/IIT'(si/I
Fun normal to

fangent live
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We said last time that it is often hard to find arc length parameterizations, so what
do we do if we have a generic parameterization r(t)?

• T(t) =

• (t) = or

• N(t) =

Example 24. Find T,N, for the helix r(t) = h2 cos(t), 2 sin(t), t� 1i, t 2 R.

9 :30 45 min) 9 : 45

~ (t)/Fill F (t)/IIF'LE)11

IIT'It/I'It is

= S-zsint ,
Ecost, 17
4
-

1H1= Psinit+ 4 cost + 1 = 5 and Itill= v

so F(t) = <- Sint, cost,

↑ "
(t)= -cost, sint,o
and

11F'= EL cost+ Isn't so IITC)ll=5 =E
= 4/5

~ H)=F = Er Ecost, sint
,0

=-cost, sint,

#H = Frost , - Sint
, of

and KI==
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Example 25. You try it! Find T,N, for the curve parametrized by

r(t) = (cos t+ t sin t)i+ (sin t� t cos t)j+ 3k, t 2 R.

9 : 45 10 min) 9 : 55

Steel Find ~'It) and Ir'till
.

v==-st+ +cost +st)i + (t= (tsin++))j + 04

-> tcosti + Esinty + O*

Irf= Ecosit+ Esinit = to so Iv= It)

T(t)=ill
T= = cost + sint] +Oh

= -sintr + costnot 1

so N==sinti +cost] +Oth NIt)=tall

k= K(t)=

If time :(?)
Tif r(s) = [2st , s] ,

selM is an arc-length

parametrization of the parabola
x= 2y+ 1

.
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§14.1 Functions of Multiple Variables

Definition 26. A is a rule that as-

signs to each of real numbers (x, y) in a setD a

denoted by f(x, y).

f : D ! R, where D ✓ R2

Example 27. Three examples are

f(x, y) = x2 + y2, g(x, y) = ln(x+ y), h(x, y) =
1p
x+ y

.

Example 28. Find the largest possible domains of f, g, and h.

Definition 29. If f is a function of two variables with domain D, then the graph
of f is the set of all points (x, y, z) in R3 such that z = f(x, y) and (x, y) is in D.

Here are the graphs of the three functions above.

8 : 00
+5min (15 min)

8 : 15

announcement

function of two variables

pair Unique real number
some subset of IRZ
L
D Y

Functioa ↑ the domain The codomain of f
Note :

of f
D is the set of pairs (x ,4)

-

Range of f is#-

where f(x,u) is actually defined the collection
of actual outputs.

Ya

Do = [b , 4) EIR3 = /R2
,
all real numbers

3

Dy= Su ,y]/x+y 03 = Slutil ya-23
Ya

N 3

u-From0 From Wil
-Dn = Emin(HR)+y0 + sty= 03 = nn same y= -x

as Dg .

WARNING : domain is NEVER an interval !- =
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Example 30. Suppose a small hill has height h(x, y) = 4 � 1

4
x2 � 1

4
y2 m at each

point (x, y). How could we draw a picture that represents the hill in 2D?

In 3D, it looks like this.

8 : 15 Siz5(10

min) requireh. 4

Du = [(,y)ER21x2 +y2>16 3
Idea: draw level sets for h = h with some fixed height

y &
when h = 0 = 4-in2-yyz = 0

Circle
centured

42. => 4= +x2+ y
, y2 & (0 ,0)/

3 -. => 16= 22+ y2 r=4

2 =
h=0

When h==> 4-ix2-yy2= /

-

I 74 => 4 -1 = +x2 + 142m when h=z > 4- - ty"
=2

IU

=> 12 = x2+y2
En=25

N
~ 3.46

=>
z = xz + + 42 In

=> 8= x2+y2 =ze

2.83

when h=3 =) 4-Ix-yy2= /

=> 4=3=+42 Iu
=Z=> IP(D = 22+y2

When h= 4 -> 4-jx--20

=> 4-4 = [02+142
=> 0=2

+ yy2 point
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Definition 31. The (also called ) of a function

f of two variables are the curves with equations , where k is a

constant (in the range of f). A plot of for various values of z is a

(or ).

