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Example

Note that the number of columns of A has to equal the number of rows of x

Matrix Equations
An exsmpie

Question
Let 1, v2, w be vectors in R”. How can you write the vector equation
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in terms of matrix multiplication?
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Matrix Equations
W gereral

Let vi, vz, ..., vs, and b be vectors in R™. Consider the vector equation
XV # 0V 4 ks @ b
It is equivalent to the matrix equation
Axw b
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Conversaly, if A s an)(m, then

t to the
oxm b is equivalent to W F eV E s d Xaka w b
vector equation

where

.,

where vi, ..., v, are the columns of A, and x,. .., X, are the entries of x.



Linear Systems, Vector Equations, Matrix Equations, Very Important Fact That Will Appear on Every Midterm and the Final

Ax = b has 3 solut :

We now have four equivalent ways of writing (and thinking about) linear i ()
1. As a system of equations:

20 +3g =7

m- m=5

2. As an augmented matrix 4w b is in the span of the columas of A
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3. As a vector equation (xw + + Xova = b):
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4. As 2 matrix equation (Ax = b)
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In particular, aif four have the same solution set.

Question
2 1 )

Let A 1 0 ). Does the equatica Ax 2 ) have a solution?
1 -1 2,

Question
2 1

Let A 1 0. Does the equation Ax
1 1

1
l) have a solution?
2



When Solutions Always Exist

Here are criteria for a finear system to aays have a solution

Example where conditions ARE satisfied

Theorem
Let A be an m x n (non-augmented) matrix. The following are equivalent
1 Ax = b has a solution for al b in R™
2 The span of the columns of A is all of R™

3. A has a pivot in each row.
—

0 is a span

Properties of the Matrix-Vector Product Important
The set of solutions to Ax = ]

Let ¢ be a scalar, 0, v be vectors, and A 3 matrix
> Alu+v) = Au+ Av
> Afcv) = cAv

Consequence: I u and v are solutions to Ax = 0, then 5o s every vector in
Span{u,v}. Why?

» We have four equivalent ways of writing 3 system of linear equations:
1 As 3 system of equations.
2 As an sugmented matrix.
3 As 3 vector equation.
4 As 3 matrix equation Ax = b.
» Ax = b is consistent if and only if b is in the span of the columns of A
The latter condition is geometric: you can draw pictures of it
» Ax = b is consistent for all b in R™ if and only if the columns of A span
povd



Section 2.4

Solution Sets

Plan For Today

Today we will learn to describe and draw the solution set of an arbitrary system
of linear equations Ax = b, using spans.

Recall: the solution set is the collection of all vectors x such that Ax = bis
true.

Homogeneous Systems

Definition
A system of inear equaticns of the form Ax = 0 is called homogeneous.

Definition
A system of knear equations of the form Ax = b with b # 0 is called
inhomogeneous.

Question
What is the solution set of Ax = 0, where

1 3 4
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A homogeneous system always has the solution x = 0. This is called the
trivial solution. The nonzero solutions are called nontrivial.

Ax = 0 has 2 nontrivial solution
4wt there is a free variable
<=5 A has 3 column with no pivot

Since the last column (everything to the right of the =) was zero
to begin, it will always stay zerol So it's mot really necessary to
write augmented matrices in the homogentous case.




Homogeneous Systems
Erampie

Question
What is the solution set of Ax = 0, where

(3 3y

Note: one free variable means the solution set is a line in R’ (2 = # variables
# columns).



Homogeneous Systems
Example

Question
What is the solution set of Ax = 0, where
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Note two free variables means the solution set is 3 plane in R' (3 = #
variables = # columns)



Question
What is the solution set of Ax = 0, where A = (
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Note two free variables means the solution set is 3 plane in R' (¢ = #
variables = # columns).

Parametric Vector Form

Hamogenecun rtems

Let A be an m x n matrix. Suppose that the free variables in the homogenecus
equation Ax = 0 are, for example, x), s, and 5

1 Find the reduced row echelon form of A

2. Write the parametric form of the solution set, including the redundant
equations x; = Xy, X% = X, and X = x. Put equations for all of the x in
order
Make a single vector equation from these equations by putting x), x, and
X 33 coefficients of vectors vy, w. and w, respectively.

The solutions to Ax = O will then be expressed in the form
for some vectors vi, w, v in R”, and any scalars xi, e, X
In this case, the solution set to Ax = 0 is

Span{w, w, w}



o x=-3,0&mat=1,-3:2,-6&lock=true&closed=true

What is the solution set of Ax = b where ~ AZTYO,UVUCAIITIALT 1,7V.L,"VAITUULN=L UTOAVIVOTU—UUS

1 -3 3,
A (? a) and b (n)

Ax = b

Inhomogeneous Systems
Eanpie

Question
What is the solution set of Ax = b, where

1 -1 2 1y,
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geneous System

The set of sohutions to Ax = b, if it is nonempty, is obtained
by taking one specific or particular solution p to Ax = b, and
adding all solutions to Ax = 0

The solution set to 3 homogeneous system Ax = 0 is 3 span, It always
contains the trivial solution x = 0

The solution set to 3 nonhomogeneous system Ax = b is ether empty, or
it is 3 transiate of 3 span: namely, it is 3 transiate of the solution set of
Ax =0,

The solution set to Ax = b can be expeessed as 3 translate of 3 span by
computing the parametric vector form of the solution

The solution set to Ax = b and the span of the columns of A (from the
previous lecture) are two completely different things, and you have to
understand them separately

Very Important
Let A be an m x n matrix. There are now two completely different
things you know how to describe using spans:

» The solution set: for fixed b, this is all x such that Ax =
> This i 3 span if b = 0. o a transiate of 3 span in general (i
it's conistent)
* Lives in R®
» Computed by finding the parametric vector form.

» The span of the columns: this is all b such that Ax = b is
consistent

* This is the span of the columns of A
R

» Lives i




