Chapter 5

Eigenvalues and Eigenvectors

Section 5.1 R;

Eigenvalues and Eigenvectors

A\,/ TSRS
b lF- o C&#é)

Definition ’\'m g S an &l pr_uebh»
If Als an n x n square matrix and there is a nonzero vector v in R and a

scalar A in R with
Av = Av, oL A 1

then v is an eigenvector of /1 with eigenvalue ).

Eigenvectors are by definition nonzero. Eigenvalues may be equal to
2er0. —_—

&\ ( Note: This is the most important definition in the course. )
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are eigenvectors of the matrix (: ;)7
What are the eigenvalues?
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Question: Is A = 3 an eigenvalue of A= ( ZI ’:)’
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A Biology Question
Matnation

A Biology Quests
In a population of rabbits: I you know v, what is vio? aner  nw
i fi ” -
1. half of the newborn rabbits survive their fist year; o T e . i e
2. of those, half survive their second year; g
3. Wie s e woor 1 Hhred Jeore This makes it easy to compute examples by computer: [interactive] e
4. rabbits have 0, 6,8 baby rabbits in their three years, respectively. w o - What do you notice about these
If you know the population cne year, what is the population the next year? 3 30189 61316' numbers?
7 7761 15095 1. Eventuall, each segment of
f, = first-year rabbits in year 9 1844 3881 the population doubles every
5o = sacond-year rabbits in year n 1 9450" 19222 year: Ave = Vayy = 2v,,
t, = third-year rabbits in year n 2 234 4129 2. The ratios get close to
3 s17 217 (16:4:1)
The rules say:
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https://textbooks.math.gatech.edu/ila/demos/rabbits/book_demo.html
https://textbooks.math.gatech.edu/ila/demos/rabbits/book_demo.html

Problem: One of the eigenvalues of A is A = 8. Identify the other i
eigenvalue and find at least two eigenvectors for each eigenvalue for
2 I x is a nonzero vector in Nul(A), then x is an eigenvector of A with eigenvalue A = 0.

. 2 4
the matrix A = (\1 'i)

&. A s inverspe or Ww.? Consequently, non-invert_ible matrices
T always have A= 0 as an eigenvalue.
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Definition

Since the A-eigenspace is a null space, it is a subspace of R”
Let A be an n x n matrix and let A be an cigenvalue of A The A-cigenspace

of A is the set of all eigenvectors of A with eigenvalue ), plus the zero vector How do you find 2 basis for the A-eigenspace? Parametric vector form!

A-eigenspace = {v in R" | Av = Av}
= {vin R"| (A-Al)v =0}
= Nul{A — Al)

Eigenspaces
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Question: how many eigenvalues can a matrix have? Can they have more than

one eigenvalue?
— Y o (e dug Yo fueery
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Eigenspaces
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https://textbooks.math.gatech.edu/ila/demos/eigenspace.html?nomult
https://textbooks.math.gatech.edu/ila/demos/eigenspace.html?nomult

Eigenspaces

Uk V- K5 O b vlctln vt U Y 1 i by y = - 9 1ok A b eigenspace.html?mat=0,-1:-1,0&nomult

thematrix fee 7. MY e e A LR Ty L Dy MR I
Question: What are the and of A? No
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Eigenspaces

Let T B® -5 R b the vetical projection onto the x-axs, and et A be the https://textbooks.math.gatech.edu/ila/demos/

matrixfoe T. L R e e S e e S S S A e S TR m s s st

Question: What are the i and of 47 Yo eigenspace.html?mat=1,0:0,0&nomult



https://textbooks.math.gatech.edu/ila/demos/eigenspace.html?mat=0,-1:-1,0&nomult
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A Matrix is Inverti Zero is not an Eige:

We have 3 Couple of rew ways of saping “A Is avertbie” aow

Sobof Y | mesenmomenm

- e Lot A Be s squire 5 x & matrin, ind et T R" <+ R" be the linesr
0is an eigenvalue of A <= Ax = Ox has 3 nontrivial solution |, &% U trabormation T(x) m Ax. The following statamests e equivalent

<=> Ax = 0 has 3 nontrivial solution 1 Al iversile

<=> Ais not invertible. L\W\.