Some common examples of these are:

•

•

•

Example 32. Create a contour diagram of f(x, y) = x2 � y2

8 :25 110 min) 8 :35

contours level sets

k= f(x ,y)

Contours

countour map level curve plot

topography maps e.g. For hiking
electric field plots

2

Try R=0 ,
1

,
4.

3d (k=0) 0 = x
2

- y2 = x2=y2
= (x)= (g)

(= 1) 1 = x 2 -y2 hyperbole/a
So x=y or 2=-

opening sideways

>x
4=x2-y2 hyperbola

opening
sideways

- 1 = x2-y2 hyperboleligh opening up/down

(k= -4) -4 = x2-y2 hyperbola
opening up/down



Made using GeoGebra
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Definition 32. The of a surface are the curves of

of the surface with planes parallel to the

.

Example 33. Use the traces and contours of z = f(x, y) = 4 � 2x � y2 to sketch
the portion of its graph in the first octant.

Let’s check our work: https://tinyurl.com/math2551-2var-graph

31b
8:35 115 min) 8 : 50

traces

intersection

xz-plane or yeplane (setting g= k or z=l respectively)

- 27 0, y= 0
,
770 .

countours Z

M
If Z=0

,
then 0 = 4-2x-y2 4

S

So x= 2 -Ly -

So= Ih-y2

If z= 170
,

then k= 4 - 2x-y2 ·traces w/y= R

If y = 0
,
then Z= 4-22

If y= 1
,
then z= 4-2x-1

Y
So z = 3- Id

If y=130 , tun z= 4-2x-b2

so z= (4-12)-22

tracesv/ I= R

If X =0
,
then z = 4- yz

If &= 130
,
then z = 4-b2 - y2

soz = (4-42) - ye
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Definition 34. A is a rule that
assigns to each of real numbers (x, y, z) in a set D a

denoted by f(x, y, z).

f : D ! R, where D ✓ R3

We can still think about the domain and range of these functions. Instead of level
curves, we get level surfaces.

Example 35. Describe the domain of the function f(x, y, z) =
1

4� x2 � y2 � z2
.

Example 36. Describe the level surfaces of the function g(x, y, z) = 2x2 + y2 + z2.

8: 50 110 mins 9: 00

function of three variables
triple

unique output
Note : The graph of

W = flx,y ,z) lives.

in R4

largest possible
z

The only issue is - by 0
.
So need to avoid

4 - x2- y2 - zz= 0

= 4 = x2+y+zz

So Df is all of 13 except the sphere of radius
F

2 centred at10 , 0
, 01 .

If g(x ,y ,z) = k then

R = 0 = [x2 + y2 +z = 0 is the point 10,01%

k = 1 =) 2x2+ y2 + zz = / ellipsoid

k + 1 = 2x2 + y + z2 = k larger ellipsoid

R10 = 2x2 + y2 + z2 = -1 no soln
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§14.2 Limits & Continuity

Definition 37. What is a limit of a function of two variables?

We won’t use this definition much: the big idea is that lim
(x,y)!(x0,y0)

f(x, y) = L if and

only if f(x, y) regardless of how we approach
(x0, y0).

Definition 38. A function f(x, y) is continuous at (x0, y0) if

1.

2.

3.

Key Fact: Adding, subtracting, multiplying, dividing, or composing two continuous
functions results in another continuous function.

9:00 28 mir) 9 : 08

the
point

approaches the value L

From CalcI · lim fin
x= a- E x = a+E

meant

Now,

M
2

->=R Imf(x)=imf
a (

Idea : However you
lim

(4,4)+Go,yo
flx,y) exists (approachfrom & approach Go,yo

any direction should get
flxo , yo) exists levaluating at120,yo) is defined flx,u) closer

↓ L
Those two values are equal

↑

also

#T F(y)=x So e.g. fla ,y) = my f(x,u) = &My
+y
etc .

