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§15.1 Double Integrals, Iterated Integrals, Change
of Order

Recall: Riemann sum and the definite integral from single-variable calculus.
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Double Integrals

Volumes and Double integrals Let R be the closed rectangle defined below:

R=la,b] x [e,d] = {(v,y) ER*|la <z < bec<y<d}

Let f(x,y) be a function defined on R such that f(z,y) > 0. Let S be the solid
that lies above R and under the graph f.
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\odx 11
Lty B9 67

I e e é, L Aop HESE 0P

;
\Volume. = &A Scwlbt,q) &33%
42 ((, Bk oA 0 T Houd o



g(‘\S/ QS W\N\j Q2o

§15.1 Page 78
Definition 79. The AOM‘%E&\ of f(x,y) over a rectangle R is
integeand,
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Question: How can we compute a double integral?

answer: [fepde) Do one wnembe, Tren e Sthes

Let f(z,y) = 2zy and lets integrate over the rectangle R = [1, 3] x [0, 4].

We want to compute f13 f04 f(x,y) dy dz, but lets consider the slice at x = 2.
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In general, if f(z,y) is integrable over R = [a, b] X [c, d], then fcd f(2,y) dy represents:

The ocean of e Cross secton @ x=2

What about fcdf(ac, y)dy?

The oes of A oss SechHtn @ X = ConSHont

Let A@)z f_ﬂ_m,y)ég. Then,
Volume = / Ayl = S S $oud dy o
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Example 80. Evaluate / / 62%y dy dz. :&Z 3 2-2 ?,\L\ A')L
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Theorem 81 (Fubini’s Theorem). If f is continuous on the rectangle R = [a,b] X

o &% i) dyde= g § o) 2dy
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More generally, this is true if we assume that f is bounded on R, f 1s discontinuous

only on a finite number of smooth curves, and the iterated integrals exist.
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Example 82. You try it/ Integrate:

2 1
a)/ / x —y dy dx easy
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Example 82. You try it/ Integrate:
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Example 83. Compute // ze dA, where R is the rectangle [—1, 1] x [0, 4].
R

Hint: Fubini’s Theorem.
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§15.2 Double Integrals on General Regions

Question: What if the region R we wish to integrate over is not a rectangle?
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Answer: Repeat same procedure - it will work if the bour?dary of R is smooth and

f is continuous.
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Example 84. Compute the volume of the solid whose base is the triangle with

vertices (0,0), (0,1), (1,0) in the zy-plane and whose top is z =2 — z — y.
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Example 85. Write the two iterated integrals for [[, 1 dA for the region R which
is bounded by y = v/z,y =0, and = 9.
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Example 86. Set up an iterated integral to evaluate the double integral

ffR 622y dA, where R is the region bounded by v = 0,2 = 1,y = 2, and y = .
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Example 87. You try it/ Write the two iterated integrals for [[,1 dA for the
region R which is bounded by z = 0,y = 8, and y = 23,
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Example 88. Sketch the region of integration for the integral

:/01 4:f(x,y) dy d. (\(‘@{—\’QOA’QB

Then write an equivalent iterated integral in the order dz dy.
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§15.3 Area & Average Value

Two other applications of double integrals are computing the area of a region in the

plane and finding the average value of a function over some domain.

Area: If R is a region bounded by smooth curves, then
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Example 89. Find the area of the region R bounded by y = \/z,y =0, and 2 = 9.
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Average Value: The average value of f(x,y) on a region R contained in R? is
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Example 90. Find the average temperature on the region R in the previous example

if the temperature at each point is given by T'(z,y) = 4xy>.
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Example 91. You try it! Find the average value of the function f(xz,y) = 22 + 1>
on the region R = [0, 2] x [0, 2].
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Example 92. Find the average value of the function f(z,y) = sin(x+y) on (a) the
region Ry = [0, 7] x [0, 7], and (b) the region Ry = [0, 7] x [0, 7/2].

Hint: choose your order of integration carefully!
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Example 93. You try it/ Which value is larger for the function f(x,y) = zy: the
average value of f over the square Ry = [0, 1] x [0, 1], or the average value of f over

R, the quarter circle 22 +y? < 1 in Quadrant I? Verify your guess with calculations.
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§15.4 Double Integrals in Polar Coordinates
Review of Polar Coordinates

Y P Cartesian coordinates: Give the distances in
2 and B\ directions from ‘ 9,0 )

Polar coordinates:

e r = distance from M to M

e O = angle between the ray __OP_ and the
T positive _ A =AX\S

~

We can use trigonometry to go back and forth.

Polar to Cartesian:

x = rcos(0) y = rsin(0)

Cartesian to Polar:

r’ =1’ +y tan(6) = Y
3, !
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Example 94. a)Find a set of polar coordinates for the point (x,y) = (1,1).

