Chapter 6

Orthogonality
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Section 6.1

Dot Products and Orthogonality

Recall: This course is about learning to: s T cedvee LA“] 4 i\‘;:u,i, ‘;‘W:?

: gigmeeTsu g Qignuectors
» Solve the matrix equation Ax = Ax & Soviy (A- AT)x=0-

» Almost solve the equation Ax = b
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We are now aiming at the last topic. <, CLCORSISWOAY s qrepnf 27
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Idea: In the real world, data is imperfect. Suppose you measure a data point{x>
which you know for theoretical reasons must lie on a plane spanned by two
vectors u and v.

» Solve the matrix equation Ax = b

Goal: given x in RAn, find the closest
vector in Span{u,v} to the vector x

The Dot Product

Definition
The dot product of two vectors x, y in R” is
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Thinking of x, y as column vectors, this is the same as x'y. x .3 = XT 5 = [I ( Z S] [ F—B = 22
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Example X - 9

(g) : (E) = (U + @D« = 440 tI& =322

Example
1\ /1 | 3 3 =
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Many usual arithmetic rules hold, as long as you remember you can only dot
two vectors together, and that the result is a scalar.

P X y=y-x
» (x+y)-z=x-2+y-2
> (e)-y =c(x-y)

Dotting a vector with itself is special:

xy Xy
ol I o PSS S P
Xa, Xn,
Hence:
»x-x>0

» x-x=0if and only if x = 0.

Important: x -y = 0 does not imply x = 0 or y = 0. For example, (;) s (?J =0.



The Dot Product and Length

If x is a vector and c is a scalar, then [|cx|| = |¢| - ||x]|l.

Example: find the length of 2*[3;4]
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Example
Let x = (1,2) and y = (4,4). Then
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Definition [ s
A unit vector is a vector v with length |[v = 1. ( 7’2 ) ah-\ M- S\N
Example &h

The unit mdm.mmm.i::;nmw x [ %); X o tas.‘.xm

el = =V 4040 =1 L
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Definition ¢
L:t x t‘::a nonzero vector in R". The unit vector in the direction of x is the 27'
vector 7{ . t
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Definition
Two vectors x, y are orthogonal or perpendicular if x - y = 0.

Notation: x L y means x -y = 0.

Fact: x Ly <= [lx = yl* = [IxI* + llyll*

You Try It!

Example: Which of the following pairs of vectors are orthogonal? Find all pairs.

-6 -6 -6 -0
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Orthogonality
Example

Problem: Find all vectors orthogonal to v =
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e wo[3] We(E]

Key insight:

0=x-v=(

X1
X2
X3

)

1
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= X1 + X2 — X3.
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Orthogonality
Example

1
Problem: Find all vectors orthogonal to both v = ( 1 ) and
1
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Key insight:

X1
0= x-v=|x |-

X3

X1
0=x-w= X2 | -

X3
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>=X1+X2—X3

) =x1 + X2 + x3.
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Orthogonality

General procedure

Problem: Find all vectors orthogonal to some number of vectors vy, v, ..., Vi
inR",
This is the same as finding all vectors x such that
0=vx= v,'x == yix.

. T-EF T —_y — Vi X
Putting the row vectors vy , vy ,..., Vi Y
into a matrix, this is the same as findin e 2 i I 0.
all x such that : :

—yr— Vin * X,

[Important -

The set of all vectors orthogonal to some vec- ,__ wW—
tors vi,va, ..., Ve in R" is the null space of ——
the m x n matrix you get by “turning them :
sideways and smooshing them together:" S

In particular, this set is a subspace!
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The dot product of vectors x, y in R” is the number x " y.

The length or f a vector x in R" is ||x|| = /x - x.

The distance between two vectors x, y in R" is dist(x, y) = ||y ~ x||.
A unit vector is a vector v with length ||v|| = 1.

The unit vector in the direction of x is x/||x||.

Two vectors x, y are orthogonal if x -y = 0.

