Section 1.1

Systems of Linear Equations

Line, Plane, Space,

Recall that R denotes the collection of all real numbers, i.e. the number line.

It contains numbers like 0, —1,x,3,... 3
Definition \ 2 3 N
Let n be a positive whole number. We define <7
R" = all ordered n-tuples of real numbers (x1, x2, xy, ..., X). B 2
©,0) o (L

Example
When n = 1, we just get R back: R' = R. Geometrically, this is the number
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Example
When n = 2, we can think of R” as the plane. This is because every point on
the plane can be represented by an ordered pair of real numbers, namely, its x-
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Example

When n = 3, we can think of R® as the space we (appear to) live in. This is
because every point in space can be represented by an ordered triple of real
numbers, namely, its x-, y-, and z-coordinates.
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Line, Plane, Space,

So what is R'? or R*7 or R"?
80 back to the definition: ordered n-tuples of real numbers

(012,20, %)

They're still “geometric” spaces, in the sense that our intuition for RY and R <>
sometimes extends to R”, but they're harder to visualize [‘0 ', S o ) LV \VA
We'll make definitions and state theorems that apply to any R", but we'll only

draw pictures for R and R’

The power of using these spaces is the ability to use elements of R to label
various objects of interest, like solutions to systems of equations C -
0,6,0) o ( 1,2,0) o 27

You try it!

TRUE o E) The set of points in RA3
consisting of all the points with z-value equal to
zero equals the set RA2.

Labeling with R”
Bample

Al colors you can see can be described by three quantities: the amount of red,
green, and blue light in that color. Therefore, we can use the elements of R’ to
Label all colors: the point (.2, .4, .9) labels the color with 20% red, 40% green,
and 90% blue

Labeling with R"
Example

Last time we could have used R* to label the amount of traffic (x,y, z, w)
passing through four streets.

For instance the point (100, 20, 30, 150) corresponds to a situation where 100
cars per hour drive on road x, 20 cars per hour drive on road y, et



One Linear Equation

What does the solution set of a linear equation look like?

Example: Graph the implicit equation x+y=1 in RA2
and find an explicit parametrization of the line.
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Example: Graph the implicit equation x+y+z=1 in
RA3 and find an explicit parametrization of the plane

(000) Vv https://www.geogebra.org/3d/kirgt66w
C\/O,Oj = < =°‘,
(115, u509) ¥ o
("2,‘/7., o) v :
(— l/ - r 3) v
>4
\Loor | b
Z = |- x- R’
Con be ~a B'%l»‘:\\j (,?fw\‘] C/\‘\-6 %l»)
‘Z, - \, (3/ = ”Q’SO e o Q_tiocﬁﬂbv\
o e S
QPO
% <K 23 CM'\O\ A7



www.goodnotes.comhttps://www.geogebra.org/3d/kjrqt66w
www.goodnotes.comhttps://www.geogebra.org/3d/kjrqt66w

ems of Linear Equations

‘What does the solution set of a system of more than one linear equation look
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x = 3y 3
x~3y=3
has ho-solutionthe-lines

parallel.

A system of equations with no solutions is called inconsistent.

N Cmv\e)j ey SuAT0S
has infinitely many solutions: /
they are the same line.

Note that multiplying an equation by a nonzero number gives the same
solution set. In other words, they are equivalent (systems of) equations.

AT :
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» R" is the set of ordered lists of n numbers.
» R" can be used to label geometric objects, like R? can label points on a '(\,\ SN .
plane
» The solutions of a system equations kook like an intersection of fines,
planes, etc.
» Finding all the solutions of 3 system of equations means finding 3
parametric form: a labeling by some R".



Section 1.2

Row Reduction

Review from 1.1: Solving Systems of Equations .
* A solution is a list of numbers x,y,z,...

that makes all of the equations true.
» The solution set is the collection of all

Example
Solve the system of equations

2 3z= 6 solutions,
2: z 3, : 2z = 14 » Solving the system means finding the
¥ solution set in a “parameterized” form.

x4 y- z=-2

Definition
A system of equations is called inconsistent if it has no solution. It is
consistent otherwise.

