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§15.1 Double Integrals, Iterated Integrals, Change
of Order

Recall: Riemann sum and the definite integral from single-variable calculus.

8 : 00 (10 min) 8: 10

Area= J f(x) du= limfa, where Kr= a+ Rar

Ax = b -a
-

N

i
R= 1

Get EXACT area in the limit as N-0 .

-

(as the with of each little rectangle goes
to zero))

Also ,
same area w/ other choices

of how to

pick height so long as It (a+ Rox ,
a+(h+x]

Such as : * Right end point
* left endpoint
* midpoint

even other-> * average height (trapezoid
rule)

ways e.g. ↳ ↑ Simpson's rule (more complicated),etc. etc.
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Double Integrals

Volumes and Double integrals Let R be the closed rectangle defined below:

R = [a, b]⇥ [c, d] = {(x, y) 2 R2|a  x  b, c  y  d}

Let f(x, y) be a function defined on R such that f(x, y) � 0. Let S be the solid

that lies above R and under the graph f .

Question: How can we estimate the volume of S?

8 : 16 8 : 15

15 min)

x-value
between

d-

y-value between
R oriya Cdd .

Y Xa,

bX

&

·or-I
6th box

H ↑
x

e b Ithis fall box has
base SAR=Dysx and

height f(xk,
yk)

Volume (xi, ji)By So volume of tall

E1 j= box is

in the limits Alamyu)Dysa
ADD THESE up

volume = $f(u,) dyd

Saf(u) dAfunA
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Definition 79. The of f(x, y) over a rectangle R is

ZZ

R
f(x, y) dA = lim

|P |!0

nX

k=1

f(xk, yk)�Ak

if this limit exists.

•

•

8 : 15 (5 min) 8 : 20

double integral
integrand
-

Tregion
&

P is the "mesh size"
, largest size among all

-
of integration of the bases of the tall boxes .

Thewe say f is integrable over the region R .

E
.g .

If f is continuous over R ,
then f is integrable

over Fo

Possible for f to still be integrable ,
even

if not continuous

· Note : (fla,) da is SIGNED volume,
=

So area under "The floor" z=0 counts

as NEGATIVE volume.
-
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Question: How can we compute a double integral?

Answer:

Let f(x, y) = 2xy and lets integrate over the rectangle R = [1, 3]⇥ [0, 4].

We want to compute
R 3
1

R 4
0 f(x, y) dy dx, but lets consider the slice at x = 2.

What does
R 4
0 f(2, y) dy represent here?

8 :20
110 min) Si30

&

Iterate! Do one variable, then the other.

↑

zr

Purple Slice has area

Jf(2,a) dy = S 4y dy = 2y21

24

·= 32 - 0 =32 L
Y

If we more purple slice back and forth ↑

S

among ALL x-values between =1 to x=3

and add up all the purple slices then we will get the whole volume !

I add up all purple slices
X

vol = 93(D edy du = (i)" zzy dyda = Szyldn
-

L do in side
= j? llose di

purple slice area integral first

2x= k
,
kt(1 ,3]

= 8x21? = 8*9-8 = 72- 8

= 64 total volume
--
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In general, if f(x, y) is integrable over R = [a, b]⇥[c, d], then
R d
c f(2, y) dy represents:

What about
R d
c f(x, y)dy?

Let A(x) =
R d
c f(x, y)dy. Then,

=

Z b

a
A(x)dx =

This is called an .

Example 80. Evaluate

Z 2

1

Z 4

3
6x2y dy dx.

Theorem 81 (Fubini’s Theorem). If f is continuous on the rectangle R = [a, b] ⇥
[c, d], then

More generally, this is true if we assume that f is bounded on R, f is discontinuous

only on a finite number of smooth curves, and the iterated integrals exist.

8 : 30

(7 min) 8 : 37

The area of the cross section &=2

the area of the cross section ex= constant

A(x)= Sof (n,4)dy

Volume Ass) (b Jd(4) day ha

Iterated integral Literate : do one at a time)

d
inistry

da

= S2 325(16-9) dx = S22122 da

= Tx / = 78 - 7 = 7 (8 -1) = 49

gbdf( ,4) dyy =Sbf) d
"Order doesn't matter"
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Example 82. You try it! Integrate:

a)

Z 2

0

Z 1

�1
x� y dy dx easy

b)

Z 1

0

Z 1

0

y

1 + xy
dx dy medium

c)

Z 4

1

Z e

1

ln x

xy
dx dy hard!