& f(x ,y) = y
* f(n,y) = xy +y composition of

2 1,g) re zey+y
are both continuous

* f(x ,y) =(y + y)xy with

all cont. t et
->
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Example 39. Evaluate lim
(x,y)!(2,0)

p
2x� y � 2

2x� y � 4
, if it exists.

9 : 08 (12 min) 9 :20
F(x ,u)

-

try to evaluate ?

f(2 ,% =

20-2= underfund

T but of
2.2 - 0 - 4

indeterminant form.

Ca - b)(a + b)

Try L'Hopitals Rule ?

(Similar problem for warm up
?) lim#(x,y)+> (2, 0)

but how a2 - b2

i 13 = In y+2)
② ↓=I== (a-b)(a+b) = ai=b

Maybe try algebra ? w/a=5 =Ine12,0a + 22x-

y
Imanipulate the expression before b= 2

taking the limit (

Imm tryir =+==
= lim z-variable
-42 3 function?

=imS
& just a

coincidence !!
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Example 40. You try it! Evaluate lim
(x,y)!(⇡2 ,0)

cos y + 1

y � sin x
, if it exists.

9 :20 15 min) 9:25

lim Cosy+ 1
=
cos(0) + 1

by- # , 0) y-since 0-sin(i)=

= -2
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Sometimes, life is harder in R2 and limits can fail to exist in ways that are very
di↵erent from what we’ve seen before.

Big Idea: Limits can behave di↵erently along di↵erent paths of approach

Example 41. Evaluate lim
(x,y)!(0,0)

x2

x2 + y2
, if it exists. Here is its graph.

This idea is called the two-path test:

If we can find to (x0, y0) along

which takes on two di↵erent values, then

.

9 :25 45 min) 9 : 40

Ya Try evaluating ? (Co,%)- indeterminant

x=8

Try setting y= 0 and evaluating along theis

⑳ ?· Dy=

0limit100m 1
.

mebbe?

Oh now how about along the y-axis

(14)+10,
0 n =-100

=0was

ex=0 1 im

↑ remember we're

not rainsS Since the limit approaches different at y
=0 !!

values along different paths,
then the

limit does not exist (DNE).
(If time) Can approach along line key . !!
2x=y lim

(,)+ 10
,
0n=-100M

two paths approaching
the limit of flu,u)

does not exist (is DNE)
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Example 42. Show that the limit

lim
(x,y)!(0,0)

x2y

x4 + y2

does not exist.

9 : 40 (15 min) 9 : 55

a
Since yu

-0

Along any line your we have ↓
3

C(x ,
mr) /im

((y)-100 nmmmmis
= 0

i What about something like

y= mx2 though ?

e(x ,mx)

y=-x lim -

epX

all give limit (,y)+ 10,
0)man)->

100me
value of O

y= - 10x
--

=limmi
x- 0

I ↓
-=into 1 +M2

=

1 +m2

Since limit is different along two different paths

leg . Y=x limit is

(and yes
? limit is 112

by the two-PAtH TEST the limit is DNE,
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Example 43. You try it! Show that the limit lim
(x,y)!(0,0)

x4

x4 + y2
is dne by using the

two-path test.

If time ?)

Fint : try two parbolas
.

fix ,4)= Let y=ux

Then fix ,
meta=me

So lim finy)=m2·
(,y)+0,

0

clong y=ma
2

So
, by two-path test the limit is DNE. If
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Example 44. [Challenge:] Show that the limit

lim
(x,y)!(0,0)

x4y

x4 + y2

does exist using the Squeeze Theorem.

Theorem 45 (Squeeze Theorem). If f(x, y) = g(x, y)h(x, y), where

lim(x,y)!(a,b) g(x, y) = 0 and |h(x, y)|  C for some constant C near (a, b), then

lim(x,y)!(a,b) f(x, y) = 0.

If time?)

E↳ bound this
J

This goes to

Idea:=
①
g(x,4) = y words to 0 as (a) + 10,

0

② Notice yo so"
+ y2zY

=> I 70 (also non-neg)
x*+y2

h(x,u)= satisfies (h)(1
. (f)
E

So
m+ 1007

final = O by Squeeze theorem


