b (5 o) g 05

314.5 Page 53

§14.5 Directional Derivatives & Gradient Vectors

Example 61. Recall that if z = f(z,y), then f, represents the rate of change of z

in the a-direction and f, represents the rate of change of z in the y-direction. What

about other directions? / Lewel Sexs Sr Z=le.
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1 1
Let’s go back to our hill example again, h(z,y) = 4 — Za:Q — ZyQ. How could we

figure out the rate of change of our height from the point (2,1) if we move in the
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Definition 62. The n‘g,cfl—?bna\ Db,( WorbW of f:R™ — R at the point p

in the direction of a unit vector u is
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Note that D;f = ’?'7( Dif = -[,-.\.3 Dyf = ;c%

(’n\t rp‘ﬁ"\\o\( o Srendod " duettimal &ﬂw\ms\

Definition 63. If f : R" — R, then the gS‘Od?ef\’\’ of f at p € R" is the
vector function SH_ (or gwA 3@ ) defined by
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Note: If f : R” — R is differentiable at a point p, then f has a directional derivative

at p in the direction of any unit vector u and
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Example 64. You try it/ Find the gradient vector and the directional derivative of

each function at the given point p in the direction of the given vector u.

a) f(z,y) = In(z” + ¢*), p <11 u_<1 _2>
_ 0 21(/ %, aa)
V£ = [ ‘L‘J - [ 2 /g‘::'} @ d=C,17 V)= . E,[ :\B
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b)g(z,y,2) = 2® + 4ay* + 22, p = <1,2, 1), u the unit vector in the direction of
i+2j—k
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1 1
Example 65. If h(z,y) =4— Z$2 — ZyQ, the contour map is given below. Find and

draw Vh on the diagram at the points (2,0), (0,4), and (—v/2, —v/2). At the point
(2,0), compute Dyh for the vectors u; =1i,up = j,ug = (%, %)
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Note that the gradient vector V f is fxg Qe adialar  to the level curves of the

function !'w'q\ =2

Similarly, for f(zx,y, z), Vf(a,b,c) is bxf"ﬁogma\ fo A LEEL SURPACES
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Example 66. You try it! Sketch the curve 2%+ y? = 4 together with (a) the vector
Vf |p and (b) the tangent line at P(v/2,v/2). Be sure to label the tangent line with

the equation which defines it.
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ChatGPT ~

&, Share

what's the latex symbol \nabla

The LaTeX symbol \nabla renders as:

It is called "nabla" or the del operator, and it is used primarily in vector calculus. It
represents the vector differential operator:

a0 0 0

V= | —— vy
0z, Oz, oz,

Common Uses:

- Gradient of a scalar function f:

of 0
vi= 2L 91
8:1:1 8a:2
« Divergence of a vector field F:
V.F
« Curl of a vector field F':
V xF
« Laplacian of a scalar field f:
Vif=V.Vf

So in summary, \nabla is a compact and powerful symbol in multivariable calculus,

especially when working with fields and differential operators.
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ChatGPT can make mistakes. Check important info. See Cookie Preferences.
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§14.6 Tangent Planes to Level Surfaces

Suppose S is a surface with equation F'(z,y,z) = k. How can we find an equation

of the tangent plane of S at P(xg, yo, 20)7
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Example 67. Find the equation of the tangent plane at the point (—2,1,—1) to
the surface given by

z=4—2—y
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Special case: if we have z = f(x,y) and a point (a,b, f(a, b)), the equation of the

tangent plane is

2 = Hae)« hlon) (1m0 )+ laM(g-0)

This should look familiar: it’s ﬂn. e pned zesrion
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Example 68. You try it! Consider the surface in R? containing the point P and
defined by

2?4 2zy — P+ 22 =7, P(1,-1,3).

Identity the function F'(z,y, z) such that the surface is a level set of F'. Then, find
VF and an equation for the plane tangent to the surface at P. Finally, find a

parametric equation for the line normal to the surface at P.
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§14.7 Optimization: Local & Global

Gradient: If f(x,y) is a function of two variables, we said V f(a,b) points in the

direction of greatest change of f.

1 1
Back to the hill A(z,y) =4 — sz — Zy2.