8 :37 ↳5 mit 8 : 50
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Example 82. You try it! Integrate:

a)

Z 2

0

Z 1

�1
x� y dy dx easy

b)

Z 1

0

Z 1

0

y

1 + xy
dx dy medium

c)

Z 4

1

Z e

1

ln x

xy
dx dy hard!

8: 50

= Jxy-zy2) ! do
= 32x - (-x) - odx

= J22xda = x28 = 4

1) dy = So In(1+my)) dy = Jen +- dy

U-sub
IBP Judu = nr-So du

U = 1+zy U= In(t) dr= 1 dt
= (1+y) In/1+y) - ( 1 +y)10

du= y da du= - It v= +t

↓ = Renz-2]- 1) = zenz-1
So Jentdt = tInt-Jdt

= tent-t + C

=Judy =SYdy
D

IBp Judu= ur-Judu = Sidy = Inly)/," =z@n4-Eluenz
= Inx dr=Edi
du= Ed v= Ina G alnb = In/b%

4 = An(f)

=Jedu= Inak -Meda So =An
= Inz

* = z(nx)2+c V
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Example 83. Compute

ZZ

R
xe

ee
y

dA, where R is the rectangle [�1, 1]⇥ [0, 4].

Hint: Fubini’s Theorem.

8 : 50 10 min) 9: 00

how to integrate
IDEA? S'gY ge dydz geet ??

RUN AWAY !!

Better4 Indxdy= eeEx) d
↑
constanto

="pee- -1) dy

Never been so

happy to get
= S. O dy

a zero from

a calculation

10) .

=O hooray
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§15.2 Double Integrals on General Regions

Question: What if the region R we wish to integrate over is not a rectangle?

Answer: Repeat same procedure - it will work if the boundary of R is smooth and

f is continuous.

9 : 00

Cro min) 9 : Lo

Same idea, just use little

rectangles to approximate the&
region & height over each

rectangle is flam ,in)

A : When choosing I first or y first

it's more important now
to choose rosely !!

Verticallysimple R : Horizontally Simple R:

-

↑
BAD X

.
BAD Oh

X

e
Not impossible to deal on
but will need multiple integral
for each component yuch !
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Example 84. Compute the volume of the solid whose base is the triangle with

vertices (0, 0), (0, 1), (1, 0) in the xy-plane and whose top is z = 2� x� y.

Vertically simple:

Horizontally simple:

9:10 (15 min) /1-2 = E)1 - Intri) = E - x+Ex29 :25

function to integrate "height"
-

Ya v= f
+

j
+

2-x-

e dydx
10 ,1 00

"
= Sozy-sy-zy"1* do

= So 2(1 - x) - x(1-u)- z(1-x)2da

① ⑧ >x
10,08 (1,0) = Joz-2x+x-+x -2x2dx↑ I for each RoE /0 , 17

y-value is between Ond 1-2
= Jo-2x+2 da

= Ex - x+ 543)!
Ya

= (E - 1 + b) - 0 = 2 +5
10 ,1

= 23

y = 1 -x AKAf
-iii ⑧ >x

Sig:-32 -x-y de dy

So volume is

(1,0)

For each Yo /0 , 17

a-value is between O and 1-Yo
= 213(sameaem)
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Example 85. Write the two iterated integrals for
RR

R 1 dA for the region R which

is bounded by y =
p
x, y = 0, and x = 9.

Example 86. Set up an iterated integral to evaluate the double integral
RR

R 6x2y dA, where R is the region bounded by x = 0, x = 1, y = 2, and y = x.

9:25
(15 min) 9 :40

VanderinS
NOTE : Outer integral mustT have variable limits!!

Ya volume = So ] being by do
sh

identgo t
hit different

Y of the region
R

an

② yuck
!

goa
>
x interval [0, 17

&+ Then integrate for
z

all Doe Co , 17 hitthe y-values in the range

same top a but side of
R. [2, 2]

yay
tricol
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Example 87. You try it! Write the two iterated integrals for
RR

R 1 dA for the

region R which is bounded by x = 0, y = 8, and y = x
3.

