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§15.5-[L5.6 [Triple Integrals & Applications

Idea: Suppose D is a solid region in R3. If f(x,y, 2) is a function on D, e.g. mass
density, electric charge density, temperature, etc., we can approximate the total

value of f on D with a Riemann sum.
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by breaking D into small rectangular prisms AVj.
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Taking the limit gives a

epl wwsege| :///Df(rc,yvz) v

Important special case:

///pl - o\

Again, we have Fubini’s theorem to evaluate thege triple integrals as iterated inte-

va
(O D) daic [+ (P dededy

Other important spatial applications:

TABLE 15.1 Mass and first moment formulas %

Q RF‘(/“
THREE-DIMENSIONAL SOLID *0

Mass: M = \///5 dV & = &(x, v, ) is the density at (x, v. 2). \ A“.y
D

First moments about the coordinate planes: QuUawne

M, = M.\'de. M. = ///)'Sd\’, M, = /Z/:_ﬁdv
D D D

Center of mass:
?

M, M,.

X = — y = —

M’ - M~
TWO-DIMENSIONAL PLATE

Mass: M = //6 dA & = &(x. v) is the density at (x. y)
R
First moments: M, = /] x 0 dA, M = /] y o dA
R R
M

~ — ‘\. —
Center of mass: X =3 y=
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M.,
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§15.5-15.6

Example 102. 1. How to do the computation:

1 p2—x p2—2—y { (2- Z’)t—‘]
Compute/ / 1 dz dy dzx. =‘5 & 2 \ J‘j 43
0 Jo 0 o 0

0
-2
da

= S r 7% 43,;\,1 5 29-a9 - L5’
S\ 2(2) - (z-) -3 - da ‘:S: (2-1.)[(2 - 75-% (2-0) | da
-'5 (z- ;t)"'[l‘ dx = Lz 3( (22 dn = %,S: Gt + 2 da
- (Um UL %>l l(q, \g’ i

2. What does it mean: What shape is this the volume

/ / ’ ! dz dy d;:; Lo,()

ThS $ & ﬂ Ue (0/ Z_»’J

S Z:Z-—X's,
270 D AnrBE2 2¢ [0, 22~

332 -

[




§15.5-15.6 Page 104

Example 103. You try it/ Evaluate the triple integrals. What is the shape of the

region of integration D in each case?

e 62 63 1
(a) / / / — dz dy dz
1 J1 J1 TYz

©/3 1 3
(b) / / / ysinz dr dy dz
0o Jo J-2
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Example 103. You try it/ Evaluate the triple integrals. What is the shape of the

region of integration D in each case?

e 62 63 1
a) / / — dz dy dz
1 J1 J1 TYz
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We will think about converting triple integrals to iterated integrals in terms of the
@ L

 §7%) of D on one of the coordinate planes.

(e € G35 (D) & (DD BruwmzeR 7 =
Case 1: z-simple) region. If R is the projection of D on the xy-plane and D is bounded
above and below by the surfaces z = h(z,y) and z = g(x,y), then

///Df(x’y’z) v = //R (/g:;y)f(%y, 2) dz) dy dx

W Gy)

AL (yﬂ\
% 57

Case 2: y-simple) region. If R is the projection of D on the zz-plane and D is bounded
ight and left by th f; =h dy= th 0
right and left by the surfaces y (x,2) and y = g(x, 2), then C&X &

///Df(x,y,z) dV://R </g:())fm) %y> B e
1o 7' | ( —oriobt oot
‘o Dw v%?i{ \&s\w—h\? g\wh T
¥ Y

Case 3: z-simple) region. If R is the projection of D on the yz-plane and D is bounded
front and back by the surfaces x = h(y, z) and = = g(y, z), then

///Df(a:,y,z) dV = //R (/g:ij)f(x,y,z) d:c) dz dy

D R

‘)[‘11%>
r \\L,‘z) )



§15.5-15.6 Page 106

Example 104. Write an integral for the mass of the solid D in the first octant with
2y < 2z < 3 — 2% — y? with density §(z, vy, 2) = 2%y + 0.1 by treating the solid as a)

z-simple and b) z-simple. Is the solid also y-simple?