The set of all vectors orthogonal to some vectors vy, vi. ..., Vm in R is the
null space of the matrix
T
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Section 6.2

Orthogonal Complements

Orthogonal Complements

Definition
Let W be a sub of R”. Its orth | k is

Wi={vinR"|v-w=0forall win W} read “W perp".
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You Try It!

f—{ Poll Y

Let W be a 2-plane in R*. How would you describe W*?
A. The zero space {0}.
B. A line in R,
D. A 3-dimensional space in R®.
E. All of R

S J

Hint: try an example! What is the set of vectors which
are orthogonal to both e1 and €2 in R"47?
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For example, if W is the xy-plane, then W™ is the zw-plane:

ho-

g \ML:NW\([lt:)b O']\ ;’r#t.

o L ©

S

(o)

/
b W 22 (8 e e (100 0]


https://textbooks.math.gatech.edu/ila/demos/spans.html?v1=.3,0,1&captions=orthog&range=3
https://textbooks.math.gatech.edu/ila/demos/spans.html?v1=.3,0,1&captions=orthog&range=3

Orthogonal Complements
Basic properties

Let W be a subspace of R".

Facts:
1. W* is also a subspace of R"
2. (WhH)tr=w

3. dmW +dimW* =n
4.1fA=(vi v -+ vm)and W =Col A, then W* = Nul(AT)

1 1
Problem: if W = Span { ( 1 ) 5 (l) } compute W*.
-1 1

Hint:/use (4.)
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(4.) says:
Span{vi, v, ..., Vm}" = Nul :
o
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Orthogonal Complements
Row space, column space, null space

Definition - <l
The row space of an m x n matrix A is the span of the rows of A. It is FaCt (ROW A) - N u' A

denoted Row A. Equivalently, it is the column space of A”:

RowA = Col A", (COl A)J' = Nul AT

cwg\wa@m:%ﬂf (W, 0N = 7

@) (Row A = Nw( [] e 4]1’) Al ((‘_"“‘:D _ )gm%

Dimension of the row space

Even though Row(A) lives in R” and Col(A) lives in R™ if Aisan m x n
matrix, both subspaces have the same dimension.

Theorem
If Ais an m x n matrix, then dim(Row A) = dim(Col A).

Idea: the dimension of Row A is equal to the number
of pivots of A, which is the dimension of the column ‘

space of A.
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Section 6.3

Orthogonal Projections (will finish in next set of slides)

Best Approximation

Suppose you measure a data point x which you know for theoretical reasons

must lie on a subspace W.

.
X —

3 _pex
<ery

Due to measurement error, though, the measured x is not actually in W. Best

approximation: y is the closest point to x on W.

How do you know that y is the closest point? The vector from y to x is
orthogonal to W: it is in the orthogonal complement W* .

Orthogonal Decomposition

wW
Theorem -
Every vector x in R” can be written as / ™~

g
X = Xw + XL
for unique vectors xiy in W and x,,. in W™,

The equation x = Xy + Xy - is called the orthogonal decomposition of x
(with respect to W)

The vector xyy is the orthogonal projection of x onto W.

Let W be the xy-plane in R®. Then W~ is the z-axis.

Find the orthogonal decomposition of x=[2;1;3]

¢

B 7 ) 2 o
x=1|1] = ba) (] = | €| o
3 ol T2 o 3

ﬂm ¥y-plane N TR

https://textbooks.math.gatech.edu/ila/demos/
jection.html?



https://textbooks.math.gatech.edu/ila/demos/projection.html?u1=1,0,0&u2=0,1.1,-.2&vec=-1.1,2,1.5&range=3&mode=decomp&closed
https://textbooks.math.gatech.edu/ila/demos/projection.html?u1=1,0,0&u2=0,1.1,-.2&vec=-1.1,2,1.5&range=3&mode=decomp&closed
https://textbooks.math.gatech.edu/ila/demos/projection.html?u1=1,0,0&u2=0,1.1,-.2&vec=-1.1,2,1.5&range=3&mode=decomp&closed
https://textbooks.math.gatech.edu/ila/demos/projection.html?u1=1,0,0&u2=0,1.1,-.2&vec=-1.1,2,1.5&range=3&mode=decomp&closed
https://textbooks.math.gatech.edu/ila/demos/projection.html?u1=1,0,0&u2=0,1,0&vec=-1.1,2,1.5&range=3&mode=decomp&closed
https://textbooks.math.gatech.edu/ila/demos/projection.html?u1=1,0,0&u2=0,1,0&vec=-1.1,2,1.5&range=3&mode=decomp&closed
https://textbooks.math.gatech.edu/ila/demos/projection.html?u1=1,0,0&u2=0,1,0&vec=-1.1,2,1.5&range=3&mode=decomp&closed
https://textbooks.math.gatech.edu/ila/demos/projection.html?u1=1,0,0&u2=0,1,0&vec=-1.1,2,1.5&range=3&mode=decomp&closed

Orthogonal Decomposition
Computation?

