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Example: A=[10;01;00], plot some
inputs x and outputs Ax
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Example: with A as below, plot some inputs and outputs
poairice ae unctons Axequalsb.html?
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https://textbooks.math.gatech.edu/ila/demos/Axequalsb.html?mat=1,0,0:0,1,0:0,0,0&range2=5&closed=true
https://textbooks.math.gatech.edu/ila/demos/Axequalsb.html?mat=1,0,0:0,1,0:0,0,0&range2=5&closed=true
https://textbooks.math.gatech.edu/ila/demos/Axequalsb.html?mat=1,0,0:0,1,0:0,0,0&range2=5&closed=true

Example: for the matrix A given
below, plot some input and output https://textbooks.math.gatech.edu/ila/demos/

vectors for T(x)=Ax, and give the twobytwo.htm|?mat=-1,0,0,1&closed=true
function T an appropriate NAME.
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Example: plot some input and output
vectors for T(x)=Ax and give the
function T a NAME.

Matrices as Functions
Daation
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https://textbooks.math.gatech.edu/ila/demos/twobytwo.html?mat=-1,0,0,1&closed=true
https://textbooks.math.gatech.edu/ila/demos/twobytwo.html?mat=-1,0,0,1&closed=true
https://textbooks.math.gatech.edu/ila/demos/twobytwo.html?mat=1.5,0,0,1.5&closed=true&pic=theo3.jpg
https://textbooks.math.gatech.edu/ila/demos/twobytwo.html?mat=1.5,0,0,1.5&closed=true&pic=theo3.jpg
https://textbooks.math.gatech.edu/ila/demos/twobytwo.html?mat=1.5,0,0,1.5&closed=true&pic=theo3.jpg

Example: ditto

Matrices as Functions
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Matrices as Functions
Rotation
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https://textbooks.math.gatech.edu/ila/demos/twobytwo.html?mat=0,-1,1,0&closed=true&pic=theo8.jpg
https://textbooks.math.gatech.edu/ila/demos/twobytwo.html?mat=0,-1,1,0&closed=true&pic=theo8.jpg
https://textbooks.math.gatech.edu/ila/demos/twobytwo.html?mat=1,0,0,1&closed=true&pic=theo11.jpg
https://textbooks.math.gatech.edu/ila/demos/twobytwo.html?mat=1,0,0,1&closed=true&pic=theo11.jpg

Other Geometric Transformations
B W il hspponed ?

tions of R” given by matrices. Please look them over.
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Transformations

Motraton

We have been drawing pictures of what it looks fike to multiply 2 matrix by TI'Q’ [4S
vector, a5 3 function of the vector.

Now let's go the other direction. Suppose we have a function, and we want to ~

know, does it come from a matrix? M WUCMB )(, ~‘@ Gmf Ue (4’&/) i"lP g\,.e_[‘
Example

For 3 vector x in R, let T(x) be the counterciockwise rotation of x by an [~ SN Q‘ ) oK e ﬁ_\ &D T ”a‘

angle 0. s T(x) = Ax for some matrix A? % o ? a =) ~

If 6 = 907, then we know T(x) = Ax, where
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But for general #, it's not clear.

Oue next goal is to answer this kind of question. '(O QM Uy o

Transformations

Vocabulary

Definition
A transformation (or function or map) from R to R™ is a rule T that assigns ’
to each vector x in R a vector T(x) in R™ Tz |

» R is called the domain of T (the inputs). —/ E-b .—.
» R" is called the codomain of T (where the outputs live). xe 3

» For x in R", the vector T(x) in R™ is the image of x under T (‘x)
Notation: x —+ T(x). range
» The set of ol images { T(x) | x in R"} is the range of T e
Notation Y E
T:R"—+R" means T i a transformation from R" to R™ R" R™

domain codomain

Examples from calculus: f(x)=sin(x) and g(x)=x"2
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Functions from Engineering

Suppose you are building a robot arm with three joints that can move its hand
arcund a plane, as in the following picture
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Definition

Let A be an m x n matroc. The matrix transformation associated to A s the
transformation

TR —+R" defined by T(x) = Ax

, L . e
Example: find the domain, codomain, and range e See¥
of the matrix transformation T(x) below
1 12 3 ! 1 » The domain of T is R”, which is the number of columns of A.
'(g (59 g) (%)

» The codomain of T is R™, which is the number of rows of A.