9 :40 (5 min) 9: 45

i

Vertical)

volume = S2SS, 1 dya

Chorizontal)
volume = 58 g1 leady.



§15.2 Page 87

Example 88. Sketch the region of integration for the integral

Z 1

0

Z 4

4x
f(x, y) dy dx.

Then write an equivalent iterated integral in the order dx dy.

9 : 45
(5 min)

9: 50

V = Prentical)

e
o a

V= SY givfu,u) di dy . Chorizontal)
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§15.3 Area & Average Value

Two other applications of double integrals are computing the area of a region in the

plane and finding the average value of a function over some domain.

Area: If R is a region bounded by smooth curves, then

Area(R) =

Example 89. Find the area of the region R bounded by y =
p
x, y = 0, and x = 9.

Average Value: The average value of f(x, y) on a region R contained in R2 is

favg =

8 : 00 15 min 8 : 15

M

1

Kr1 dA [

·
NOTE: Area R * 1 = //r1 da

3

*= de
Wheight "Volume"

= So fugla du
7 This is just the old fora

From CalI !

·Aredded= En = -0==
9

= 18

From Calc# .

Ya y= f(x) FumSmf,) da
Same idea for

!
> 2

N multi .

b This

!
heightat

blueareashoulda Fi> solid over R
volume of

w/ top height

L d z = f(x,4)

So (Avycanf(x)* length of Carb] Want AreaR * Leigh))pf(x,2) da

Yie "AVG VALUE"

=Dd of f over R
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Example 90. Find the average temperature on the region R in the previous example

if the temperature at each point is given by T (x, y) = 4xy2.

8 : 15 10 min
8 :25

·
Area R= 18 from previous pagea set

Augrf =m * Volat

Volat = I Jobaydy da = Says / do

=>Jax() - 0) dr = Jada

=9 d=

= 37=

So Augf=* Vol==
= 34
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Example 91. You try it! Find the average value of the function f(x, y) = x
2 + y

2

on the region R = [0, 2]⇥ [0, 2].

8 :25 10 min 8 :33

Vol = S22x+ y= dydx = 9 xy + zy3)
1

=+ Edu =E
and Areak = 4

So Augu(f) = n * Vol =** = 813
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Example 92. Find the average value of the function f(x, y) = sin(x+ y) on (a) the

region R1 = [0, ⇡]⇥ [0, ⇡], and (b) the region R2 = [0, ⇡]⇥ [0, ⇡/2].

Hint: choose your order of integration carefully!

8 :35 15 min
8 : 50

(a) Ri = [0,] X /0
,it] , Area(Ri)=2

so Aug(f)= Sinkety) dyd

=-cost d=+ + coste

=> zcosd = 2sinz/2s
=O

(b) Re = [0 ,it] + 10.12] Arealez)= 2/2 Ya
y: cost

i
So Vol=fSinCity) dyda=cos(+y)dn

=
- COS

= sinx
y= cos(x++) y= cos(x+π(z)

= Jo-cos(n+(2) + cos(n)dx

= Sintcosk da = -cosa + Since

= -Cost +-Frost) = -() + 1 = 2

Must've been

neg.on
thee
Ri !!

So Augru(f)=e

*2 = 4/26
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Example 93. You try it! Which value is larger for the function f(x, y) = xy: the

average value of f over the square R1 = [0, 1]⇥ [0, 1], or the average value of f over

R2 the quarter circle x2+y
2  1 in Quadrant I? Verify your guess with calculations.

8: 50 15 min 9 :05

9 9

"
· [1, 1)

Augr(f)
or Augr:

guess ble =smaller area
,

so larger total ?

o' ! >

V = S'S'xy dydu = Soxynl! = S!x( -0)dx = )!xd
=! = So Agrilf=m=**

Vm=J Skydyda=yz/
*
da = !!x( -x)dx

=(2(x-x)dx= (x- int))!= ( - 2)=+ = My-
So Augulf)= Va=* Well I'll be ...

how's that

In retrospect , what seems to be happening ⑳ work...