Problem: Given x and W, how do you compute the decomposition x = xu + Xy 7

Observation: It is enough to compute xw, because X, . = x — xw

Theorem (The AT A Trick)

Let W be a subspace of R”, let vy, vz, ..., v~ be a spanning set for W (e.g., a

basis), and let

)

Then for any x i equation
7

in the unknown vector v)

is consistent, and xy = Av for any solution v.

» Find a solution v of ATAv = A”x (by row reducing).
» Then xw = Av and Xy . = X — Xw.

The AT A Trick
Example

Problem: Compute the orthogonal projection of a vector x = (x1, x2, x3) in R?

onto the xy-plane.

N&\.\‘e- z %

i) = (L5 ]%




The ATA Trick

Problem: Let

() W{() ‘}: Col A

(1) compute the orthogonal decomposition of x for the given subspace W X

@‘. the distance from x to the subspace W
-~
A= [wsl=[1 %]
= |\ Lt

K j\wg st SugW B W

» Find a solution v of ATAv = A"x (by row reducing).
» The

nd X1 = X — Xw.

i Recipe for Computing x = X + Xy }
» Write W as a column space of a matrix A, ]

T W

m- 2 7]
[g]‘Xw*Xw»

w = S?N"%\I&/\b/?
Uhree Wz are SOl S
VauTnd
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Ve (- _ 2 !
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! i &\ [ (L\ \/[ReCipeforComputingx=xw+xw;Jl
= ; i T Q [ - » Write W as a column space of a matrix A.
X\N [ ‘D {\ [:}'[3)1 1 "’5[ l07 %[ ?) >::n;av:loluﬁon vlofAT:av=;rx(l:yro:redudng).
= [\[3 \]\) > Thep = Av pdxy =
%lz] o -
33 Av‘f: Z@/g

|
X\JL = X-Xw = K[zw,[%rk:
V'zu Y \,?{3
\ Vi3
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Orthogonal Projection onto a Line . Projection onto a Line
Example

e ]
The projection of x onto a line L = Span{u} is
Problem: Compute the orthogonal projection of x = () onto the line L

=Xy g =x-x.
spanned by u = (2), and find the distance from u to L sy
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https://textbooks.math.gatech.edu/ila/demos/projection.html?u1=3,2&vec=-6,4&labels=u&closed&mode=distance
https://textbooks.math.gatech.edu/ila/demos/projection.html?u1=3,2&vec=-6,4&labels=u&closed&mode=distance
https://textbooks.math.gatech.edu/ila/demos/projection.html?u1=3,2&vec=-6,4&labels=u&closed&mode=distance

Projection as formation

Change in Perspective: let us consider orthogonal projection as a
transformation.

Definition
Let W be a subspace of R". Define a transformation

T:R"—R" by T(x)=xw.
This transformation is also called orthogonal projection with respect to W.

Theorem
Let W be a subspace of R" and let T: R" — R" be the orthogonal projection
with respect to W. Then:
1. T is a linear transformation.
For every x in R”, T(x) is the closest vector to x in W.
. For every x in W, we have T(x) = x.

For every x in W*, we have T(x X AL/ (><
ToT=T. £&0—" -

The range of T is W and the null space of T is W*.

Projection Matrix
[

Problem: Let L = Span{(3)} and let T: R? = R? be the orthogonal projection

Mm;h;vez':& et rax | TUN= Ax A= fV (e M}

®MWQ‘ E O N o ot Fe o\ e A
@enoe,oé—& &L v sceand @\ o A

o [0 s

own s wN

N

—

E ! 2 ?/\"[?) 2\ Z 3 2/
e () © s

A Zly Z
] 2\.[3 4t
31‘) (: ;’] [Z) [Z)
You Try It! | [
(pai) A= “s
Let A be the matrix for proj,,. What is/are the eigenvalue(s) of A? 7’[3 l{ ,q -
A.0 B.1 C -1 D.0,1 E 1,-1 F.0,-1 G. —-1,0,1

Fact:

Theorem
Let W be an m-dimensional subspace of R”, let T: R” — W be the projection,
and let A be the matrix for T. Then:

1. Col A = W, which is the 1-eigenspace.

2. Nul A= W, which is the 0-eigenspace.

3. A=A

4. Ais similar to the diagonal matrix with m ones and n — m zeros on the

diagonal.