Fact: Ais invertible if and only if O is not an eigeavalue of A

30 The determinast of A s sof equal to 2aro.
21 The narmbser 0 iy 0t 3n egeevalon of A

Warning! Knowing vectors v1 and v2 have the

& same eigenvalue does NOT mean that they are
linearly dependent!

Fact: If v, wy,..., v are eigenvectors of A with distinct eigenvalues Ay, ... A,

then {vi,%2,...., v ) i linearly independent

You Try |It!

Mt
Let T2 R? -5 R? be counterclockwise rotation by 45, and let A be the matrix
for T Y

A comd e
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Find an eigenvector of A without doing any computations.

A. Oy B. Noway
55
s

Let Abe an n x n matrix and let A be a number

1. A s an eigenvalue of A if and only if (A~ Al)x = 0 has 3
nontrivial solution, if and only if Nul(A — A1) # {0}

2. In this case, finding a basis for the A-eigenspace of A
means finding 3 basis for Nul(A — M) as usual, i.e. by
finding the parametric vector form for the general solution
to (A—AM)x =0

3. The eigenvectors with eigenvalue A are the nonzero
clements of Nul(A — A1), i.e. the nontrivial solutions to
(A= A)x =0

» Eigenvectors and eigenvalues are the most important concepts in this
course.

» Eigenvectors are by definition nonzero. eigenvalues may be zero. l\‘
| » The eigenvalues of a triangular matrix are the diagonal entries. | W W

» A matrix is invertible if and only if zero is not an eigenvalue

. with distinct are finearly i

» The ) s the set of all ) . plus the zero vector

» You can compute a basis for the A-eigenspace by finding the parametric
wector form of the solutions of (A — AL)x = 0.
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Section 5.2

The Characteristic Polynomial

lmm ant
Definition The eigenva eigenvalues of A are the roots of the characteristic
Let A be 3 square matrix. The characteristic polynomial of A is pohymomial (1) = det(A — A1)
£(A) = det(A - M),

The characteristic equation of A is the equation &‘\ dow WA

f(A) = dex(A - A1) =0,

(‘\—-b‘.\%x =0 M & [ onzRye
o~ fae .

The Charactenstic Polynomial
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D AL rof (overio

Question WN{nlMei‘eﬂvalAno(fg f) %7 J@cCA_)\.;) Lo
Siepl * compaie dox (s =0 W) N Charoter W payrai=L.
el v W0 & She BToA

O W
v 2 [V bac
?Wfé&‘vf‘j 2) = NN =@ ) Za
= B - A-BAt N -f |- bt JF6- 40
= Nobhel s
= Az BT \EC Zx qu
You Try|It! = I3 2
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Recall from before

Problem: Find the characteristic polynomial of A and then find the eigenvalues of

the matrix where A = @’:. .l')
Consequently, if A is upper or lower triangular,
Step s e doc (A-s) then the eigenvalues of A are just the diagonal
entries.

If A is upper or lower triangular, then the determinant of A is
the product of the diagonal entries.

Warning! This trick does not work to find the
eigenvalues unless A is upper/lower triangular!

2—A O
(z=Rydee 2% 7Y —B+o
(2—»\[(2—A\U—M~51
- Cg_%)(’z,&(}—b:o

0\

< 4\73/ Z/I

W

Definition
T ine iR AR TIC) Sene e Y

{Shortcut
Question: What s the characteristic polynomial of The characteristic polynomial of 3 2 x 2 matrix A is
A (a :), f(A) = A* — Tr(A) A + det(A)
c

dot (70 1) = (a0 - e o &
= &(&‘A}\J&A*l\z*\"@\/
S >\2 - @Hr&g}\ + 0d-bo

We did two different things today.
First we talked about the geometry of eigenvalues and eigenvectors

» Eigenvectors are vectors v such that v and Av are on the same line
through the origin

» You can pick out the eigenvectors geometrically i you have 3 picture of
the associated transformation,

Then we talked about characteristic polynomials:

» We learned 1o find the eigenvalues of a matrix by computing the roots of
the characteristic polynomial p()) = det(A — Af)

» For a2 % 2 matrix A, the characteristic polynomial is just

P(A) = X' = Te(A)A + det(A)
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Diagonalization

Motiva ; ) a
Diiarnce sqpations
< ( |
Yakrey ! on =
Many reak-woed linear algebea peoblems have the form: e
w=Aw, w=An=Aw, w=An=Alw, Va=Avyy = A'm ?/c} Z
Our toy example about rabbit populations had this form. . (
The question is, what happens to v, s n -+ oc? . h i'l
NS ———— T C 2z
» Taking powers of diagonalizable matrices is still easy!
» Diagonalizing a matrix is an eigenvalue problem.