9 9 is that in the outer region of R,
the part not contained in R2· I C

in the part of Ri not

contained in Re the value B who would
thunk it .

of fEy is "particularly large" Since

MY is small when Y is small . And apparently
this more than compensates for by larger area.



Review Page 93

§15.4 Double Integrals in Polar Coordinates

Review of Polar Coordinates

x

y Cartesian coordinates: Give the distances in

and directions from

Polar coordinates:

• r = distance from to

• ✓ = angle between the ray and the

positive

We can use trigonometry to go back and forth.

Polar to Cartesian:

x = r cos(✓) y = r sin(✓)

Cartesian to Polar:

r
2 = x

2 + y
2 tan(✓) =

y

x

https://www.geogebra.org/classic/thaxxzzp

4

T
P x Y (0,0)

10,0 (x ,9)

Tr
x-axis

3
a

- P = (x,4) Warning : Many possible (5,0) for
one particular (x, y).

ry

e .g. (r,d= (, = (1,
· 10 I > - = (- ,

-5)
polarordinates

For our class : Cartesan/
In problems/your solns, please rectangulasses
limit =o Octo ,[i]

or Ot(-,it) ·

https://www.geogebra.org/classic/thaxxzzp
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Example 94. a)Find a set of polar coordinates for the point (x, y) = (1, 1).

b)Graph the set of points (x, y) that satisfy the equation r = 2 and the set of points

that satisfy the equation ✓ = ⇡/4 in the xy-plane.

c)Write the function f(x, y) =
p
x2 + y2 in polar coordinates.

d) You try it! Write a Cartesian equation describing the points that satisfy r =

2 sin(✓).

Goal: Given a regionR in the xy-plane described in polar coordinates and a function

f(r, ✓) on R, compute
RR

R f(r, ✓) dA.

Example 95. Compute the area of the disk of radius 5 centered at (0, 0).

Remember: In polar coordinates, the area form dA =

4

r= = E

and O = tan" (v) = tan (1) :My
So (1 ,1) = (E,) p = (2,0

3
x

3
x

-
P= /y cha x=y .

E=2 and xity2: 4

-->H

&U= rcosO
y = rsnd

d

f(r, 0) = r
Showork : flu)=y = Tresditsind
--r2(costo+ sinco) = F = +

Q r=-y 30 V= Z sind becomes

Y
Sind I Y② rsino = y = j +y = 2-

-T+ym

=> x+y2 = zy

Area = Jn da je
ma
ti

&

dodr = 150 de hidri
↑ values in (0,5)

= J5 25 dr = Zur = 10t
O values in (0,2n)

???
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Goal: Given a regionR in the xy-plane described in polar coordinates and a function

f(r, ✓) on R, compute
RR

R f(r, ✓) dA.

Example 96. Compute the area of the disk of radius 5 centered at (0, 0).

Cont.

Remember: In polar coordinates, the area form dA =

*

real# dan=rey S=Bad
but Now So this little

Chunk has crea

VAm = r Vodr
I/uWay Widen woul

The size of the little chank

DEPENDS ON r !!!

Ddo needthemr !!
& ↓

SJ)1 da=1

Lets try it out
!

Disk ana JJp1dA =J
*

derdode

↑ = or dr = Sur dr

=+2) = 25 Vooray !
rdrdo



Review Page 95

Example 96. Compute
RR

D e
�(x2+y2)

dA on the washer-shaped region 1  x
2+y

2 
4.

Example 97. Compute the area of the smaller region bounded by the circle x
2 +

(y � 1)2 = 1 and the line y = x.

4
=rosO

convert to polar expression using gersing

d
notrenticalstupul vol = f)edA = Shedodo&

don'tForget!
2#not

= Jaredr = Jared
but

RADIALLY U-sub =edu=simple!!

u= -rz

du=-zrdi
= -we

- r ) = - π) "
-e)

so you= rdr
= ( %- Ye)

-
->

LS:2012 + Usino-12= r= costo + resince - Lisino + 1

= r2 - 2 sinO + 1
↑

= 8=4 LHS = 1 So

r2- zsind+ 1 = 1

=> rz-ZSinD = O

=> r(r-2sind= 0

OE (0,4]
-

So #= O or resive

reco,need equ For

circle in So 2+ ly-1 =1 in

polar cord.
polar coord , is just

r= Isind .