Projection Matrix

Another Example

Problem: Let

xy
W=S[x] inR|x-x+x=0
X3

and let T: R® — R be orthogonal projection onto W. Compute the matrix B
for T.

Solution:

In the slides for the last lecture we computed W = Col A for

1 -1
A=|1 0 |.
0 1
To compute T(e;) we have to solve the matrix equation A" Av = A”e;. We

have

T2 =1 T, _ 2 T_ 1 10
AAf(_l 2) A’ e = the ith column of A 7(_1 0 l)'

(4731 3 £]48) = reo= o
(731 8) %= 3 3] 1) = reo-
(

2 - o\ RREF ¢y 0| 13 1
(71 2‘ l)\.,\.,.w»(o 2/3) > T(ex) = 3A

1f 21
] 12 1),
3\-1 1 2

Fact:

Theorem
Let {v,w,..., v} be a linearly independent set in R”, and let

(1)

Then the m x m matrix A" A is invertible.

Recall: Let W be a subspace of R".

» The orthogonal complement W* is the set of vectors orthogonal to
everything in W.

» The orthogonal decomposition of a vector x with respect to W is the
unique way of writing x = xw + Xy for xw in W and x,,. in W*.

» The vector xyy is the orthogonal projection of x onto W. It is the closest
vector to x in W.

» To compute xw, write W as Col A and solve ATAv = A" x; then xw = Av.

Y wex

Xy w

> If W= L= Span{u} is a line then x, = ** u.
» Orthogonal projection is a linear transformation.

» The matrix for projection onto W has eigenvalues 1 and 0 with
eigenspaces W and W™,

> A

projection matrix is diags



Section 6.5

The Method of Least Squares Main|idea:

: To say Ax = b does not have a solution means that b is not in Col A.
Least Squares Solutions = = 3
The closest possible b for which Ax = b does have a solution is b = beaia.

We now are in a position to solve the motivating problem of this third part of Then A% = b is a consistent equation.

the course: L o~ .
A solution X to AX = b is a least squares solution.

Problem
Suppose that Ax = b does not have a solution. What is |
the best possible approximate solution?
Let A be an m x n matrix. }\\ U\)M\jb W\SQ‘&LE’{ A{X 0L Qose )gAY - bLl 25 QMH
Definition Q\_o \? a8 FDQQJDKL ab Pg SN,

A least squares solution of Ax = b is a vector ¥ in R” such that

[l6— AZ]| < |1b— Ax]
Theorem How to.compute?

The least solutions of Ax = b are the solutions of PR .
@ least squares solutions 97 Zx = D dre e Sotons Conclusion: X is just a solution of AT Av = AT h

(el 0408

Note we compute X directly, without computing b first

Least Squares Solutions
Example

Find the least squares solutions of Ax = b where: \‘ 2!:5 ( E: l) \ E \ o (: ‘ 0 \Z’] m $
- o v C
A=(‘1) i) b:(g). 2 \ b 9 ol S%Sw (76«:7(:
21 0
=

v

Lo NAX = AT S G & b oo a b Seced Selouyn -
A= [0 ST = (53
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% w 7“‘ §° b S X“[; J\[L O _Z 10

Mok e WestSE e o () A A (\ o \-3 \
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hobe(e) o AR (1 Ee(Ckby

I

e

z
Least Squares Solutions [interactive]
Example, continued Note that
b A
How close did we get? L oo 3 (—3)
V 5
z e ) 2 -
b=Ax=[1 1 ( ) =(2 records the coefficients
21 5 -1 Col A P | g“ 3 ) of vy and vz in b.



~
RO e
Second example WA P(—rb -

Find the least squares solutions of Ax = b where:
- (39) e (8) @ tan cedoce
LA [ %)
S [T < s\~ ;Z N

o= 5 21 [3 905 3 -t

2 | -5
z]“ o 2

N[ ho® ”3’5 %:['/3]_ lepst

o \ "”3

Least Squares Solutions
Uniqueness

When does Ax = b have a unique least squares solution X7

Theorem

Let A be an m x n matrix. The following are equivalent:
1. Ax = b has a unique least squares solution for all b in R™.
2. The columns of A are linearly independent.
3. A7 Alis invertible.

In this case, the least squares solution is (A7 A) (AT b).