3 » The range of T is the set of all images of T:
® dopwsin “1.
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Example: find the domain, codomain, and range C 2 o § I Spwn %‘ [ L‘Z [2) [2)?
of the matrix transformation T(x)=Ax with the E ) JVE L6 LS
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https://textbooks.math.gatech.edu/ila/demos/Axequalsb.html?mat=-1,0:2,1:1,-1&closed=true&show=false
https://textbooks.math.gatech.edu/ila/demos/Axequalsb.html?mat=-1,0:2,1:1,-1&closed=true&show=false

You Try It!

Let A (; :)mmr(.) Ax.30 T: R? =+ R%. (T is called 2 shear.)

Find: the domain, the codomain, and the range of T.

Also plot a few input and output vectors, and give the
transformation a NAME
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Summary

‘\?

» We can think of b= Ax as 3 transformation with input x and cutput b

» There are vocabulary words associated to transformations: domain,
codomain, range

» A transformation that comes from a matrix is called 3 matrix
transformation

> In this case, the vocabulary words mean something concrete in terms of
matrices.

* We like transformations that come from matrices, because questions about
those transformations turn into questions about matrices.
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Section 3.2

One-to-one and Onto Transformations

Matrix Transformations

Recall. Let A be an m x n matrix.
is the transformation

T:R"—R" definedby T(x)=Ax @ ‘ (Cq\l) = 4] | (;
» The domain of T is R". which is the number of columns of A { \

» The codomain of T is R”, which is the number of rows of A

» The range of T is the set of all images of T

The matrix transformation associated to A

This is the cofumn space of A It is a span of vectors in the codomain

Let A= ((l) 1) and let T(x) = Ax. 50 T: R* =+ R’
(1) find T(U) where u=[3:4] @D Tod - Vf \ SKln e
(2) let b=[7;5;7], find v in RA2 such that T(v)=b.

- | * 7
(3) is there any other vector w (other than v) that ‘l v ( -
also gets sent to b?
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Matrix Transformations
Cample

11
mA—(o l)anﬂlﬂ T(x) = Ax.50 T R + R
11

Same A as previous example.

Translation: Find ¢ such that Ax = c is inconsistent.

(4) is there any vector c in RA3 which is
not in the range of T? In other words, can

you find a vector ¢ for which NO vector v
in RA2 maps to c?
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Matrix Transformations
Nos Example

Note: All of these questions are questions about the transformation T it still
makes sense to ask them in the absence of the matrix A

The fact that T comes from a matrix means that these questions translate into
questions about a matrix, which we know how to do.

sinx
Noa-example: T: R® - R r(;) (xy)

cosy,

We will restrict our focus to matrix
transformations in this class, but it is good to
know that you can still ask similar questions
about arbitrary transformations from R~n to R m.

Questions About Transformations

Today we will focus on two important questions one can ask about a
transformation T: R" — R™

» Do there exist distinct vectors x, y in R" such that T(x) = T(y)?

» For every vector v in R™, does there exist 3 vector x in R” such that
T(x) = v?

These are subtle because of the multiple quantifiers involved ( “for every”
“there exists”)

One-to-one Transformations

Definition
A T:R R is (or into, ce injective) if different
vectors in R" map to different vectors in R™. In other words, for every b in R”
the equation T(x) = b has at most one solution x. Or. different inputs have
different outputs. Note that not one-to-cne means at least two

wvectors in R" have the same image.

Matrix Transformations
Ecample

11
Let A= (0 l)zr\me(:)'~Ax_soT R R
11

Same example as before: Is the
transformation T(x)=Ax one-to-one?
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Characterization of One-to-One Matrix Transformations

Theorem
Let T: R" — R™ be a matrix transformation with matrix A. Then the
following are equivalent:

» T is one-to-one.

» For each b in R™, the equation T(x) = b has at most one solution

» For each b in R™, the equation Ax = b has a unique solution or is
inconsistent.

