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Linear Independence

Example: what is
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Sometimes the span of 3 set of vectors is “smaller” than you expect from the (1 ) Span{[1 | ],[2,2],[0,0]}

number of vectors. & \M O~ @ (/

g g (2) Span({[1:0;11[0;1;01[1;1:1]) :
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Linear independence Like span, limear (in)dependence is another one of those big vocabulary l ) \
words that you absolutely need to learn. Much of the rest of the course

Definition will be built on these concepts, and you need to know exactly what they 0 ] |
::tl;:mmm,w, v} in R" is linoarly independent i the vector m::aevmbeam-::'mmmmmmamﬂam(am [
il o |
nntevd ot X =0
has only the trivial solution x; = x = - = %, = 0. Theset {n,va.....v} &
fincarty dependent otherwise
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In other words, {v, va...., v} is linearly dependent i there exist numbers F)
2,30, %, N0t all equal to zero, such that o -

Note that linear (in)dependence is a notion that applies
Xt xvt et Xv =0, to a collection of vectors, not to a single vector, o 10
one vector in the presence of some others.

This is calied  linear dependence relation or an equation of linear /
dependence
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Equivalently, does the (homogeneous) the vector equation

«{fs (‘)"(f)'-—(g)
V T Warning: It is not meaningful to say “v is dependent
on w”, but you can say that the set {v,w} is linearly

9_\'39_&31 Coune ?W/ﬂ'&g dependent.

Checking Linear Independence
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Equivalently, does the (homogeneous) the vector equation

(3) ()0 -6)

Linear Independence and Matrix Columns

In general, {wi,vs,...,v,} is linearly independent if and caly if the vector
equation
XV v E Xy =0

has only the trivial solution, if and only if the matrix equation
Ax =0

has only the trivial solution, where A is the matrix with columns v, v, ..., vy

This is true if and only if the matrix A has a pivot in each column

Important

» The vectors v, va, are linearly independent if and only if the
matrix with columas v, v2, ..., v, has @ pivot in each column

» Solving the matrix equation Ax = 0 will either verify that the
columes v, va,..., v of A are linearly independent, or will
produce a linear dependence relation




Example: Are the vectors v1=[1;1;0], v2=[2;0;4], and
v3=[1;2;-2] linearly dependent? Can you write v3 as
a vector in Span{v1,v2}?
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Linear Independence
Criterien

Suppose that one of the vectors (v, v, ..., v, } is 3 linear combination of the
other ones (that is, it is in the span of the other cees)
; L -V=0 (Lep cowssin)
wem-de £9 w- 3w ~V3=0
Theorem
A set of vectors (v, v, ..., v} is linearly dependent if and only if one of the
vectors is in the span of the other ones.

Equivalently tioa |
A set of vectors is linearly independent if and only if,
every time you add another vector to the set, the span
Theorem ot blgger
A set of vectors (v, va,. .., v} is linearly dependent if and only if you can

remove one of the vectors without sheinking the span.
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Linear Independence
Pictures in &

One vector {v}
Linearly independent if v # 0.

Linear Independence
Pictures in B

One vector {v}
Linearly independent if v # 0.
Two vectors {v, w}
Linearly independent
» Neither is in the span of
3 the other
v, » Span got bigger.

Linear Independence
Pictures in B

One vector {v}
Span{w (v Linearly independent if v # 0.
Two vectors {v, w
Linearly mdegenden(
» Neither is in the span of
the other
» Span got bigger
Theee vectors {v, w
Linearly dependent
> wisin Span{v, w}
» Span didn't get bigger
after adding v.
» Can remove u without
shrinking the span
Also v is in Span{u, w} and w
is in Span{u, v}

Linear Independence
Pictures in B

- Two vectors {v, w
Linearly independent
- * Neither is in the span of
& the other.
» Span got bigger when we
added w.
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Linear Independence
Pictures i R*

> Three vectors {v,w, u}
.4 Linearly independent: span got
bigger when we added u
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https://textbooks.math.gatech.edu/ila/demos/spans.html?captions=indep&v1=2,-1,1&v2=1,0,-1&v3=.5,-.5,1&labels=v,w,x&range=5
https://textbooks.math.gatech.edu/ila/demos/spans.html?captions=indep&v1=2,-1,1&v2=1,0,-1&v3=.5,-.5,1&labels=v,w,x&range=5
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Linear Dependence and Free Variables

Theorem
Let vy, vi,..., ¥, be vectors in R, and consider the matrix

119

Then you can delete the columns of A without pivots (the columns
corresponding to free variables), without changing Span{v, vz, ... v, }. The
pvot columns are inearly independent, o you can't delete any more columes.