Why? If the columns of A are linearly dependent, then AX = E has many
solutions:

Note: ATA is always a square matrix, but it need not be invertible.


https://textbooks.math.gatech.edu/ila/demos/leastsquares.html?v1=2,-1,0&v2=0,1,2&vec=1,0,-1&range=3
https://textbooks.math.gatech.edu/ila/demos/leastsquares.html?v1=2,-1,0&v2=0,1,2&vec=1,0,-1&range=3
https://textbooks.math.gatech.edu/ila/demos/leastsquares.html?v1=2,-1,0&v2=0,1,2&vec=1,0,-1&range=3

Application

Data modeling: best fit line

Key insight:
So we want to solve:
Find the best fit line through (0,6), (1,0), and (2,0). 6=C+D-0
A = ’
T\ o 1 0=C+D-1
The general equation of a line i,§ (\;6\ ‘ 0=C+D-2
« AN
y = C+ Dx. N | sl s !
,t Note to self: this is the first
%M \\ example from the lecture.
N
@42 o (00 L), (1,9) SN S
N ot
MW L eguhv— M D

C + Do)
C+OLD
C +D(

QO &
u

I

» A least squares solution of Ax = b is a vector ¥ such that b = A% is as
close to b as possible.

» This means that b = bca .

» One way to compute a least squares solution is by solving the system of
equations

(ATA)x = ATb.
Note that A”A is a (symmetric) square matrix.

» Least-squares solutions are unique when the columns of A are linearly
independent.

» You can use least-squares to find best-fit lines, parabolas, ellipses, planes,
etc.



Story time ...

Application
Best fit parabola

What least squares problem Ax = b finds the best parabola through the points

(-1,05), (1,-1), (2,-0.5), (3,2)?

The general equation for a parabola is

N 1

WMo e\
2
Folos = A=) + BID+C
G-l = ACO +B(D=C
<) - A ()" + B 2)«C
D2 = ALE)? +2(P +C
So we want to solve:
05 = A(-1)* + B(-1) + C
-1= AQ1)+ B(1)+C
-05= A2+ B(2)+C
2= A(3)+ B(3)+C
In matrix form: . . 05
4 21 ~ | -o. °
9 31 c ;
11491“111 99 35 15
MTM=—1123421=35155
1 111 9 3 1 15 5 4
31
1 1409 O'? 2
M=|-11 2 3 osl=13
1 11 1)\

2 1
https://textbooks.math.gatech.edu/ila/demos/
bestfit.html?

31
99 35 15 i 2
MTM= (35 15 5 | M'b=|]
15 5 4 1
99 35 15 % 10 o g5
35 15 5 s 01 0|-4
2 5720
R I B P —u
341 4479
A= 5202 ~ 0.0542, B = “5720 ~ —0.78299, C =—— =~ —0.93182.



https://textbooks.math.gatech.edu/ila/demos/bestfit.html?func=A*x%5E2+B*x+C&v1=-1,.5&v2=1,-1&v3=2,-.5&v4=3,2&range=5
https://textbooks.math.gatech.edu/ila/demos/bestfit.html?func=A*x%5E2+B*x+C&v1=-1,.5&v2=1,-1&v3=2,-.5&v4=3,2&range=5
https://textbooks.math.gatech.edu/ila/demos/bestfit.html?func=A*x%5E2+B*x+C&v1=-1,.5&v2=1,-1&v3=2,-.5&v4=3,2&range=5
https://textbooks.math.gatech.edu/ila/demos/bestfit.html?func=A*x%5E2+B*x+C&v1=-1,.5&v2=1,-1&v3=2,-.5&v4=3,2&range=5

Application

Best.fit Trigonometric Function

For fun: what is the best-fit function of the form

y = A+ Bcos(x) + Csin(x) + D cos(2x) + E sin(2x) + F cos(3x) + G sin(3x)

passing through the points

() () (59 G)-(

D ()

+ 0.11 sin(3x)

A= -0.07,
B = 0.37,
C =~ —0.34,
D = 0.29,
E = 0.16,
F = -047,
G =~ 0.46.

