Sections 2.7 and 2.9

Basis, Dimension, Rank and Basis Theorems ap k
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1. They span: L, has a pivot in every row.
2. They are linearly independent: /. has a pivot in every column
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Example: Find a basis for Nul(A) with A given below s rt

(the RREF of A is also given) \DOv$15 (=14 \rﬂl o5 fupyre
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[-Yom vectors in the parametric vector form of the general solution ]

Example to Ax = 0 abways form 3 basis for Nul A
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Example: find a basis for Col(A) for the matrix A
given below (the RREF of A is also given

Basis for Col A

Fxt
TMavvchmn of A always form a basis for Col A ]

Warming: | mean the pivot columns of the original matrix A, not the
row-reduced form. (Row reduction changes the column space.)
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1f you already know that dim V = m, and you have m
Basis Theorem
Let V be a subspace of dimension m. Then mmﬂ (v, v, va} in V, then you caly have

0 check one of
> Any m Enearly independent vectors in V/ form a basis for V.

» Any m vectors that span V form a basis for V 2 Bspans V
Example: any three linearly independent vectors form a basis for R’

1. B tinearly independent. or

in order for B to be a basis.




The Rank Theorem | e e R

Reca T catumens

> The dimension of a subspace V is the number of vectors in 3 basis for V/ [\IO‘V
> A basis for the columa space of a matrix A s given by the pivot columns, & ' ——

N 9p0c
» A basis for the null space of A is given by the vectors attached to the free o Qe AER /Zﬁ,vﬂ
wvariables in the Parametric vector form.
Definition ! .
Tia et e
The rank of 2 matrix A, written rank A, is the dimension of the column space oul - eve e e

Col A The nullity of A, written nullity A, is the dimension of the solution set of
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W Aisan mx n matrix, then
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rank A + nullity A = n = the number of columns of A

so that is:
ks + ¥ G = ¥ wh
(dimension of column space) + (dimension of solution set to Ax=0) = (humber of variables)
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The Rank Theorem
Example

\ - N (J% These e Yree  Gle
2 o So dim N\ A=2

You Try It!

Poll

True or False: If Ais 2 10 15 matrix and there is 3 basis of Col A
consisting of 4 vectors, then there is a basis of Nul A consisting
of 6 vectors.

» A basis of 3 subspace is 3 minimal set of spanning vectors.

» There are recipes for computing 3 basis for the column space and null
space of a matrix =R NK WE BSS

» The dimension of 3 subspace is the number of vectors in any basis.

» The basis theorem says that if you already know that dim V = m, and
you have m vectors in V, then you only have to check if they span or
they're linearly independent to know they're a basis.

» The rank theorem says the dimension of the column space of a matrix
plus the dimension of the null space. is the sumber of columas of the
matrix
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Chapter 3

Linear Transformations and Matrix Algebra

Section 3.1

Matrix Transformations

Let A be a matrix, and consider the matrix equation b = Ax. If we vary x, we
can think of this as a function of x.

—

col.span

b= Ax
R + R

Example: A=[10;01;00], plot some
inputs x and outputs Ax
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Example: with A as below, plot some inputs and outputs

Matrices as Functions
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https://textbooks.math.gatech.edu/ila/demos/Axequalsb.html?mat=1,0,0:0,1,0:0,0,0&range2=5&closed=true
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Example: for the matrix A given
below, plot some input and output https://textbooks.math.gatech.edu/ila/demos/

vectors for T(x)=Ax, and give the twobytwo.html?mat=-1,0,0,18&closed=true
function T an appropriate NAME.
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function T a NAME.
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Example: ditto

Matrices as Functions
Vantity
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Other Geometric Transformations

[ In §3.1 there are other examples of geometric transforma-

tions of R” given by matrices. Please look them over.

Transformations
Mor

We have been drawing pictures of what it looks fike to multiply 3 matrix by a
vector, a5 3 function of the vector

Now let’s go the other direction. Suppose we have a function, and we want to
know, does it come from 3 matrix?

Example
For a vector x in R?, let T(x) be the counterciockwise rotation of x by an

angle 0. s T(x) = Ax for some matrix A?
If 6 = 90°, then we know T(x) = Ax, where
0o -1
a=(1 7)
But for general #, it’s not clear.

Oue next goal is to answer this kind of question

Definition

A transformation (or function o map) from R to R™ is a rule T that assigns
to each vector x in R” a vector T(x) in R™

» R"is called the domain of T (the inputs)
» R™ is called the codomain of T (where the outputs live).
» For x in R, the vector T(x) in R™ is the image of x under T

Notation: x —» T(x). T pANNBARS output Vecds”

» The set of afl images { T(x) | x in R"} is the range of T
T of gl ompak
T:R"—+R" means T i a transformation from R" to R™ e tors.

Examples from calculus: f(x)=sin(x) and g(x)=x"2
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Functions from Engineering

Suppose you are building a robot arm with three joints that can move its hand
arcund a plane, as in the following picture

Matrix Transformations

Definition
Let A be an m x n matrc. The matrix transformation associated to A s the
transformation

TR —+R" defined by T(x) = Ax

Example: find the domain, codomain, and range
of the matrix transformation T(x) below

By
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v/ » The domain of T is R”, which is the number of columns of A.

» The codomain of T is R™, which is the number of rows of A.
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Example: find the domain, codomain, and range
of the matrix transformation T(x)=Ax with the
matrix A given below
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You Try It!

Let A (0 ‘)mmr() Ax.50 T: R < R, (T is called 2 shear.)

- P2
Find: the domain, the codomain, and the range of T. &XY@,\{\ [ E

Also plot a few input and output vectors, and give the \_@OQQNU?Q’V HZTL

transformation a NAME
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» We can think of b= Ax as 3 transformation with input x and cutput b

» There are vocabulary words associated to transformations: domain,
codomain, range

» A transformation that comes from a matrix is called 3 matrix
transformation

> In this case, the vocabulary words mean something concrete in terms of
matrices.