This means that each time you add a pivot column, then the span increases.

Example: Which of the vectors in the set {v1,v2,v3,v4,v5} can
be removed without changing the span of the vectors?

v1=[1;0;0], v2=[1;1;0], v3=[2;2;0], v4=[1;3;0], v5=[2;2;3]
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Linear Independence

Towo mcre fact:

Fact 1- Say wi, vy, ..., v, are in R™. If n > m then {w, vz, ..., v,} is linearly [ A RS oy e, ]
wide matrix have fi independent colu

dependent: the matrix

cannot have 3 pivot in each columa (it is too wide).

This says you can't have 4 linearly independent vectors in R”, for instance
——
e
T —

Example: Is {v1,v2,v3} linearly independent or linearly
dependent? If the set is linearly dependent, then find W\oﬁ\'\vc@g nGase LW

a dependence relation on v1,v2,v3.
independen

= | xS
vi=[1;1], v2=[0;1], v3=[2;3] ——
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Fact 2 1 one of w, v, ..., va is zero, then (v, va, .., va} is linearly
dependent. For instance. if vy = 0, then A set containing the zero vector is linearly dependent
1w +0-w+0-n+-40-v,=0

is a linear dependence relation

Example: Is {v1,v2,v3} linearly independent
or linearly dependent? If the set is linearly
dependent, then find a dependence relation
onvi,v2,v3.

v1=[1;1;0], v2=[0;0;0], v3=[0;1;1]

w1 wl3) o (i



> A set of vectors is linearly independent if remaving one of the vectors

sheinks the span; otherwise it's Bnearly dependent

There are several other criteria for linear (in)dependence which lead to

pretty pictures

The columns of 3 matrix are linearly independent if and only if the RREF

of the matrix has 3 pivot in every column

» The pivot columns of 3 matrix A are Einearly independent. and you €an
delete the non-pivot columns (the “free” columns) without changing the
span of the columns.

» Wide matrices cannot have finearly independent columas.

v

Visring
[-Thse are not the official def |

Linear Independence

Definition
A set of vectors {w,vz,..., %} in R" & linearly independent i the vector
equation

an + + +Xovp = 0
has only the trivial solution x = x3 ==X, = 0. The set {v,v2..... v} s
finearly dependent ctherwise

This is the official textbook definition.



Section 2.6

Subspaces

Today we will discuss subspaces of R”

Example

Aline L through the origin is a subspace —
L contains zero and is easily seen to be

closed under addition and scalar mult

plication.

Example

A plane P through the origin is 3 sub-
space: P contains zero; the sum of two (
vectors in P is also in P; and any scalar

multiple of a vector in P is also in P

Example
All of R™: this contains 0, and is closed under addition and scalar multiplication.

Example
The subset {0}: this subspace contains only one vector.

finition of Subspace

Definition
A subspace of R” is a subset V of R" satisfying: [ A subspace is a span of some set of vectors in it ]

1. The zero vector is in V. “not empty”
2 fuandvarein V, then u + v is also in V. “closed under addition”
I WusinVandcisinR, then cuisin V. “closed under x scalars™



Subsets and Subspaces
«

y aren't the samy

A subset of R" is any collection of vectors in R" whatsoever. For example, the Subset: yes

unit circle Subspace: no
C={(x,y)inR | X +y =1}

is a subset of RY, but it is not a subspace

Noa-Example
A line L (or any other set) that doesn't

contain the origin is not a subspace. .