(3:2)

1 cos(—4) sin(—4) cos(—8) sin(—8) cos(—12) sin(—12) -1
1 cos(—3) sin(—3) cos(—6) sin(-6) cos(—9) sin(-9) 0
1 cos(—2) sin(-2) cos(—4) sin(-4) cos(~6) sin(—6) ~15
1 cos(—1) sin(—1) cos(—2) sin(~2) cos(—3) sin(-3) Oé
M=|1 1 0 1 0 1 0 . 3
1 cos(l) sin(l) cos(2) sin(2) cos(3) sin(3) b= 1
1 cos(2) sin(2) cos(4)  sin(4) cos(6) sin(6) -1
1 cos(3) sin(3) cos(6) sin(6)  cos(9) sin(9) -0.5
1 cos(4) sin(4) cos(8)  sin(8)  cos(12)  sin(12) 2
-1
1 -065 076 =-0.15 —0.99 0.84 054
1 -099 014 096 028 -091 -041
1 -042 -091 —065 076 096 0.28
1 054 -084 -042 -091 -0.99 -0.14
M= |1 100 0.00 1.00 0.00 100 0.0 |.
1 054 084 -042 091 -099 0.14
1 042 091 -065 —0.76 096 028
1 -099 -014 096 028 —091 041
1 -065 -076 -015 099 084 -0.54
9.00 -2.04 0.00 0.33 0.00 -0.20 0.00
-2.04 450 000 -1.12 0.0 047 0.00 —1.50
0.00 0.00 450 0.00 -0.16 0.0 0.09 1.69
MM~ | 033 -112 000 450 000 -0.55 0.00 —1.55
MTb~ | 0.90
0.00 0.00 -0.16 0.00 4.50 0.00 -0.31
~0.20 047 0.00 —0.55 0.00 450  0.00 0.76
0.00 000 009 000 -031 000 450 —2262;9
900 -2.04 0 033 0 -0.20 0| -1.50 100000 0]-007
204 4.50 0 1.12 0 047 0 1.69 01 0000O0°O0 0.37
0 0 450 0 -0.16 0 00915 001000 0|-034
033 -112 0 450 0 -0.55 0 090 000100 0| 02
0 0 -0.16 0 450 0 -031| 076 000010 0| 016
020 047 0 055 0 450 0|-229
. 000001 0|-047
0 0 009 0 -031 0 450 202 ot oo b il isie
4,-18v2=-3,08v3=-2,-1.58v4=-1,.5&
v5 0,18V6=1,-18v7=2,-.58v8=3,28v9=4,- -1&range=5
A
y & —0.14 + 0.26 cos(x) — 0.23 sin(x) + 1.11 cos(2x) — 0.60 sin(2x) — 0.28 cos(3x)
(0,1)
(-1,.5)
(-3,0)
(“4,-1)

(=2,-15)



https://textbooks.math.gatech.edu/ila/demos/bestfit.html?func=A+B*cos(x)+C*sin(x)+D*cos(2*x)+EE*sin(2*x)+F*cos(3*x)+G*sin(3*x)&v1=-4,-1&v2=-3,0&v3=-2,-1.5&v4=-1,.5&v5=0,1&v6=1,-1&v7=2,-.5&v8=3,2&v9=4,-1&range=5
https://textbooks.math.gatech.edu/ila/demos/bestfit.html?func=A+B*cos(x)+C*sin(x)+D*cos(2*x)+EE*sin(2*x)+F*cos(3*x)+G*sin(3*x)&v1=-4,-1&v2=-3,0&v3=-2,-1.5&v4=-1,.5&v5=0,1&v6=1,-1&v7=2,-.5&v8=3,2&v9=4,-1&range=5
https://textbooks.math.gatech.edu/ila/demos/bestfit.html?func=A+B*cos(x)+C*sin(x)+D*cos(2*x)+EE*sin(2*x)+F*cos(3*x)+G*sin(3*x)&v1=-4,-1&v2=-3,0&v3=-2,-1.5&v4=-1,.5&v5=0,1&v6=1,-1&v7=2,-.5&v8=3,2&v9=4,-1&range=5
https://textbooks.math.gatech.edu/ila/demos/bestfit.html?func=A+B*cos(x)+C*sin(x)+D*cos(2*x)+EE*sin(2*x)+F*cos(3*x)+G*sin(3*x)&v1=-4,-1&v2=-3,0&v3=-2,-1.5&v4=-1,.5&v5=0,1&v6=1,-1&v7=2,-.5&v8=3,2&v9=4,-1&range=5
https://textbooks.math.gatech.edu/ila/demos/bestfit.html?func=A+B*cos(x)+C*sin(x)+D*cos(2*x)+EE*sin(2*x)+F*cos(3*x)+G*sin(3*x)&v1=-4,-1&v2=-3,0&v3=-2,-1.5&v4=-1,.5&v5=0,1&v6=1,-1&v7=2,-.5&v8=3,2&v9=4,-1&range=5