» Ax = 0 has a unique solution. CKSO ‘(’E’C\ﬂa" W)

» The columns of A are linearly independent.

T has a pivot in every columT:

Question
If T: R™ — R™ is one-to-one, what can we say about the relative sizes of n and
m?
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New example:

One-to-One Transformations

Exompe
10

A=[0 1 T(x) = Ax
10

5o T:R* = R’ Is T one-to-one?

O dogwie ok T s

Define
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Non-example:

One-to-One Transformations

Non-Examole
110
A (o 1 1)

Define
T(x) = Ax

(1) Is the transformation T(x)=Ax one-to-one?
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Definition
A

T:-R"+R"6s (or into, or injective) if different
vectors in R* map to different vectors in R™. In other words, for every b in R™,
the equation T(x) = b has at most one solution x. Or, different inputs have
different outputs. Note that not one-to-one means at least two different
vectors in R” have the same image.

(/D
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Bk cslupes of A

(2) If not, find two different vectors v and w

that map to the same output b

(3) Also, is every vector b in RA2 the output

for some input vector v?
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Onto Transformations

Definition

A transformation T: R” - R is onto (or surjective) if the range of T is
equal to R™ (its codomain). In other words, for every b in R™, the equation
T(x) = b has at least one solution. Or, every possible output has an input
Note that not onto means there is some b in R™ which is not the image of any

*hR Characterization of Onto Matrix Transformations

Theorem
Let T: R" —» R™ be a matrix transformation with matrix A, Then the
following are equivalent:

Same example as before: > Roe . )
» T(x) = b has a solution for every b in R™

» Ax = b is consistent for every b in R™
» The columns of A span R"

(‘; : (l)) T(x) = Ax, » A has a pivot in every row

(1) is T(x)=Ax onto? s oy b o T e
g\t e o T7
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One-to-One Transformations

Nen-Examole

Define

Same example as before: &mw’”“?

Matrix Transformations

Examp

11
Let A= (o 1)»«1«1(.)—Ax.wr R R
11

PYNARES
(1) is T(x)=Ax onto?
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Question
If T: R” — R™ is onto, what can we say about the relative sizes of n and m?
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Last example: A S (
One-to-One and Onto Transformations |
Nen-Example -7 Z -y l

Define ”
1 1
A ( 5 & J) T(x) = Ax,

50 T:R* <+ R, Is T one-to-one? Is it onto?

N 2
(1) find the domain and codomain of T JW" 5 ﬂz}/ s~ B
il | _
(2) is T one-to-one? el g o6 T SN fCZL [ z‘\, [—Z)?
j E‘\(u{-s w Au

(3)is T onto?
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» A transformation T is one-to-one if T(x) = b has at most one soluticn,
for every b in R™

» A transformation T is oato if T(x) = b has at least one solution, for
every bin R”

» A matrix with matrix A is one if and only if the
columns of A are linearly independent, if and only i A has 3 pivot in every

column

» A matrix transformation with matrix A is onto if and only if the columns
of A span R™. i and only if A has a pvot in every row

» Two of the most basic questions one can ask about a transformation s
whether it is one-to-one or onto.



Section 3.3
Linear Transformations

Linear Transformations
Motivation
In the last two lectures we have been asking questions about transformations,
and answering them in the case of matrix transformations.

However, sometimes it is not clear if a transformation is 3 matrix
transformation or not

Example
For a vector x in R?, let T(x) be the counterclockwise rotation of x by an

angle 6. Is T(x) = Ax for some matrix A?

Linear Transformations

Definition
A transformation T: R”
vectors u, v in R” and all scalars ¢

(1) T(u+v) = T(u) + T(v)

+ R™ is limear if it satisfies the equations for all

"T respects addition”

(2) T(cv) =c T(v)

Some immediate consequences:

Key observation:

Recall: If A is a matrix, u, v are vectors, and ¢ is a scalar, then
A(u+v) = Au+ Av A(ev) = cAv.
So if T(x) = Ax is a matrix transformation then,
T(u+v)=T(u)+ T(v) and T(ev)=cT(v).