Fails: 1

Non-Example /
A circle € is ot a subspace. Fails
123 Think: a circle isn't 3 “finear

space

Noa-Example
The first quadrant in R? is not a sub- :
space. Fails: 3 only,

Noa-Example

A fine union a plane in R is not a sub- j
space. Fails: 2 only

Subspaces are Spans, and Spans are Subspaces

il
rsv«y subspace is a span, and every span is a subspace ]

Theorem

Any Span{w, ..., v,} is 3 subspace

Definition
IV« Span{vi.vi,..., v, ). we say that V is the subspace generated by or
spanned by the vectors v, vs, ., vs. We call {v, va,...,v,} 2 spanning set
for V.

Example: check from the definitions that Span{v1,v2}
is a subspace where v1=[1;0;0] and v2=[0;1;0].

{Poll}
Which of the following are subspaces?

A The empty set {}

B. The solution set to 3 homogeneous system of linear equations.

C. The solution set to an inhomogeneous system of linear equations.

D. The set of all vectors in R* with rational (fraction) coordinates.
For the ones which are not subspaces, which property(ies) do they not
satisfy?




Which of the following are subspaces?
A The empty set {}

B. The solution set to 3 homogeneous system of linear equations.

C. The solution set to an inhomogeneous system of linear equations.

D. The set of all vectors in R* with rational (fraction) coordinates.
For the ones which are not subspaces, which property(ies) do they not
satisfy?

Lee V= {(;) in R mfo} Let's check if V is a subspace o not

Column Space and Null Space

An m % n matrix A naturally gives rise to two subspaces.
Definition

» The column space of A is the subspace of R™ spanned by the columns of
A It is written Col A
» The null space of A is the set of all solutions of the homogeneous
equation Ax = 0.
NulA = {x in R"| Ax = 0}.

This is a subspace of R"

Definition of Subspace

Definition
subspace

of R" is 2 subsat V of R satisfying

1. The zero vector is in V.
2 Wuandvarein V, then u+ visalsoin V.
3 HWusinVandcisinR, then cuisin V.

“not empty”
“closed under addition”
“closed under x scatars”




Column Space and Null Space

An m x n matrix A naturally gives rise to two subspaces.

Definition
» The column space of A is the subspace of R™ spanned by the columns of
A It is written Col A
» The null space of A is the set of all solutions of the homogeneous

equation Ax = 0.
NulA = {xin R"| Ax = 0}

This is a subspace of R"

Example: Why is Col(A) always a subspace?

Example: Show that Nul(A) always satisfies all the
conditions for being a subspace, using the definitions.

Column Space and Null Space
Examsie
R !
Let A 11
11

Example: Find Col(A) and Nul(A) where A=[11;11;11]

Example: with A as above, describe Col(A) and Nul(A)
geometrically.

Nul A

toI(A)



Null Space is a Span

The column space of a matrix A is defined to be a span (of the columns).
The null space is defined 1o be the solution set 1o Ax = 0. It is a subspace, so

How to find vectors that span the null space?

Example: Write the null space of the matrix A as a span.
A=[10-12;01-2-3]

Answer: Parametric vector form! We know that the solution set to Ax = 0 has
a parametric form that looks like

1 2 1 2

2 3 i, say,  and x 2 3
-. +x are the free Nl A = Span

1 0 1 0

o variables. So H A

1



Subspace: Fow 90 you check if 3 subset is 3 subspace?
=2l » st a span? Can it be written as 3 span?

> A subspace is the same as 3 span of some number of vectors, but we » Can it be written as the column space of a matrix?
haven't computed the vectors yet » Can it be written as the null space of a matrix?
. ‘T:.::y matrix is associated two subspaces, the column space and the null » Is it all of R" or the rero subspace {0)7
Col A = the span of the columas of A » Can it be written a5 a type of subspace that we'll learn about later
Nul A = the solution set of Ax « 0. (eigenspaces, ...)
If 50, then it's automatically a subspace
1 all else fails

» Can you verify directly that it satisfies the three defining
properties?




Sections 2.7 and 2.9

Basis, Dimension, Rank and Basis Theorems

Recall 3 subspace of R" is the same thing as 3 span, except we haven't
computed a spanning set yet.