» We like transformations that come from matrices, because questions about
those transformatioas turn into questions about matrices




Section 3.2

One-to-one and Onto Transformations

Matrix Transformations
Raminder

Recall Let A be an m x n matrix. The matrix transformation associated 1o A
is the transformation

T:R"—R™ defined by T(x)=Ax
» The domain of T is R". which is the number of columns of A

» The codomain of T is R™, which is the number of rows of A
» The range of T is the set of all images of T

T(x) = Ax (v. " v.) ('] R F I Kav

X

This is the cofumn space of A It is a span of vectors in the codomain

Matrix Transformations
[

Let A (l} ;) and let T(x) = Ax.s0 T:R* =+ R’
(1) find T(u) where u>=[3;4]
(2) let b=[7;5;7], find v in RA2 such that T(v)=b.

(3) is there any other vector w (other than v) that
also gets sent to b?



Matrix Transformations

Example

Let A= (‘l) ;) and let T(x) = Ax.s0 T:R* 4+ R
11
Same A as previous example.

(4) is there any vector c in RA3 which is
not in the range of T? In other words, can
you find a vector ¢ for which NO vector v
in RA2 maps to c?

Translation: Find ¢ such that Ax = c is inconsistent.




Transformations

Note: All of these questions are questions about the transformation T it still
makes sense to ask them in the absence of the matrix A

The fact that T comes from a matrix means that these questions translate into
questions about 3 matrix, which we know how to

sinx
Noa-example: T: R® - R r(;) (xy)

cosy,

We will restrict our focus to matrix
transformations in this class, but it is good to
know that you can still ask similar questions
about arbitrary transformations from R~n to R m.

Questions About Transformations

Today we will focus on two important questions one can ask about a
transformation T: R" — R™

» Do there exist distinct vectors x, y in R" such that T(x) = T(y)?

» For every vector v in R™, does there exist 3 vector x in R” such that
T(x) = v?

These are subtle because of the multiple quantifiers involved ( “for every”
“there exists”)

One-to-one Transformations

Definition
A T:R R is (or into, ce injective) if different
vectors in R" map to different vectors in R™. In other words, for every b in R”
the equation T(x) = b has at most one solution x. Or. different inputs have
different outputs. Note that not one-to-cne means at least two

wvectors in R" have the same image.
¢ f s : ;
[_”_:" T Characterization of One-to-One Matrix Transformations
11 Theorem
Let A = (0 1) and let T(x) = Ax. 50 T:R* 4 R’ Let T: R" — R™ be a matrix transformation with matrix A. Then the
11 . . following are equivalent:
Same example as before: Is the > T is one-to-one.
. » For each b in R™, the equation T(x b has at most one solution
transformation T(x)=Ax one-to-one? In BT the dauition T04) Connd
» For cach b in R™, the equation Ax = b has a unique solution or is
inconsistent
* Ax = 0 has a unique solution.
» The columns of A are linearly independent.
» A has a pivot in every column.
Question
If T: R™ — R™ is one-to-one, what can we say about the relative sizes of n and
m?
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New example:

One-to-One Transformations

Example
10

A=[0 1 T(x) = Ax
10

50 T: R -+ R’ Is T one-to-one?

QN dogwie o T s
@) codonsn o T s
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Define
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Non-example:

One-to-One Transformations
Non-Examole

Define

110
a=(p 1 1) Te=a

(1) Is the transformation T(x)=Ax one-to-one?

(2) If not, find two different vectors v and w
that map to the same output b

(3) Also, is every vector b in RA2 the output
for some input vector v?

One-to-one Transformations

Definition
A

T: R - R™ is one-t (or into, cr injective) if different
vectors in R" map to different vectors in R™. In other words, for every b in R”,
the equation T(x) = b has at most one solution x. Or, different inputs have
different outputs. Note that not one-to-one means at least two different
vectors in R” have the same image.




Onto Transformati

Definition

A transformation T: R” - R is onto (or surjective) if the range of T is
equal to R™ (its codomain). In other words, for every b in R™, the equation
T(x) = b has at least one solution. Or, every possible output has an input
Note that not onto means there is some b in R™ which is not the image of any

AN Characterization of Onto Matrix Transformations

Theorem

Let T: R" —» R™ be a matrix transformation with matrix A, Then the
following are equivalent:

Same example as before: E Eone ) )

» T(x) = b has a solution for every b in R™

» Ax = b is consistent for every b in R™

» The columns of A span R"

(‘; : (l)) T(x) = Ax, » A has a pivot in every row

(1) is T(x)=Ax onto?

One-to-One Transformations
o Examole

Define

Same example as before:

Matrix Transformations

11
Let A= (o 1)mm7(.]—m.wr R R
11

(1) is T(x)=Ax onto?

Question
If T: R” — R™ is onto, what can we say about the relative sizes of n and m?
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Last example:

and Onto Transformations

Define

A (7‘2 s ") T(x) = Ax

50 T:R* <+ R, Is T one-to-one? Is it onto?
(1) find the domain and codomain of T
(2) is T one-to-one?

(3)is T onto?

» A transformation T is one-to-one if T(x) = b has at most one soluticn,
for every b in R™
» A transformation T is oato if T(x) = b has at least one solution, for

every bin R”

> A matrix with matrix A is i and only if the
columns of A are linearly independent, if and only i A has 3 pivot in every
column

» A matrix transformation with matrix A is onto if and only if the columns
of A span R™. i and only if A has a pvot in every row

» Two of the most basic questions one can ask about a transformation s
whether it is one-to-one or onto,