"T respects scalar multiplication

Check: if T is linear, then
T(0)=0 T(cu+ dv) = cT(u) + dT(v)

for all vectors u, v and scalars ¢, d. More generally,
T(av+aw+-+cw) =aT(w)+aT(w)+- - +caT(va).

ing this is called
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Linear Transformations
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Note: T is a matrix transformation!

1 B
iG)= ( 0 15

as we checked before,
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Linear Transformations
Rowtion

Define T: R* <+ R by
T(x) = the vector x rotated counterclockwise by an angle of 6.
Is T linear? Check

Proof by picture:

\) T(u+v)

ut+yv

G-)ch —cT()
/_\ L/
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Linear Transformations
Non-exampbe

Is every transformation a linear transformation?

o [sinx
No! For instance, r(y) xy | is not fineae

cosy,

Hint: check what happens to T(v) if v=0 the zero vector.
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You Try It!

L Poll}

Which of the following transformations are linear?
A T (%) = (Pl
: X2 X2
C.T X1\ _ [x1x2
: X2 = X2

D we e =(4!

77
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But what matrix does T come from? What is A?
Here’s how to compute it {(})—&\V = TC (, ) /& CL "@W
§ AV R = =T
T () = ( )~ [3 l= (&) d% el
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The Matrix of a Linear Transformation . 2 . 3
in R inR

We will see that a knear transformation T is a matrix transformation:

T(x) = Ax

But what matrix does T come from? What is A? & P

Here's how to compute it e =
(%

First: recall the definitions of e1,e2,...,en

oo Stonmdard basis

Definition
The unit coordinate vectors in R are

1 0 ('} ('}
AT
0, 90, 0, 1
For the matrix A=[12 3 ;456 ; 7 8 9] compute Ael, Ae2,
and Ae3.
4&,\75‘(’ d oF A

e (19003 7
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Note: if Ais an m x n matrix with columns v, v, ..., Vn, then Ae; = v; for
i=1,2,...,n: multiplying a matrix by e; gives you the ith column.

Linear Transformations are Matrix Transformations

Theorem
Let 7: R" —+ R™ be a linear transformation. Let

Take-Aw:
Y(?-)) % =k ; 3 .
Linear transformations are the same as matrix transformations.

A= (Y(n) T(e) -

This is an m x a matrix, and T is the matrix transformation for A: T(x) = Ax
The matrix A is called the standard matrix for T

T(Q\) = AZ‘ = P <o oF B

T(,e,&\ = pfeﬂt WLeond ol ar A
T = Agz = Thak ol o+ Ao




Linear Transformations are Matrix Transformations
Examg

xample

Before, we defined  dilation transformation T: R? — R® by T(x) = 1.5x
‘What is its standard matrix?

Hoo o 2 k7 Peply T 4o 2 4 e

Tley = T([s) =[] #ora oo
Tle) =T ([N (%) seeod ct oet

= (1.715)

Lty e

Linear Transformations are Matrix Transformations

Question
What i the matrix for the linear transformation 7 R* — R defined by
O et coomrcoctinos by e e ¢1 https://www.geogebra.org/graphing/jyzexjma
L] -
oS (O« Qo .\ " 0.7071067811865 —0.7071067811865
25y 0.7071067811865  0.7071067811865
—— \
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Linear Transformations are Matrix Transformations

Example, continued

94
Question

What is the matrix for the linear transformation T: R’ - R that reflects
through the xy-plane and then projects onto the yz-plane?

(1) Find the standard matrix A of T ez

(2) is T one-to-one?

(3)is T onto?
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Linear Transformations are Matrix Transformations
Example

Dt’\-ﬁ(ll inear transformation T: R’ — R” by

r(z)-(”: 2
(1) Find the standard matrix A of T @}}
K Tle), Te) 3 Tley)

(2) is T one-to-one?
2

(3) is T onto? Fosr il ot

i TED=0) 7 (=t -2
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*» Lincar transformations are the transformations that come from matrices.

» The unit coordinate vectors e, e, ... are the unit vectors in the pasitive
direction along the cocedinate axes.

* You compute the columns of the matrix for a linear transformation by
PlREINE i the unit coordinate vectors.

» This is useful when the transformation is specified geometrically, in terms
of a formula, or any other way that isn't as 3 matrix transformation
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