For example. Col A and Nul A for 3 matrix A
There are lots of choices of spanning set for a given subspace.

Are some better than others?

Basis of a Subspace
Important -

What is the smallest number of vectors that are needed to span a subspace? A subspace has many different bases, bit they all have the same
number of vectors.

Definition

Let V be 3 subspace of R*. A basis of V is a et of vectors {wi,vz,...,va} in
V such that

1.V =Span{n. v, V). and
2. (Va0 0o V) s linearly independent
The number of vectors in a basis is the dimension of V, and is written dim V.

Question €2
What is a basis for R'?

©

The unit coordinate vectors

1 0 {4 0
0 1 0 0
o= , &= ) , &= , =
o ] 1 0
0, 0, 0, 1,

are 3 basis for R®
1. They span: L, has a pivot in every row.
2. They are linearly independent: L, has 3 pivet in eveey column

In general: {vi,v2,..., v} is a basis for R” if and only if the matrix

A=|wv v - v
(. I

has a pivot in every row and every column,



Basis of a Subspace
Example

Example

Let v1=-3,1,0&v2=0,1,-3&range=5&captions=combo

e TN E SN B e

Verify that B is a basis for V. (So dim V = 2: it is a plane.)

Example: Find a basis for Nul(A) with A given below
(the RREF of A is also given)

Fact
Basis for Nul A [_Tv-. wectoes in the parametric vector form of the general solution

to Ax = 0 abways form 3 basis for Nul A

Example

1 2
A=|-2 -3
2 4



https://textbooks.math.gatech.edu/ila/demos/spans.html?v1=-3,1,0&v2=0,1,-3&range=5&captions=combo
https://textbooks.math.gatech.edu/ila/demos/spans.html?v1=-3,1,0&v2=0,1,-3&range=5&captions=combo
https://textbooks.math.gatech.edu/ila/demos/spans.html?v1=-3,1,0&v2=0,1,-3&range=5&captions=combo

Example: find a basis for Col(A) for the matrix A
given below (the RREF of A is also given

Basis for Col A

Example

1 20 -1 el 10 -8 -7
A 2 3 4 5 d 01 “ 3
2 40 2 o0 o o

The Basis Theorem

Basis Theorem
Let V be a subspace of dimension m. Then
> Any m Enearly independent vectors in V form a bass for V
» Any m vectors that span V form 3 basis for V

Example: any three linearly independent vectors form a basis for R’

Fact
[—TM pivot columns of A always form a basis for Col A ]

Warming: | mean the pivot columns of the original matrix A, not the
row-reduced form. (Row reduction changes the column space.)

{Upshot
If you already know that dim V = m, and you have m
vectors B = (W, v2,..., Vm} in V, then you caly have

to check one of
1. B s linearly independent. or
2 Bspans V

in order for I8 to be a basis




The Rank Theorem

Recall
» The dimension of a subspace V' is the number of vectors in a basis for V.
» A basis for the column space of a matrix A is given by the pivot columns,

* A basis for the null space of A is given by the vectors attached to the free
variables in the parametric vector form.

Definition

The rank of 2 matrix A, written rank A, is the dimension of the column space
Col A The nullity of A, written nullity A, is the dimension of the solution set of
Ax = 0.

Rank Theorem
W Ais an m x n matrix, then
rank A + nullity A = n = the number of columns of A

so that is:

(dimension of column space) + (dimension of solution set to Ax=0) = (humber of variables)

The Rank Theorem

You Try It!

Poll
True or False: If Ais a 10x 15 matrix and there is 3 basis of Col A
consisting of 4 vectors, then there is a basis of Nul A consisting
of 6 vectors.

> A basis of 3 subspace is 3 minimal set of spanning vectors.

» There are recipes for computing 3 basis for the column space and null
space of a matrix

» The dimension of a subspace is the number of vectors in any basis.

» The basis theorem says that if you already know that dim V = m, and
you have m vectors in V, then you only have to check if they span or
they re linearly independent to know they're a basis.

» The rank theorem says the dimension of the column space of a matrix
plus the dimension of the null space, is the number of columas of the
matrix