Powers of Diagonal Matrices

This is called » difference oquation.

. 2 °
If D is diagonal, then D" is also diagonal; its diagonal entries are the nth :
powers of the diagonal entries of D D o -

2
z 2 o\(z @)= [k O') _ |4 o
2 0 3 4 0 'Y 8 0 - > 0 = = =
o=(3 %) @=(33) 2=(s &) = o=(T o) D = Lo -l][o ~¢] o 1 o (&
Y

(2= (2200 D)
- (52128

Similar Matrices

Definition
Two 0 x n matrices are similar if there exists an invertible n x a matrix C such
that A= CBC"
Fact: if two matrices are similar then 50 are their powers:
< T U \e - Fonat
’ A S STt\or  te &‘“‘j‘-‘hﬁl— b‘ 4 A=CBC  ws AwCBC
O Ny S MBRS IR C
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for n=3 and n=6 DV ’Z
Powers of Matrices that are Similar to Diagonal Ones = C b ]:’/DCJ"

What if Ais not diagonal?

Example

12 32 "
Let A= (3;2 1‘2) Compute A", using

A=coct e c=(} fl) aed uf(’ °)

g = [ 31;]3
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- CD&C’I
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(continued on next page) Z 0 34




for n=3 and n=6

Powers of Matrices that are Similar to Diagonal Ones
What if A is not diagonal?
Example [/
1a::32 Jompute A", usil
A (“ 1/2)- Compte . wing A(o__ Uz 35, Uz 3h\| Uz 2k Uz 3R\ Uz 34 Uz 3,
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Diagonalizable Matrices

Definition
An nx n matrix A is diagonalizable if it is similar to 3 diagonal matrix

Important

A=CDC'  for D diagonal

dy 0 0
HA=CDC 'forD=| 0 dn 0 |then
0 0 dy

0T 40
d, 0 0
A=cpct=cl0 & o0 )C? -._)\ ~
0 0 d \J" -~ NL \I',
The Diagonalization Theorem

::e:;c::::uk:i is diagonalizable # and only if A has n linearly independent Fk (<o s ‘F N , ).1/ A; | 'E‘?W‘O‘V QW

In this case, A = COC™* for

c(:, ‘) D:[H’ 3), fwen ?\’4"’:,\!3? ae lwearty

o o A

a theorem that follows easily from another theorem
where v, va, ..., Vs are linearly independent eigenvectors. and Ay, As, ..., A, are Corollary - ) ) l
the corresponding eigenvalues (in the same order) An n x n matrix with n distinct eigenvalues is diagonalizabl,
How to diagonalias a matrix A Warning! Knowing A has repeated eigenvalues
£ 0 e Sovmin of A'vsie e move pymsseil does NOT mean that it is not diagonalizable!

2 For each eigenvalue A of A, compute a basis B, for the \-eigenspace
3 If there are fewer than n total vectors in the union of il of the eigenspace
bases B, then the matrix is not diagonalizable

4. Otherwise, the n vectors v, va...., vy in your eigenspace bases are linearly (‘ & w (78 V‘J
independent, and A = COC* for

b ) w53 1) T

where X is the eigenvalue for v c)ﬁ M (&l



Diagonalization
Exsmpie

(n V. [ - 9
Problem: Diagonalize A = m -—2

The characteristic polynomial is
F(A) = A = Tr(A) A + det(A) = X ~ A= 2= (A +1)(A~2).
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] (. o =i [\\ VAo 2 { 2 S
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The characteristic polynomial is
f(A) = det(A ~ M) = <A 48X —8A 4 2= ~(A = 1) (A~ 2)



Diagonalization

Another example

4 30
Problem: Diagonalize A= (2 —1 0

1 -11
The characteristic polynomial i
f(A) = det{A ~ M) = <A 4 4X7 ~8A 42 = (A 1?(; 24'
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Algebraic Multiplicity

Definition
The (algebraic) multiplicity of an eigenvalue X is its multiplicity as

the characteristic polynomial

s 3 root of
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Diagonalization
Precton Definition

The Diagonalization Theorem (Alternate Form) The (algebraic) multiplicity of an eigenvalue X is its multiplicity as a root of
Let A be an n x n matrix. The following are equivalent the characteristic polynomial

A is diagonalizable.