Ca&%l&\MP\L S g gﬂo\(lﬁb g A A A _ M
— . @ s (w02 02 Yo =

Bow & ©d B pogermn & D sovd?
@(X"‘IWR i l”‘,mﬂeb B¢ some 261

\“Aglsw *OQ‘SL bk
3"%1’31 o Zj
D3= A+ g2y

=2 U= gz (&,*\7
;%

/[\
= T %

Tbe Wl  Z=3-A'-y?
Bt P\ﬂ\*/pw "Z'—‘—Z‘J

z Anisse e ©f A —o%S
A (4 ( g-2-q ) @ y=o
M: A ijO-\ &% :(,%é*) L =\
O “p Z_b ‘—2 f:i?
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Example [104 (cont.) D= 2y < z<3-— x® — y2

(ase 3.
@) W -swple
M _ Wy 2)
B Sg g 8(3(/‘1.%) o\x cl'%cig
' 432>
o G e
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2=3%"¢
k
G=2)
9=ty
JUNRE e b o yr<2473 =0
2= 3/24-7' ,(17 = (“j-(—?bkﬁlf\\)"'o
=) y=-3, |
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Rules for TripleAntegrals for the Sketching Impaired (credit to Wm.

Douglas Withers % \(5(\\“_3 w / AWM D(;%

Rule 1: Choose a variable appearing exactly twice for the next integral. ‘l V
Comn W e\

Rule 2: After setting up an integral, cross out any constrai s*i?lvokf}i‘ryg \I) ¢

the variable just used.

Rule 3: Create a new constraint by setting the lower limit of the preceding
integral less than the upper limit.

Rule 4: A square variable counts twice.

Rule 5: The region of integration of the next step must lie within the
domain of any function used in previous limits.

Rule 6: If you do not know which is the upper limit and which is the lower,
take a guess - but be prepared to backtrack.

Rule 7: When forced to use a variable appearing more than twice, choose
the most restrictive pair of constraints.

Rule 8: When unable to determine the most restrictive pair of constraints,
set up the integral using each possible most restrictive pair and
add the results.

Example 105. You try it/ Find the volume of the region in the first quadrant
bounded by the coordinate planes and the planes x + 2z =1, y + 2z = 2.
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Rules for ’I‘riple@zgrals for the Sketching Impaired (credit to Wm.

Douglas Withers % \(S(\\ﬁ w / AWM D(;%

ARule 1: Choose a variable appearing exactly twice for the next integral. ‘l V
Comn W e\

Rule 2: After setting up an integral, cross out any constrai s‘i?lvowi‘gg \I) ¢

4 the variable just used.

Rule 3: Create a new constraint by setting the lower limit of the preceding
integral less than the upper limit.

Rule 4: A square variable counts twice.

\f ' Rule 5: The region of integration of the next step must lie within the
domain of any function used in previous limits.

<ﬁ1?e 6:) If you do not know which is the upper limit and which is the lower,
take a guess - but be prepared to backtrack.

Rule 7: When forced to use a variable appearing more than twice, choose
the most restrictive pair of constraints.

Rule 8: When unable to determine the most restrictive pair of constraints,
set up the integral using each possible most restrictive pair and M
add the results. @C,

Example 105. You try it/ Find the volume of the region in the first @x’c
bounded by the coordinate planes and the planes r + 2z =1, y + 2z = 2. r?(—z()[qj 0

W7 e 2o BTy |-xtzeiviy 20
Z= 4y @) s e 1@ s
A \“%Qf—-‘z,/7

,l? ‘E’L\ié%/ﬁ?ﬁfln

/,/ W??
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24. The region in the first octant bounded by the coordinate planes quadrant
and the planes x + z =1,y + 2z = 2
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Example 106. Set up an integral for the volume of the region D defined by

@ Rules for Triple Integrals for the Sketching Impaired (credit to Wi,
Douglas Withers)
5 \MM)
< < > ule 1: Che a variable apps actly tw r the next integral.
— 87 y 2 —Z x’ ' y — 0 ule 2: / up egral, cross out any constraints involving
e |} |l

Rae 1 - P St ptn Shas vp fwice T | e
—— & ¢

2. 7.2 O,

Rule 6: If you do not know which is the upper limit and which is the lower,
take a guess - but be prepared to backtrack.