So Area= ))mfy)dA = /Jusing Lerdrdo = St J So

power reducing
= Ji L . 4 since do = S1-cos20 do = 0-sinzoFormula

Sinzo = Esso -Es-10-ts)=-t
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Example 98. You try it! Write an integral for the volume under z = x on the

region between the cardioid r = 1 + cos(✓) and the circle r = 1, where x � 0.

x

y

r = 1 + cos(✓)
r = 1

4

&

& e -12,2]
rt [1

,
I + cosO]

F So f(x ,y) = x

- f(r, d) = rcoso
don't forget w !!

-

Darcse
asor

10

-oL hereoh
tol.
oops .

=> Jhcocoso-cod
= J((I+3o

hmmm...

=... = 5/8
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Example 100. Convert the integral in polar coordinates to an equivalent integral

in cartesian coordinates, but do not evaluate. Then, evaluate the original integral

to find the value of
RR

R f(x, y) dA.

Z ⇡/2

⇡/6

Z csc ✓

1
r
2 cos ✓ dr d✓

Ya

,
inte

,
Yersing reyesco flid = rcoso Since dar dido

53/2
> x So r= CSCO Y =1 .

= Nutyn

So Vol = Jong I dydn+ dya

volifi gascoso du do = ( tracodococo

= do=di
U-sub Boy

U= sinO It = Sinc = /2
=

- -(1 - 4) = 36

i I du= coso do R : In If Since I

-

53
= 1/2
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Tips and tricks

For horizontal lines such as x = 2:

For vertical lines such as y = 1 (e.g., Example 100):

For o↵-set circles such as x2 + (y � 1)2 = 1 (e.g., Example 98):

&
x= rcost

②y= rsno

UseO yet 2=coso = r= -Seco

in general

If=R = F= Lesecd #and
use get

1 = r sind #So r= CScO

So in general y = V

= v= ucso

M ① CTS .

recope + (rsino-1= 1

=> re-Irsing =O* -sing
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Example 101. You try it! Find the area of the region R which is the smaller part

bounded between the circle x
2 + y

2 = 4 and the line x = 1.

The O-value is between (1-53) (1, 53) so Ot*] .

x= 1

Y
4 = 22+y = = = T= 12

,
to

So F=2 on circle

I U= r 100 = v=0
= 2 seco& Cx= 1

Eseco on live K=2.

So Of[-12]
and re (Seco,2]

- E
22+q2 = 4 Z So O = tan" (13)=3

Area =Si 1wddo= do=
= Itano-201 = tan(13) - 4 *T = 53 - 45/

T
Function is

odd
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Math 2551 Worksheet: Exam 2 Review

1. Which of the following statements are true if f(x, y) is di↵erentiable at (x0, y0)? Give
reasons for your answers.

(a) If u is a unit vector, the derivative of f at (x0, y0) in the direction of u is (fx(x0, y0)i+
fy(x0, y0)j) · u.

(b) The derivative of f at (x0, y0) in the direction of u is a vector.

(c) The directional derivative of f at (x0, y0) has its greatest value in the direction of
rf .

(d) At (x0, y0), the vector rf is normal to the curve f(x, y) = f(x0, y0).

2. Find dw/dt at t = 0 if w = sin(xy + ⇡), x = et, and y = ln(t+ 1).

3. Find the extreme values of f(x, y) = x3 + y2 on the circle x2 + y2 = 1.

4. Test the function f(x, y) = x3 + y3 + 3x2 � 3y2 for local maxima and minima and saddle
points and find the function’s value at these points.

5. Find the points on the surface xy + yz + zx � x � z2 = 0 where the tangent plane is
parallel to the xy-plane.

6. Evaluate the integral

Z 1

0

Z 2

2y

4 cos(x2) dx dy. Describe why you made any choices you did

in the course of evaluating this integral.

7. If f(x, y) � 2 for all (x, y), is it possible that the average value of f(x, y) on a unit disk

centered at the origin is
2

⇡
?

8. A swimming pool is circular with a 40 foot diameter. The depth is constant along east-
west lines and increases linearly from 2 feet at the south end to 7 feet at the north end.
Find the volume of water in the pool.

1