The sum of the geometric multiplicities of the eigenvalues of A equals n.
The sum of the algebeaic multiplicities of the eigenvalues of A equals n,
and for each eigenvalue, the geometric multiplicity equals the algebraic
multiphcity. Definition

Let A be an eigenvalue of a square matrix A. The geometric multiplicity of A
is the dimension of the A-eigenspace

»

Theorem
Let X be an eigenvalue of a square matrix A. Then

Non-Distinct Eigenvalues 1 < (the geometric multiplicity of A) < (the algebraic multiplicity of A).
Exampies

Example

If A has n distinct eigenvalues, then the algebraic multiplicity of each equals 1.

hence 50 does the geometric multiplicity, and therefore A is diagonalizable. «©

12 372 ’ . -
For eample. A (3“‘2 m) has sigemvalues ~1 and 2. 5o it is diagonalizable. 64 = -Fg ¢ €€ofn

Example

« 30 L A
T A (2 : o) N i it Aen o Can -&qc-]untt.‘%(,
1 <11

(M) =-(-1)"(A-2)

The algebraic multiplicities of 1 and 2 are 2 and 1, respectively. They sum to 3.
We showed before that the geometric multiplicity of 1 is 2 (the 1-eigenspace
has dimension 2). The eigenvalue 2 automatically has geometric multipiicity 1

Hence the geometric multiplicities add up 10 3. 5o A is diagonalizable ! A k

ey ng % geo for x  (eopr onn

Problem: Show that A = (g i) i not diagonalizable.
Slep |2 exgenvaes ae A=l A=) Ctaa\m-b‘— &
V=i = (13 L) - (1) =0

A=l onlf o Tk Otk 2.

dy wt of Aot s (2] Qanee aﬁﬁs@%@ Lo Ae=1

R 2. b trons \Marbl o erquueci-a foc A 7 " Mok A’; (ﬁ \)
%
ot (0 f’)=[{ et s et dvagtlle

X= i;[lo] vois B Aed egueprt
36)3
You Try It! g wol A Mt w @

{Poll}
Which of the following matrices are diagonalizable, and why?

Ao 2(d) <Ga)oG2)

B 0o, wt Log'le A=l W dgmabez, buboge b 4231

) 71 .

B. Yes, é,talrj‘hu- bl )\iv\, A2zzZ  Gsnnet eon\mluel ’n'_ﬁ% C{‘\%Ib(.b

C. 00/ ot &thb\’— /\‘:l (n/ A'-AJ M“-Z/ bw* ?B e\t i. 24‘1 A: :DI/I
P

D. yes, diey o Yle  deeady P=(%2) &u%“z\ Wo p=p oS-



More examples!
300
Problem: Diagonalize the matrix A= |0 2 0

101
300
A=10 20
101

>\‘73/ A—,,-;Z/ l\\7\

3

5 —3 | which has

3 1

characteristic polynomial p(A) = —A* = 3A? + 4 = —(A— 1)(A + 2)*

1 3 3
A=|[-3 -5 -3
3 3 1

1
Problem: Diagonalize the matrix A (—:s
3

(O, g5

IE%@Z or 9\04/7?

dﬁ:goz—/d, Gor ool ont-

D= 537

o o f
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You

Try It!

Which of the following matrices are diagonalizable, and why?

A61) 2(@3) <(63) °(2)

A matrix A is diagonalizable if it is similar 10 2 diagonal matrix D
=coct

It is easy to take pawers of diagonalizable matrices: A’ = CD'C ™"

An nx n matrix is diagonakizable if and only if it has n linearly independent

eigenvectors vi, va,. ... va in R”, in which case A = COC ™ for
O 0
| 0 A o
c wow ve o
|
0o 0 - As

If A has n distinct real eigenvalues, then it is diagonalizable

The geometric multiplicity of an eigenvalue ) is the dimension of the
Aeigenspace

1 € (geometric multiplicity) < (algebraic multiplicity)

An n x n matrix is diagonalizable if and only if the sum of the geometric
multiplicities is n.