Y‘A\cl " Crogg OM¥ /rl\l— WH‘L\K aov\ A&k& (Lw' Rule 7: \\| r ed t

al
the restrictive pair of

Rule 8: \\'I 1able to dete f constraints,
up !]n mn-_gnl] us! ve p and
H the results.

Ra\ed: Moke New  (aasians bt £ fop
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Example 107. Set up a triple iterated integral for the triple integral of f(x,y, z) =

23y over the region D bounded by
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§15.7 Triple Integrals in Cylindrical & Spherical
Coordinates

Conventions: [~ 20 CM W
Cylindrical Coordinate System

. Oc [0 of
[T

Example 108. a)Find cylindrical coor-
(r,0,2)-® dinates for the point with Cartesian co-
ordinates (—1,+/3,3).

2 z2/\3
1=-1 O-L L.z ?

- |
7 128 o reRe
2=3 .
@ r ) 2=3
()0
/y ! (7("1'%)%_.: (.ZIZ%‘-, g\B
Cylindrical to Cartesian: C‘?(z 3385 G’,QSG)

r=rcos(f), y=rsin(d), z==z2
Cartesian to Cylindrical:

2

5 9 Y b)Find Cartesian coordinates for the
rf=a"4+y°, tan(d) ==
x

2T R point with cylindrical coordinates

(2,5m/4, 1):C¢, o, %7
= Z*COS(SL“-‘“\ = -

(32 Zx SN\(Y,D =&
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Example 109. In xyz-space sketch the cylindrical box = Vq’ \’[ S Vz_ ; ;

B={(r6,2z)|1<r<2 7/6<60<7/3, 0<z<2}

1

v

/Z/ . ) é
x 9=, g=¢\? A
Triple Integrals in Cylindrical Coordinates
We have dV:x é( S A%
Example 110. Set up a iterated integral in cylindrical coordinates for the volume
of the region D lying below z = £+ 2, above the xy-plane, and between the cylinders
2 +y? =1and 2% +¢% = 4. B Al @LtmﬁfB
Oe [o 27 2=z
2= CCe 3602
ce 1,27
2¢ [0, 242) 4
wm\O{"L

2T
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Example 111. You try it/ Suppose the density of the cone defined by r =1 — 2
with z > 0 is given by §(r,0,2) = z. Set up an iterated integral in cylindrical

coordinates that gives the mass of the cone.
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Example 111. You try it/ Suppose the density of the cone defined by r =1 — z

with z > 0 is given by §(r,0,2) = z. Set up an iterated integral in cylindrical

coordinates that gives the mass of the cone.

Ofhee oprons Ao woce
M= yﬂ &; %H Zc dz 4 49

0O 0

O¢

evdn \ -¢ (2%
,\/\:x g +C AQAZA( C&vg\m\
0 0 0
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\[Z A .
Spherical Coordinate System /O (‘\\0 ' ba&:cﬂu{7 \ )
z
(s é, ) Conventions: (0 Z0 (S"‘“‘ s r)
Oc (0,20 o (-
Example 112. a)Find spherical coordi-
6 Yy nates for pre<ppoint with Cartesian co-
ordinates 2 \/_ )5 (7(,7,37 IS o SPw
¥ me\Af

. (\‘ Sand © os pawd P Tirneg = TG =

Spherical to Cartesian: tan O = :2;" =-\ B @? %

c=omien®) |y g i 2 §-T

y = psin(i)sin(9 L. W
z = pcos(p) (L‘ ™ 3/ ) Find Cartesmn coordinates for the
g, K point  with  spherical coordinates

Cartesian to Spherical:

(2,7/2,7/3).— (lo LQ 9>

P B B
tan(0) = =

xr - o wa T
VCETEY (A T Nyrleed
t =v- 7
=T (" sux -
p 5 z

W= PSn(ICos(O) = 2 oal™h) ol ) = 2(N% 7 = |
= %\\A(C-f) $I\A@> 22 S (Tt(_A S L«(,‘) =7 (.\) J} — J'§
)= :

2 = (cm&(’) =z (") = O

>0 (7(/“1,%): (, &




© The two common lowercase phi symbols:

2

¢ (curly phi) — sometimes called “script phi” or “open phi
Looks like a curly or loopy “C” with a vertical line
Unicode: U+03D5

Often used in physics and engineering (e.g., magnetic flux)

¢ (straight phi) — often just “phi”
Looks like a circle with a vertical line through it
Unicode: U+03C6

Often used in math, philosophy, and logic

How) o St Mo~
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Example 113. In zyz-space sketch the spherical box
“1C

B={(pe.6)|1<p<20< o< n/6<6<r/3}.

4 2

Z
4 Dy
/ g N\
// D
/ / /’ e \\
> = \
= M| N
& 5/ // /7 ‘1
\ A = /
’n' R \\ = ‘\r /" /
9 ; _«:«‘3 //(//
\\\ y
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Triple Integrals in Spherical Coordinates

wenmeav - - d9dodp

Example 114. Write an iterated integral for the volume of the “ice cream cone” D

bounded above by the spher% r2 4yt =1 an& below by the cone z = v/3+v/22 + 32.

Z

Coprind)_algggomic €D
P = wyixtt =4 [ 5oq)
(e oF spwsed

) A= ‘)s\nQC&O
(v Lo g= psed oo
Z={zd Xyt ®Z: FLOQN)
@

= = )f)’s\u}qc,w-e f" ewy g;m'@t
Z = [3 Jprswd - Gpsin.

fésq i) i3 sy (p%)

" e et o (47

\ (s ﬂl(p
% % % oo dtdede
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Triple Integrals in Spherical Coordinates

We have dV =

Example 114. Write an iterated integral for the volume of the “ice cream cone” D

bounded above by the sphere z2+y+2> = 1 and below by the cone z = v/3+/22 + 2.
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Example 115. You try it/ Write an iterated integral for the volume of the region

that lies inside the sphere 22 + y? 4+ 22 = 2 and outside the cylinder 2> 4 y? = 1.
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Example 115. You try it/ Write an iterated integral for the volume of the region

that lies inside the sphere 22 4+ y? + 22 = 2 and outside the cylinder 22 + y? = 1.

Se\we -
A rygitr =2 & P- 2

WA sechion
‘Kz*k\tle;l k ")(7"\"11':\

= A iz

=) Zz:\ = z=1\

oW pPowny W inAersecion

= loup” CRAR

ga‘y\l \‘dlg\ /(& LQQ-\ Qo \&
,)ez_h"z - Pzgm'z (p So
Lywder & prsind = i
= (osmtﬂ =4
= o= cecV

We (oW mz_:%r(paﬁmz\l-
%\MM Q ws spst Lo

P" s apafse

e

{6 [%.%)

Pe [csc Q5z)

od Be (0,27
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§15.8 Change of Variables in Multiple Integrals

1

N

V3
Thinking about single variable calculus: Compute /
1

NLCAMAN 07
Sh=dndy AUz dndydz

po\af oo rdh-
AA = ¢ &dO

Qﬁc\wo\rtd
&I = ¢ & B éi

sq,ww) Coord-
V= P’ son ¢ cl‘eéfcl@
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Theorem 116 (Substitution Theorem). Suppose T(u,v) is a one-to-one, differen-
tiable transformation that maps the region G in the uv-plane to the region R in the

xy-plane. Then

//Rf(af,y) dx dy = //G f(T(u,v)) det(7T(u, v))! dit dv.