What should we expect to get if we compute VAi(0,0)? Why? What does the
tangent plane to z = h(z,y) at (0,0,4) look like?
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Definition 68. Let f(x,y) be defined on a region containing the point (a,b). We

say

e f(a,b)isa JQQL\MMLMQ& value of f if f(a,b) = f(z,y) for all

domain points (z,y) in a disk centered at (a, b)

4

o fla,b)isa 3 value of f if f(a,b) £ f(z,y) for all
domain points (z,y) in a disk centered at (a, b)
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In R?, another interesting thing can happen. Let’s look at |z = 2% — 2 (a hyperbohc
-
paraboloid!) near (0,0). 5 pay lewe!

} \\\\\7///

Notice that in all of these examples, we have a horizontal tangent plane at the point

DLl dags net exist (PRE)
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in question, i.e.
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Definition 69. If f(z,y) is a function of two variables, a point (a, b} the domain of

f with Df(a,b) = rO 0]} or where Df(a,b) _{& DNE

is called a (S () S‘DO\‘N\’ of f.
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Example 70. Find the critical points of the function

flz,y) =23 +y° — 3zy.
DQ’ = [3’)62—33 3y~ -_S

Negd DHew) =10 ©)
S wed T Red ?30353\0:0
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Example 71. You try it/ Determine which of the functions below have a critical

point at (0,0) .

a)f(:c,y) :3:z:—|—y3+2y2 D:? = [3 3324- L{n]

Ao CeT POWTS  Stncl
b # [0 3 for

any (x,GDéﬂZ?', So |NO

b)g(z,y) = cos(z) + sin(x) Dg - [_s\“% s )C-_& =(o Ol
W= Tl ez,
Dot D=¥ (0,0) #[0 ©)
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Dk = [27& 23_\ and
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To classify critical points, we turn to the second derivative test and the Hessian

matrix. The Hessian matrix of f(x,y) at (a,b) is

l,m ) 4’7(3 (a0)
b @y 4,4 (0

1f(a.b) = $o,9) =

Theorem 72 (2nd Derivative Test). Suppose (a,b) is a critical point of f(x,y) and

f has continuous second partial derivatives. Then we have:

If det(H f(a,b)) > 0 and f.»(a,b) >0, f(a,b) is a local minimum

If det(H f(a,b)) > 0 and f.z(a,b) <0, f(a,b) is a local mazximum

If det(H f(a,b)) <0, f has a saddle point at (a,b)

NOE W= TP4

If det(H f(a,b)) = 0, the test is inconclusive. TS Sy So @@L

M) Wl Gynoss ae on

More generally, if f : R® — R has a critical point at p then@ Mp*l;aém\tx‘m:f“s e+

e If all eigenvalues of H f(p) [are positivd, f is concave up in every direction from

p and so has a local minimum at p. B\P\T\QM =2 doxP\ = e
f

e If all eigenvalues of H f(p) l@re negative] f isNg¢oncave down in every direction
;{'e' }\\/Xz non2es0
/) Sare Syn
e If some eigenvalues of H f(p) are positive and some are negative, J 1S concave
up in some directions from p and concave down in others, so has neither a
local minimum or maximum at p.

from p and so has a local maximum at p.

e If all eigenvalues of H f(p) are positive or zero, f may have either a local
minimum or neither at p.

e If all eigenvalues of H f(p) are negative or zero, f may have either a local
maximum or neither at p.
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Example 73. Classify the critical points of f(x,y) = 23 + y* — 3zy from Example

[70. ‘/L /43

D= [3eay 33} (we OO ¢
S&- “"«3.

ch=(a7( 1@,‘3:_3 < D‘? [X—B‘X

byas-3 b= by "3 by

S @6 Bhlog)= |9 77) w i BH="%

Se (o9 15 locatin & a [saddle g

o -3 24(0,0=36-
; 3 = aed  dor D,0= 361
wd (VD DHO) [-3 (,\ =23 >0
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Two Local Maxima, No Local Minimum: The function g(z,y) = —(2* — 1)* —
(z*y — x — 1)? + 2 has two critical points, at (—1,0) and (1,2). Both are local
maxima, and the function never has a local minimum!

WS aanvy \negeon W
ON2 VasLWe (ose

A global maximum of f(z,y) is like a local maximum, except we must have f(a,b) >

f(z,y) for all (z,y) in the domain of f. A global minimum is defined similarly.