QUOERNUIAL ok g oF N vl
Solve: x+2y+3z= 6 @ oy Lolwdny For

2x -3y +2z= 14 .
X+ y— z=-2 ©) wdd  aw equoon o No stiec
(e \iminatson  aetnd)
You try it! What are some techniques that you \r® Poalinly bt coles of e oF L
already know to solve a system like this?
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0 H+zqazz=0 Z+24+37 =0 -2z -y~ bz -2
@ -L‘/"';‘t-l’ 2?7'7 = ‘z@*® =9 Y2 =7 + 2t =39 STz = 14
~
QD Ay - ¥=-2 ZAh+ry =2 = =2 ~Fy=ls =1

= L+2y+33 =0
© -7y -4z =2 Anuse o4 ooy howe
30+ ~59 - 10%=-20 %; Zz-
Elimination method: in what ways can you manipulate the equations? ¢
* Mutltiply an equation by a nonzero number. (scale)

» Add a multiple of one equation to another. (replacement)
* Swap two equations. (swap)
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Solve: Ix+2y+32= 6
-3y +22z= 14

X+ y— z=-2

MY

You try it! What are some techniques that you
already know to solve a system like this?

Elimination method: in what ways can you manipulate the equations?

» Muttiply an equation by 3 nonzero number.
* Add a multiple of one equation to another
*» Swap two equations.

WS  rapkiats

(scalo)
(replacement)

(swap)
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x+2y+3z= 6
2 -3y+22= 14
X+ y- z=-2

This is called an (augmented) matrix. Our equation manipulations become
elementary row operations:

* Multiply all entries in a row by a nonzero number. (scale)

» Add a multiple of each entry of one row to the corresponding entry in
another. (row replacement)
» Swap two rows. (swap)

N *2Y 32 =0
2a-3y + 23z =f
e Y =2

—

-Z

Lt2y+32 =0

300 -7 Hr =1
LA+ =-2= -2
% A+2y+32 =06
-7y -4z =2
-zH)+@ ]

~5Yy ~IQ%=-20



Row Equivalence

Definition The proces of doing row operations to a matrix does
Two matrices are called row equivalent if one can be obtained from the other not dun(le the solution set of the corresponding linear
by doing some number of elementary row operations. equations!

So the finear equations of row-equivalent matrices have the same solution set.
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How do yow e + a “suple’ sygenl

Let’s come up with an algorithm for turning an arbitrary matrix into a “solved™
matrix. What do we mean by “solved”?

(ReR)

A matrix is in row echelon form if
1. All zero rows are at the bottom.

2. Each leading nonzero entry of a row is to the right of the
leading entry of the row above.

3. Below a leading entry of a row, all entries are zero,
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Picture:

« = any number
+ = any nonzero number

Definition I o deig con Ghtion Sorwy,
A pivot « is the first nonzero entry of a row of a matrig] A pivot column is a
column containing a pivot of 3 matrix in row echelon f

Reduced Row Ech Form

A matrix is in reduced row echelon form if it is in row echelon
form, and in addition,

4. The pivot in each nonzero row is equal to 1.
5. Each pivot is the only nonzero entry in its column. E-P
Picture: @
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An Inconsistent Example

Example
Solve the system of equations

x+ y=2
3x+4y =5
4x +5y =9
Solve: x+ y =2
3x +4y =5
4x +5y =9
% o
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1.2: Row Reduction

Theorem

i\:;"m;.: is row equivalent to one and only one matrix in reduced row Leggp\,
You try it! 2EF7 (LQF?
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Row Echelon Form

Let’s come up with an algorithm for turning an arbitrary matrix into a “solved™
matrix. What do we mean by “solved”?

A matrix is in row if
T Al zero rows are at the bottom.