= {rr = 2 N JemN =
ok ©= b () =0 (1) = T S (WDer|(= 4309 (c,6)

b)Graph the set of points (x,y) that satisfy the equation » = 2 and the set of points

that satisfy the equation § = 7/4 in the xy-plane.
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c¢) Write the function f(x,y) = v/2? + y? in polar coordinates. J-:rc«&

e (oY= St Mo =retes
(‘/ ] = (Ifz(ws%fm'e)= e =C

d) You try it/ Write a Cartesian equation describing the points that satisfy r =

2sin(6).
= A So = 2 an? loecones
- Y
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\I Ayt

Goal: Given aregion R in the xy-plane described in polar coordinates and a function

f(r,0) on R, compute [[, f(r,0) dA. " (h\“‘]

Example 95. Compute the area of the d&sz of radius 5 centered at (0,0). K\D\
n (s S‘Lf L AN~ : S
%

Ao, = S&‘Lﬂ_ AM&SO Aeé(’& \ do e
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= f 2 dr= 2we )’
0 d
Remember: In polar coordinates, the area form dA = o, 19




§15.4 Page 95

Goal: Given aregion R in the xy-plane described in polar coordinates and a function

f(r,0) on R, compute [[, f(r,0) dA.

Example 96. Compute the area of the disk of radius 5 centered at (0,0). '%
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Remember: In polar coordinates, the area form dA =|'C A\’ AQ |
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Example 96. Compute [/, e~ (") d X on the washer-shaped region 1 < 224142 <

1 g o
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0 Zdu=¢
: v (. fe~ ‘/e

Example 97. Compute the area of the smaller region bounded by thecircte %=

(y — 1)> = 1 and the line y = x.
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Example 98. You try it\ Write an integral/ for the volume under z = z on the

region between the cardioidgsr = 1 + cos(f) and the circle r = 1, where x > 0.
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Example 100. Convert the integral in polar coordinates to an equivalent integral

in cartesian coordinates, but do not evaluate. Then, evaluate the original integral

to find the value of [[, f(z,y) dA.

YA w/2 pescd
W=\ / / 2 cos @ dr df
- (ﬁ/') w/6 J1
4

G

3=\"5\n99 F=ycsco g—(c,e\= Cwsd  SNe Up- ¢y &0

/_ 7 A S Eeschep y=1. = S A 492
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z) Yg=
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Qo
Tips and tricks @3‘; ::?:g

For horizontal lines such as z = 2:

Ue © g5 2= twss D 7= 23ed

& Goreh

B = = = lesecd

For vertical lines such as y = 1 (e.g., Example [100):

Ut @ g o —
| = c&0 NT )

For off-set circles such as 22 + (y — 1) = 1 (e.g., Example :

0r@ OCS.
©
(‘290:»(9, 7 2o + (fSﬁWG'\)\—:\
)
> = Z -2ZcsmO =0
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Example 101. You try it/ Find the area of the region R which is the smaller part

bounded between the circle 22 + y? = 4 and the line z = 1.

m O~ 15 betveen (1-53) & (1,1) o= 96["‘/3,{’3].

H=+2=¢* = =12 %o
> (=2 on Ot

7. &
N=¥vos0 = r=cz9=7<ecw

E Cx= =g o W =2

S Oe [-Tk™R)
| ond e (Seco,2]

3

S 9= tan ()= /3

ahy (T Tiz 2 Tl
AW\:S g Lvr&Ae:X %r‘\ bo = Ji(sge‘o-Lf)cLH

~T|3

= tun( ) - 4Tz =V - Uz
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Math 2551 Worksheet: Exam 2 Review

1. Which of the following statements are true if f(x,y) is differentiable at (xo,yo)? Give
reasons for your answers.

(a) If uis a unit vector, the derivative of f at (xq, yo) in the direction of wis ( f,(xo, yo)i+
fy(20,90)j) - u.
(b) The derivative of f at (z¢,yo) in the direction of u is a vector.

(¢) The directional derivative of f at (xq,yo) has its greatest value in the direction of

Vf.
(d) At (zg,yo), the vector V f is normal to the curve f(z,y) = f(xo, o).
2. Find dw/dt at t =0 if w = sin(xy + 7),z = €', and y = In(t + 1).
3. Find the extreme values of f(z,y) = 2® + y* on the circle z* + y? = 1.
4. Test the function f(z,y) = x* +y> + 3x? — 3y? for local maxima and minima and saddle

points and find the function’s value at these points.

2

5. Find the points on the surface zy + yz + 2z — x — 2 = 0 where the tangent plane is

parallel to the xy-plane.

(=}

1 2
. Evaluate the integral / / 4 cos(x?) dx dy. Describe why you made any choices you did
0 2y
in the course of evaluating this integral.

7. If f(z,y) > 2 for all (x,y), is it possible that the average value of f(z,y) on a unit disk
centered at the origin is —7
™
8. A swimming pool is circular with a 40 foot diameter. The depth is constant along east-

west lines and increases linearly from 2 feet at the south end to 7 feet at the north end.
Find the volume of water in the pool.