Theorem 74. On a closed & bounded domain, any continuous function f(x,y)

. . . 14.1 Functions of Several Variables 795
attains a global minimum € mazimum.

DEFINITIONS A point (x;, yp) in a region (set) R in the xy-plane is an interior
oint of R if it is the center of a disk of positive radius that lies emﬁﬁ'k
-%@-rc 14.2). A point (xy, y,) is a boundary point of R if every disk centered at

Closed: &Ml\(\S a‘\\ (xy. yp) contains points that lie outside oi /&-as-well as points that lie in R. (The

boundary point itself need not belong to R.)

bo u \4\*( The interior points of a region, as a set, make up the interior of the region.
o\ The region’s boundary points make up its boundary. A region is open if it con-
sists entirely of interior points. A region is closed if it contains all its boundary

Yes no

ho points (Figure 14.3).
XTI~
’

;X
!

DEFINITIONS A region in the plane is bounded if it lies inside a disk of finite
radius. A region is unbounded if it is not bounded.

Bounded: (g\\W\n\i \r\@d

N & \awg&; Ao\
A des

N
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Strategy for finding global min/max of f(z,y) on a closed & bounded

domain R Need
1. Find all critical points of f inside R. < v.ﬁ (a ,b} = 6

2. Find all critical points of f on the boundary of R
P—

3. Evaluate f at each critical point as well as at any endpoints on the boundary.
E—— W

4. The smallest value found is the global minimum; the largest value found is the

global maximum.

Example 75. Find the global minimum and maximum of f(x,y) = 42? — 4xy + 2y
on the closed region R bounded by y = 22 and y = 4.

See\:
D? = {%1—43 U 42 |

Cexr gonre e (M) St

QoY% =0 o Af=le 4 24=) N {Lbz
-4o+7 =0 1= Yo =il

5 l')(;\p-:.(‘h, D 6 The only ey PO
&\\A WS M @ /

%ﬁ\ﬂ_’l: B oY oo of ‘g— on bOW\OLO\ﬂﬂ.
@y Hoty) = J0u, ) = Hr- tnodazat = o=t

F\\O\A Q*\\‘\' QO‘N\)"‘
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Example 76. Find the global minimum and maximum of f(x,y) = 42? — 4xy + 2y
on the closed region R bounded by y = 22 and y = 4.
(Cont.)

%}\QJ_Z*- B e} oot of ‘g- on bow\do\nﬁ.z z
@ ot g = 4,2 = - ol 2 = on~ o

(x)= -1

= =0 °
2 _lax(1-)=0 M X
_)> (\a'( ):\ ,x__\'l‘xq [ ( )

A=)

[/0,0ﬂ) 2} o0

Co @ &:7[2 oY oW oxe
B u=4 d,g) =R = e 22 = L'~ lon +8

= Wy - Von +8 .
Hoo= 1 o = A2 = w=2

= Ca'bO';gX"
G @Y=" Grx powmt g | (2/4)

Slee 3: gt L@ (o} powy § erdpowntr oF bouds

endgoy
(7‘1 4) L ATAN (,z,.,QPO\WWl (z,-\‘) 9=4
\ jgxl
("i: ) 1 / | i
(’21‘5 2 > A
(0,00 | O oo |

G~ oo L

(v | 2 RN 0™ e
Lzw) [P Maxd Lo p 4 (2.1
(2% (-4 WIN o4 onk @ (3 u)
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§14.8 Constrained Optimization, Lagrange

Multipliers

Goal: Maximize or minimize f(x,y) or f(x,y, z) subject to a constraint, g(z,y) = c.

Example 77. A new hiking trail has been constructed on the hill with height

1 1
h(z,y) =4 — Zw2 — ZyZ’ above the points y = —0.52? + 3 in the zy-plane. What is
the highest point on the hill on this path? "i
\4"849\' - value ¥
Objective function: S
hx,q) = 4-1 2% 292 ‘n"‘“d T )
4% -3 O Tt
Mow 1w (2e.,

Constraint equation:

4+ 05x°= 3 (

be. St fied

Condi-on ok WH—B

IDEA:  Sole Vh‘—‘)\Vj
"""""""""""""" Ouy) =3
W= [3x 3y) o vg [ 1] 30
% V\,\:,\qs = @)'%7(:)\-;( x(%ﬂ-)«):O vy ©
(3\.1('1\=3 z@éﬁls: A 3'—’-1)\ eimer  y-o
=3 4= 3-z7 A%
& z=0
@ Y=-2» _, 4 A=-3 )
?‘3’ §=3—o - it\=3z f o, = |(g)=(03) 4 b=
1€ A="%
So  [(@9)=(2/) o (2D |d A= %
@ 4=
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Example 77. A new hiking trail has been constructed on the hill with height

h(z,y) =4— %aﬁ — in, above the points y = —0.52% + 3 in the zy-plane. What is

the highest point on the hill on this path?

(Cont.) . Solue

() =(03) & |(a)=(2i> o (2d| Th=4A73
4 tacm) =3,

(2,4) | Lx9)
(03)| 1175 et
(2, 2.75 = 71,179
(-2,)] 2.7%

S MAx L-vlwe 50 4, IR \m\u\D

M\ \$ V\(Z 10 Jg U)\(\“\L\;\

ot @ (2,0 § (=D
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Method of Lagrange Multipliers: To find the maximum and minimum values
attained by a function f(z,y, z) subject to a constraint g(x,y, z) = ¢, find all points
where Vf(z,y,2) = A\Vg(z,y, z) and g(x,y, 2) = ¢ and compute the value of f at

these points.

If we have more than one constraint g(z,y, z) = ¢1, h(x,y, z) = ¢2, then find all points

where vf(xvya Z) - AVg(x, Y, Z) + ,LLVh(QII,y, Z) and g(xaya Z) = (1, h(gj7y7 Z) = C2.

Example 78. Find the points on the surface 2> = zy + 4 that are closest to the
origin.
Z:=xy+4 I MO

D) \ecrive foncrion ¢

)" diswm Yron~
;g d ()‘,’, 2) = rﬂz* %7'* z* 3"& 'i o';.\:gqv\ A4

’}wwtj o Mininize .
M?MM : g‘,"'l‘ji 2) = X,:S'\' Yy-z*= IDEN Crom CALC A
Mininize  nStead

""""""""""""""" dz =-f—(4(,c1,e) = 2%+ :jl + 2°

V=g ok[slop(x) (o

Cose '+ ¥ z2=z0o Tan

S Gowe 40w AY @x=xy iy ® S
25‘:/\3( @Z:’:,\x 2 __,\ Ay L| _/\2
@223"2)% xn:o‘-\ 3' (7)=—-> 5- 3
Ony+y-z2 -0
= y(1-r*)=0
Stacr Wt ZE+Az =0 =0 of A= -|
> 2(hei)= 3o (Z=0 or = 3:0, =2
+1) =0 or A=-2
IF A=-2 Thn 1€ Y=o fu ©@ 20
_— 857 o impan
@ 2_!6': L = %=’j \C A2 Nn/® 7.7(.‘—'2‘5 x=
Xy= Y4 @ 29z = *°J

@ 7(.3-’— -y

=) (,x"’r‘z) = (2/'210) of C-ZIZ, O\ om ‘(‘M@SSW(..
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Example 78. Find the points on the surface 2> = zy + 4 that are closest to the

origin.
(Cont.) Case, 2 . A=-)
Sole  40%=AY g Yo (D Wh
> ’ @2y = Ax D Zx=-y ?7‘-‘?'2136?—9(. =
@2z = M-22) D 2y=-= = Hx=x
Ony+y-2* =0 @ xy+i-2*t=0 - x=0
M Ss \J‘:o
Mo E> 048 O+Yy—-2*=o
+we o eualuare ! =) =y

b‘/‘j'%) £(.X)34%)= )(.7’-\\1’{- 2% =) 2=*x72.

(2,~2,o\ f+4+0 = §

Se

(n9.2) = (0,0, £25

(N MAX
d‘\sdm.eg

(‘2, 2,0)| 4+y+0 =9 i 3T

(O/O/Z> O+O0tY = Lf(\ MIN
distmmee 18 W:Z
(0,0,2)|0 +o+y 4 Y =
gb M Qo\\f\<\'$ oNn
M Sxfe g yy=g
w/ MWMN  distnce
Jo D are

(0[011) ‘i (010/°2)
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