1

4 py/2+1 .
Example 117. Evaluate / / 2x2 Y da dy via the transformation r = u—+wv,
0 Jy/2
2
Y :@21}. s Tf ([22,} HZ
A=
y v
D=2 = = T(u,ﬂ ye [ 0.4
1. Find T: tj VAS

“ls )

= = 0= = U=
230 oyt 20 gy w (LD

e \A‘:L\ = q:j =2y = (=2 \re(;7,77
-y 0 _ 4 _—Yoc o u-
LAY = Ygrar & R=2_ ¢ =Z-v 5 U0
Z & ¢ ?
@ =14 o Losnar Wy D U=

¢ 2

welo '3
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2. Find G and sketch: G = [O/ ‘] A CO/Z(X 2 (M;\r)

| & 3e(o,q) fren 1c(3£'i—*\7

Y= 1
> P
- N j/? """ 1=
2 T ) W+
2.
3. Find Jacobian: |
oT= [* xﬂb L l XK= v
- 3\L Y = 0o 2 Y= VA
\d@rDT\——' 2 hﬁc pﬂ}@:l lon a/l7
4. Convert and use theorem: kres (L= L’ Are TS =
S

// f(z,y) dz dy = // f(T(u, Uwu dv. \d@—‘ﬂ\—\ e
R G :

/ /J/2+1 2 —y dz dy :— ‘S Qq(”) d éy

y/2

2 i) —2v

2
— Sg&ﬁ[(uw}zgx 2 dudv =S SQ 2

0
o|

= gi SL 2 cLU\cL\\'«’—X \[‘\Q s = K A ds=
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Example 118. a) You try it/ Find the Jacobian of the transformation

r=u+ (1/2)v, y=v.

b) You try it/ Which transformation(s) seem suitable for the integral

2 (442 2
/ / y3 (22 — y)e® Y da dy?
0 Jy/2

) u=z,v=y Vu=y,v=2x—y

i) u= /2% + y? v = arctan(y/z) Viu=2r—y,v=y

111)u — % —y, v = y?) Vl)u = e(Qx*y)27 v — y3
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Example 118. a) You try it/ Find the Jacobian of the transformation
“The Frcobiar eI

r=u+(1/2)v, y=n.
X W+ 30 % DT:/[:' "2]
l: :T(u,‘rs o
V-

3 ad  pT|= L

AN Thee Tiacabiar A&WW\\\MM—
b) You try it/ Which transformation(s) seem suitable for the integral

(y+4)/
/ / (22 —y e’ gy dy?

) u=z,v=y A%S\‘w‘rhiﬁj @ Vu=y,v=2x—y
i) u = /2> +y%, v = arctan(y/z) 7 Viu=2r—y,v=y

111)u — 2 —y, v = y3 Vi)u = 6(295_3/)2’ v — y3

Ty o Jg C el w|oTl dudr  Sanc loietal
4 L— Ve
Can do W-we

Ty (W
k Sg& Uk3\f! e’ \DT| du d  £ems hejgenl.

Fe \) 2
3 Bga A e

'\'(\1 i) S& V- l7)7>|/t AU\ dv how 4o (Solate 2x-42?
4
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Theorem 119 (Derivative of Inverse Coordinate Transformation). If T'(u,v) is a
one-to-one differentiable transformation that maps a region G in the uv-plane to a

region R in the xy-plane and T (ug,vo) = (xg, Yo), then we have

1

| det(DT(uo, 00))| = 5 DT 20 300)

GM Lotk Aot  uerRol  MaosteL

S
Aﬁ’Pf: d@‘H\—‘ ‘



§15.8 Page 124

Example 120. Let’s evaluate / / M
R

3 where R is the region in the xy-plane
x

bounded by y = x,y = 3x,y = 1 — x, and y = 2 — x. Consider the coordinate

transformation u = = + y,v = y/x.

1. Find the rectangle GG in the uv plane that is mapped to R

W:M Kr /ﬁ
-T - |
A= /’_\>
N
>A 4V
AN
4 \3: \ - A j'-'l -t

Yoe- \ob+ \:m\alo.n:\
tog - it ooandary

\oore- 1t \,ij

‘pc\—’ﬁia\\& \au.w(nq

2. Evaluate f(T(u,v))|det(DT(u,v))| in terms of v and v without directly

solving for T using the theorem above
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3. Use the Substitution Theorem to compute the integral.