2. Each leading nonzero entry of a row is to the right of the
leading entry of the row above.

3. Below a leading entry of a row, all entries are zero.

s*c-'\'”‘y[

Reduced Row Echelon Form

A matrix is in reduced row echelon form if it is in row echelon
form, and in addition,

he pivot in each nonzero row is equal to 1

5. Each pivot is the only nonzero entry in its column.

Picture.
10 « 0
01 0 * = any number
000 1 » 1 pivet
0000°C0

Per [L313] (Revyevee



ra example 1

Translate the equation to an augmented matrix and put the matrix in RREF.

h

Label all pivots. Feel free to use the EITEmrmr=y rrinter.html Interactive Row Reduction
e snimm
NAVo+2y-xu=4 0 < v ————— D & &+ 0
2o +dntn-2u=-1 - o - =
Interactive Row Reduction

—a-2e-xtu=-1

Enter this into the interactive row reducer:

TS T SRR N 42 0 -t (2
T4 2| | Avee-N [OOA O | 3 V1139

Extra example 1

We can mare easily do elimination with matrices. The allowable moves are
row swaps, row scales, and row replacements. This is called row reduction
» A matrix in row echelon form corresponds to a system of linear equations
that we can easily solve by back substitution.
> A matitk Tn. reduced ow echialon form cimesconds to 3 sysem of nker Mt2ai2o-x=4 NS equdn [t 2l — KXy =2
equations that we can easily solve just by looking. 1 7‘ = 3
» We have an algorithm for row reducing 3 matrix to reduced row echelon s
o =0

Translate the equation to an augmented matrix and put the matrix in RREF.
Label all pivots. Feel free to use the CIEENTETND

20 44 +x -0 =-1

form. —x =2 = = —1

» The reduced row echelon form of 3 matrix is unique.
» Two matrices that differ by row operations are called row equivalent.
Row-equivalent systems have the same solution set.

> A system of equations is inconsistent exactly when the i Z‘: -7 "'214 +7C1’

augmented matrix has a pivot in the last column.

N = 4
e L)
- Xz=73

A= Ay (Peew)

A matrix is in row echelon form if

1. All zero rows are at the bottom. 72\

2. Each leading nonzero entry of a row is to the right of the

leading entry of the row above.

3. Below 3 leading entry of 3 row, all entries are zero. O AR Z0 Aon ok Qn\,u\,‘&\bf\( t
A matrix is in reduced row echelon form if it is in row echelon Q
form, and in addition,

4. The pivot in each nonzero row is equal to 1

5. Each pivot is the only nonzero entry in its column.

Row echelon form: Reduced row echelon form.
¥ 2 % * % 10 0 =
0 2] % * * 01 « 0 «
0 0 0 |« 000 1 «
0 0 0 0 O 00000
+ = pivots
cing 1.2: Row Reduction
e ORI e « =
P e oe e 0 « » 001 « »
Step 13 Swap the 1st row with a lower one so a leftmost nonzero entry is in 1st LR LR 0 » o » 0+ » »
row (if necessary). . ..o v o oe o 0« « » 0w « o
Step 1b Scale 1st row so that its leading entry is equal to 1.
Step 1c Use row replacement 5o all entries below this 1 are 0. "l‘ plleikiom
Step 2a _Swap!hzzndvo«mm;lonevousothanhelehmt nonzero entry is ok MR
i 2nd row 0 0[0]« 00 0 000 0001
Step 2b Scale 2nd row so that its leading entry is equal to 1. 0 0.0 « 000 = 00 0 * 0000
Step 2c Use row replacement 5o all entries below this 1 are 0.
Step 3a Swap the 3rd row with a lower one so that the leftmost nonzero entry is in ’ RREF
3rd row. 1« « » 1 « « 0 1:0:n-0
etc 01 « 01«0 01 «0
Last Step Use row replacement to clear all entries above the pivots, starting with the 00 01 0001 0001
0000 0000 0000

last pivot (to make life easier)

0 -7 -4 2
2 4 6| 12
3 1 -1|-2

Example
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Step 1a Swap the 1st row with a lower one so a leftmost nonzero entry is in 1st
row (if necessary).

Step 1b Scale 1st row so that its leading entry is equal to 1.

Step 1c Use row replacement so all entries below this 1 are 0.

Step 2a Swap the 2nd row with a lower one 5o that the leftmost nonzero entry is
in 2nd row.

Step 2b Scale 2nd row so that its leading entry is equal to 1.

Step 2c Use row replacement 5o all entries below this 1 are 0.

Step 3a Swap the 3rd row with a lower one 5o that the leftmost nonzero entry is in
3rd row.

e ow

. w

1 0«0
etc 0 1«0 Profit?
Last Step Use row replacement to clear all entries above the pivots, starting with the 0 001
last pivot (to make life easier). o 000
Exampl
e 0 =7 -4 2
2 4 6|12
3 1 -1|-2
You try it!

Question

What does an augmented matrix in reduced row echelon form look like, if its

system of linear equations is inconsistent?
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Section 1.3

rrinter.html?mat=2,1,12,1:1,2,9,-1

Example 1

How do we solve a system of linear equations if the row reduced matrix has a H&p ég aw ‘A‘ ‘ w‘ m
column without a pivot? Let's do an example.
4 yrtz= 1 21 12| 1 _
( ) SAnaonS Ao o sy B~
oL W egns 2

X427+ Or=-1 gives rise to the matrix 12 9|-1)°

Ng eqpol ™
CDI:Z 1otz |y
|2 9 ‘-l&”
® [k
@ (M) keefeoer
@ wete eg. 9 Solue
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Free Variables {Important
1. You can choose any value for the free variables in

Definition (consistent) linear system.

Consider a consistent linear system of equations in the variables x;, ..., x,. Let 2. Free variables come from columns without pivots in a
A be a row echelon form of the matrix for this system. matrix in row echelon form,

We say that x; is a free variable if its corresponding column in A is not a pivot

column,

Example 2 The boxed equation is called the parametric form of the general

solution to the system of equations. It is obtained by moving all
Suppose the reduced row echelon form of the matrix for a linear system in free variables to the right-hand side of the =.

X, X2, X3, X 8
1003 2
001 & 1

What happened to x;7 What is it allowed to be? @ CA‘»‘] \/

@ (A~ REPRIEF 7
@@ i eosTl Sz Gt SRV

Solve the system of linear equations in x;, X3, Xy, X

x + 5x3 =0
x=0



Free variables

Gaometry, looking shead

If we have a consistent system of linear equations, with n variables and k free
variables, then the set of solutions is a k-dimensional object in R". We will
make this peecise later, but it is worth thinking about now.

Why does this make sense?
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A linear system has 4 variables and 3 equations. [ A\ b.) _

(a) point

(b) two points

(c) fine

(d) plane

(e) 3-dimensional object

5
What are the possible solution sets? X’
X

(f) 4-dimensional object

Yet Another Example

The linear system

x+y+zm1l hasmatixfoom (1 1 1]1)

Q: What is the parametric form of the g
system of one equation in three variabl¢ s,yador Barone

S rant 35 i,

“



Trichotom:

There are three possibilities for the reduced row echelon form of the augmented & Pap‘
matrix of a linear system.
1. The last column is a pivot column
In this case, the system is inconsistent. There are zero solutions, i.e. the

vt e T 61 3 Sysilems o2 latar eqrf-

0 1|0
00/

2 E ma except the last columa is 3 pivot column

o ~ S
In this case, the system has a unique solution. Picture: 4— W\.Q'T( ces ’( T8 w&’ck\—)

3. The last column is not a pivot column, and some other column isn't either.

% wp I‘a,seﬁ-“\rj solne usig
In this case, the system has infinitely many solutions, corresponding to the N
infinitely many possible vakues of the free varioble(s), Picture: ? O el ic an -Rc ~™.

B i)

» Row reduction is an algorithm for solving a system of linear equations
represented by an augmented matrix.

» The goal of row reduction is to put a matrix into (reduced) row echelon
form, which is the “solved” version of the matrix

» An matrix 10 an i i system if and only if
there is a pivot in the augmented column.

» Columns without pivots in the RREF of a matrix correspond to free
variables. You can assign any value you want to the free variables.

» We can tell whether a linear system has zero, one, or infinitely many
walutinns iking the RRFF of tha suementad mateiv




